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Abstract

We show that the operational semantics for HOPLA is in strong
correspondence with its presheaf semantics [2, 1]. The proof is a fairly
standard logical relations proof, exploiting the path semantics of the
language [3, 4].

Strong correspondence can be proved for full HOPLA by making use
of the path semantics to get a logical relations proof off the ground. We’ll
use the notation [—] for the path semantics and [—]5¢* for the presheaf
semantics. The proof uses logical predicates Ap(p,t), where p : P is a formal
path of the path semantics, and t is a closed term of type P. By structural
induction on paths, we define:

Ap_q(P — ¢,t) <=get Yu. (Ap(P,u) = Aglq,tu))
AZQGAPQ (5}77 t) <—def A]Plﬁ (p7 ﬂ_ﬁt)

(]9t = =4't4]5°t) and (1)
Ap(P 1) et {(!P P — Ap(P,t"))

Aujlf.']_f(a’bs b, t) < def ATJ' [Mff/f} (p, rep t)

Here, the sum index d ranges over derivations of !IP : ¢ 4 ty : P and the
logical predicates are extended to sets of paths X C P by

Ap(X,t) <=qer Vp € X. Ap(p,t) . (2)
It will be convenient to extend the logical predicates to actions:

Ap(P,u) A(q,Q:a:P P Alp,Pg:a:PP) BecA
AP—q,P—-Q:ur—a:P P) A(Bp,Xacaly: Ba: P P

A(p, T;[uT.T/T) : a: P, P

APIP: 1P, P) A(absp,,ujf.']f cabsa P P)
In a judgement A(p,P: a: P’ P') we have that P: a : P’ is an action while
p: P and P’ : !I” are paths, the latter uniquely determined by p and a; it

can be understood intuitively as representing the part of p which has not yet
been “realised” by the action a. The following lemma is what makes these

judgements useful:



Lemma 0.1 Suppose - t : P and p : P. Then Ap(p,t) iff for all actions
P:a:P with A(p,P:a: P, P') we have Ap/ (P, a*t).

Proof. By structural induction on p.

Function space. Suppose -t : P — Q and P — ¢q : P — Q. Assume
Ap_g(P — g,t) and let P — Q : u +— a : P’ be any action with A(P —
¢.P— Q:uwr a:P, P'). We then have Ap(P,u) and hence Ag(q,t u) by
definition of Ap_.g. We also have A(¢q,Q : a : ', P’) and so Ap/ (P, a*(t u)),
the same as A/ (P’, (u +— a)*t), by the induction hypothesis for q.

Conversely, suppose that Ajp(P’, (u — a)*t) for any action P — Q : u —
a : P satistying A(P — ¢,P — Q: u+ a: P, P'). To show Ap_q(P — q¢,t),
let F u : P with Ap(P,u) be given. We need to show that Ag(g,t u) and
for that, we’ll invoke the induction hypothesis for ¢q. So let Q : a : P’ with
A(q,Q : a: P, P') be given. We then deduce A(P — ¢,P — Q: u > a:
P’, P’). By the assumption, Ap/(P’, (u — a)*t) which is the same as saying
Aip/ (P, a*(t w)). The induction hypothesis now applies and yields Ag(q,t )
as wanted.

Sum, type. Suppose -t : oealP and Bp : XqcalPq. Assume Ayx _,p, (06p,1)
and let Xyec APy, : Ba : P’ be any action with A(8p, XacaPq : fa : P/, P). We
then have both Ap, (p, mgt) and A(p,Pg : a : P, P') and so Aip/(P',a*(Bt)),
the same as A/ (P’, (Ba)*t), by the induction hypothesis for p.

Conversely, suppose that Ajp/ (P, (8a)*t) for any action XocaPy : Ba : P’
satisfying A(8p, LacaPa : Ba : P, P"). We need to show Ap,(p,mst) and
for that, we’ll invoke the induction hypothesis for p. So let Pg : a : P/
with A(p,Pg : a : P', P’) be given. We then deduce A(8p,XacaPq : fa :
P’ P"). By the assumption, Ap/(P’,(Ba)*t) which is the same as saying
A (P', a*(mgt)). The induction hypothesis now applies and yields Ap, (p, 7st)
as wanted.

Prefiz type. Immediate, as there is only one judgment of the form A(P,!P :
a: P, P’), namely A(P,!P:!:P, P), and "t = t.

Recursive types. Similar to sum type.
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To prove the Main Lemma below, we’ll need some facts about the operational
semantics and the presheaf denotational semantics:

Lemma 0.2 P : ¢t % ¢ : P <= IP:a*t > ¢ : P with a bijective
correspondence between derivations.



Proposition 0.3 In the presheaf semantics we have the following isomor-
phisms:

[rec z.t]5¢t = [t[rec x.t/x]]5°* (4)
[(Az.t) u] 3% == [t[u/z]]>* (5)
[rs(B)]> = [¢]5* (6)

[lu >tz = ][5 = [t[u/z]]5* (7)

We can now prove:
Lemma 0.4 (Main Lemma) For all terms ¢ : P we have Ap([t],?).

Proof. By structural induction on terms using the induction hypothesis

Suppose I' - ¢ : P and let - s; : P; and X; C P; with Ap, (X}, s;)
for 1 < j < k. Then Ap([t]X,t[s]).

Here, as well as below, we use the shorthands I' for x1 : P1,..., x5 : P, X
for (Xy,...,X%), and [s] for [s1/x1,..., Sk/xk].

By using Lemmas 0.1 and 0.2, we may reformulate the induction hy-
pothesis into an equivalent form:

Suppose I' - ¢ : P and let - s; : P; and X; C P; with Ap, (X}, s;)
for 1 < j < k. Then for any p € [t]X and any action a with
A(p,P:a: P P, we have Ap/(P’, a*t[s]), i.e.

[at[s]]5°* & S[14]5* and (8)
P:tls] 5t P = Ap(P,t) (9)
—where d ranges over derivations P’ : t[s] % t4: P
We’ll silently use whichever form is more convenient for each case below:

Variable. Immediate.

Recursive definition. Let I' = recx.t : P and F s; : P; with Ap(Xj,s;) for
1 < j < k. We must show that Ap([rec z.t] X, rec z.t[s]). Now, [rec x.t] X =
(fix f)X where f maps g : I' — P to the composition

Frenrer M, replp . (10)

We’ll show by induction on n that Ap((f"@)X, rec x.t[s]) for all n € w.
Having done so we may argue as follows: Since

[rec z.t] X = (fix /)X = (Unew ["2)X = Uneo, (F2)X) . (11)

we have that p € [recz.t]X implies the existence of an n € w such that
p € (f"@)X. Therefore Ap([rec x.t] X, rec x.t[s]) as wanted.



Basis. Here, (f°2)X = @. By the definition of Ap extended to sets of paths,
we get Ap(@,t) for any type P and term + ¢ : P.

Step. We must show that Ap((f"*1@)X, recz.t[s]). By the denotational
semantics, (f"12)X = [t](X,(f"2)X) and by the induction hypothesis
for the mathematical induction, Ap((f"2@)X, rec x.t[s]) such that the in-
duction hypothesis for the structural induction applies to the term ¢ with
(X, (f"@)X) and the substitution [s][rec z.t[s]/z].

Let p € (f""'2)X and let a be any action such that A(p,P:a: P, P’).
With d ranging over derivations P : rec x.t[s] % t4 : P’ and d’ over derivations
P : t[s][recx.t[s]/z] L tgy : P, we have Xg['tg]5¢t = Sy['ty]5¢t by the
operational rules, and hence:

[a*(rec .t[s])]Se

= [a*t[s][rec x.t[s]/z]]>*¢  (by (4))
>~ Ya['ta]5 (ind. hyp.)
2 Tyt

(12)

Further, if P : rec z.t[s] % ¢’ : P, then we have P : t[s][rec x.t[s]/x] = t' : P
and so by the induction hypothesis for the structural induction, Ap (P’ t")
as wanted.

We conclude Ap((f"1@)X, rec x.t[s]) and the mathematical induction
is complete.

Nondeterministic sum. Consider I' = X;crt; : P. Let X; C P; and F 55 :
P; with Ap, (Xj,s;) for 1 < j < k. Suppose p € [Eicrt;] X and let a be
any action satisfying A(p,P : alP’, P"). Letting d range over derivations P :
Yierti[s] % tq: P’ and d; over derivations P : t;[s] % t4, : P/ for each i € I,
we have $y[ltg]Set = EieIEdi[[!tdi]]set by the operational rules, and hence:

[a* Sierti[s]]5<

a*Sier[ti[s]]3°*

Yier[a*t;[s]]%¢  (linearity of a*) (13)
= Y, ['4,]%°  (ind. hyp.)

=~ Yg[lta] 5t
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Further, if P : Sert;[s] = ' : P, then for some j € I we have P : ¢;[s] = t':
P’ and so by the induction hypothesis, Ap/(P’,t’') as wanted.

Abstraction. Consider I' - Az.t : P — Q. Let X; C P; and - s; : IP; with
Ap;(Xj,s;) for 1 < j < k. Suppose P +— ¢ € [Ar.t]X and let u — a
be any action satisfying A(P — ¢,P — Q : u — a : P’, P'). Since this
implies that Ap(P,u), the induction hypothesis applies to the term ¢ with
(X, P) and substitution [s][u/z]. Letting d range over derivations P — Q :

z.t[s] =% tg : P’ and d' over derivations P : t[s][u/z] = tg : P, we have



Sa[lta]Set = Sy [t ]St by the operational rules, and hence:

[(u— a)*(Ax.t[s])]5e*

= [a*(Mx.t[s] u)]5  (def. of (u s a)*)

= [a* (t[s][u/z])]3 (b (5)) (14)
= Ed/[[!td/]]set (md hyp)

2 3g[ta] 5

Further, if P — Q : A\z.t[s] == t' : P, then Q : t[s][u/z] < ¢’ : P’ and so
by the induction hypothesis, Ap/(P’,t') as wanted.

Application. Consider I' = ¢t u : Q. Let X; C P; and - s; : P; with
Ap,(Xj, ;) for 1 < j < k. Suppose g € [t u] X. Then for some P : !P, we have
P — q € [t}X and P C [u]X. By the induction hypothesis, Ap_.q(P —
q,t[s]) and Ap(P,u[s]). The definition of Ap_q yields Ag(q, t[s] u[s]) as
wanted.

Injection. Consider I' = Bt : YocalPy. Let X; € P; and + s; : P; with
Ap,(Xj,s;) for 1 < j < k. Suppose fp € [Bt]X and let Ba be any action
such that A(8p,XacalPys : Ba : P/, P"). Letting d range over derivations
YaecalPqy @ Bt[s] Ba, tq: P’ and d' over derivations Pg : t = tg : P, we have
Salta]Set = Sy [t ]St by the operational rules, and hence:

[(Ba)*(5t[s])]°*

= [a*(mg(Bt[s]))[5¢  (def. of (Ba)*)

= [a*(t[s])]>* (by (6)) (15)
=~ Ya['ta]5t (ind. hyp.)

= Ng[tta] 5t

Further, if X,caP, : 5t[s] Ba, gy P', then Py : t[s] = ' : P’ and so by the
induction hypothesis, Ap/(P’,t") as wanted.

Projection. Consider I' = 7gt : Pg. Let X; C P; and - s; : P; with
Ap;(Xj,s;) for 1 < j < k. Suppose p € [mgt] X so that Gp € [t]X. By the
induction hypothesis, As,_,p,(8p,t[s]) and so by definition, Ap,(p, 7st[s])
as wanted.

Prefizing. Consider I' =1t : IP. Let X; C P; and = s; : P; with Ap, (X}, s;)
for 1 < j < k. Suppose P € [!t]X so that P C [t]X. We must show that
Ap(P,t). There is just one derivation !P : l¢[s] ERN t[s] : P and we have the
identity ['*('t[s])]5¢t = ['t[s]]S°t by definition. Further, Ap(P,t[s]) follows
from the induction hypothesis.

Prefiz match Consider I' - [u > lz = t] : Q. Let X; C P; and F s; : P;
with Ap; (X}, s;) for 1 < j < k. By renaming x if necessary, we may without
loss of generality assume that « is distinct from each z;. Suppose g € [[u >
lx = t]] X and let a be any action such that A(q,Q : a : P/, P’). Since q €



[[u > 1z = t]] X there exists P : IIP such that P C [u]X and ¢ € [t](X, P).
The induction hypothesis for u yields [I*u[s]]5¢t = [u[s]]5¢t 2 = [lu), ﬂset
and Ap(P,u!,) for derivations d' of P : us] EN uy : P. Letting d range
over derivations Q : [u[s] > lz = t[s]] & tq : P’ and dg over derivations
@ : t[s][u&//x] i> tdd’ : P/, we have Ed[[!td]]set = Ed/Edd,[[!tdd,]]Set by the
operational rules and hence,
[a*[u[s] > 'z = t[s]]] 5
[a*[Satuly > 1z = t[s]]]5¢* (compositionality)

(
a* S [t[s)[uly, /2]]5et E y (7)) (16)
(
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Sa[a*(t[s][uly, /2])]5e* linearity of a*)
S

= Ny Xq,['ta, ] ind. hyp. for )

o~ % [[|td]]Set
Further, if Q : [u[s] > !z = t[s]] & ¢ : P/, then P : uls] Lo P for
some ' such that Ap(P,u’) by the induction hypothesis for u, and then
Q : t[s][w//x] & ¢’ : P! with Ag(P’,t') by the induction hypothesis for ¢, as
wanted.

Folding and unfolding. Similar to injection and projection.
The structural induction is complete. a

Theorem 0.5 (Strong Correspondence) Suppose ¢ :Pand P:a: P.
Then a*[t]5¢t 2 X 4[!t4]S®t where d ranges over derivations of P: ¢t % ¢4 : P,

Proof. 1f a*[t]St is the empty presheaf, we have no derivations IP : ¢ Loty P
by soundness, as wanted.

Otherwise, the path set a*[t] = [a*t] is non-empty as well, say P’ €
[a*t]. By the main lemma we have Ajp/(P’,a*t) and hence, [a*t]5t =
Yo [lte]5t where d' ranges over derivations of P : a*t 4 te @ P'. The
result then follows by Lemma 0.2. 0
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