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Abstract Consider processes which, like those of CCS [17] and

CSP [10], can perform simple atomic actions, one at a time,
The meaning and mathematical consequences of linearamong which might be actions of synchronisation. An old
ity (managing without a presumed ability to copy) are stud- idea is to represent the nondeterministic behaviour of such
ied for a path-based model of processes which is also aa process as a “collection” of the computation paths it can
model of affine-linear logic. This connection yields an af- perform. The trace model [10] and tree model [16] of pro-
fine-linear language for processes, automatically respect- cesses are based on different ideas of what this means. A
ing open-map bisimulation, in which a range of process trace set of a process simply expresses whether or not a fi-
operations can be expressed. An operational semantics isnite sequence of actions, a trace, is possible for the process.
provided for the tensor fragment of the language. Differ- A tree expresses not only what paths are present but also
ent ways to make assemblies of processes lead to differenthow paths are subpaths, or restrictions, of others, thus keep-
choices of exponential, some of which respect bisimulation.ing track of nondeterministic branching. This data, what
paths are present and how they restrict to smaller paths, is
precisely that caught in a presheaf over a category in which
the objects are path shapes and the maps express how one
path shape can extend to another. In the category of all such
In distributed computation it can be hard or impossible presheaves we can view the tree amhmit of its paths—
for a process to copy a process, while it is generally easyanother kind of “collection” of its paths.
for a process to ignore another process. For this reason an g jjiystrate the idea, suppose that actions are drawn
operation on processes associated with distributed compUs,om some alphabt, and consider processes whose com-
tation often has the following property: a computation path , tation paths have the shape of strings of actions, so mem-
of the.process arising from the application of the operation pars of*. The substring orderingt makesL* a partial
to an input process has resulted from at most one computagger. and so a category with an arrow frerto ¢ precisely
tion path of the input procgss._As we vx_nII see, this prop(_arty whens < t. A presheaf ovei* is a functor from the op-
expresses that the operation is an affine linear map W'th'nposite categoryL*)°?, where all the arrows are reversed,
a model of linear logic, a fact which carries many conse- i, he category of sets and functioist. When thinking
quences. of a presheaf{ as representing a process, for a string

This article presents a model of processes based on comg, o setX (s) is the set of computation paths of shapehat
putation paths and so can make precise the sense in whicly,o process can perform, and, when< ¢, the function

many process operations are associated with linear MapSy (s, ¢) : X () — X(s) tells how paths of shaperestrict
investigates the consequences of linearity for the important;, subpaths of shape

equivalence of bisimulation, and delineates the boundaries

of Iinea_rity w_ith respect to one, fairly broad, mathematical definition of presheaves by the simple subcategqrgon-
model, in which processes are represented as pre:sheaves.Sisting of the empty set), and the singleton sef,, with

of COUrse Some process opera_tions do involye sendingthe only non-identity map being C 1. A functor X from
e_md copying code, which can give rise to maps which are not L*)°P to 2 is the same as a monotonic function from the
linear. The preshea}c model exposes hoyv different degreeq,everse ordefL*)° to the order2, so that ifs < ¢ then
of copying Igaq to dlfferent kinds of nonlinear maps, some X(t) < X(s). When thinking ofX as representing a pro-
respecting bisimulation, others not. cess,X (s) = 1 means that the process can perform a path

*Basic Research in Computer Scieneaviv.brics.dk ), of shapes while X (s) = () means thatit can’t. I (t) = 1
funded by the Danish National Research Foundation. ands < t, thenX (s) = 1. The functorX is a characteristic

1. Path-based models of processes

Suppose that we replace the category of sets used in the




function for a trace set.

The proof rests on the fact that any presheaf is a colimit of

Sotrees and trace sets arise as variants of a common ideagpresentables. We will use an “inner product” notation and
that of representing a process as a generalised characteristidescribeZ above ag” - —.

function, in the form of a functor from path shapes to mea-

In particular, we can také€ to be a presheaf category

sures of the extent to which the path shapes can be realise. As the universal property suggests, colimit-preserving

by the process.

In what follows, we want to broaden computation paths categoryLin to consist of small categorieé’ Q, .. .

functors between presheaf categories are useful. Define the
with

to have more general shapes than sequences of atomic agnapsG : P — Q the colimit-preserving functof® — Q.

tions, to allow actions to occur concurrently in a computa-

By the universal property, colimit-preserving functors

tion path, and for individual actions to have a more compli- G : P — Q correspond to within isomorphism to functors
cated structure. Later on, processes will be allocated types;F : P — @, and such functors are in 1-1 correspondence
the type of a process will specify the kind of computation with profunctorsfF : P +— Q. Recall that the category of

path shapes it can perform.

2. Processes as presheaves

Let P be a small category. The categorymesheaves
over P, written P, is the categoryP°P, Set] with objects

the functors fronP°P to the category of sets, and maps the

profunctors fronP to Q, written Prof (P, Q), is the functor
category{P x Q°P, Set], which clearly equals the category

of presheaveBer x Q, and is isomorphic to the functor cat-
egory[P, Q]. We thus have the chain of equivalences:

Lin(P, Q) ~ [P,Q] = Prof(P,Q) = P% x Q.

natural transformations between them. In our applications, The more symmetric, relational presentation via profunc-
P is thought of as consisting of computation-path shapes!ors exposes an involution central in understandiig as

where amag : p — g expresses how is extended tq.

a categorical model of classical linear logic. The involu-

A presheaf category has all limits and colimits given tion of linear logic,P*, on an objec®, is given byP°?;
pointwise, at a particular object, by the corresponding lim- cléarly presheaves ovér? x Q correspond to presheaves
its or colimits of sets. In particular, a presheaf category OVer(Q°?)° x P°?, showing how mapé& : P — Q corre-

has all sums (coproducts) of presheaves; the Sym X;
of presheaveX(; overP has a contributiolx;c; X;(p), the
disjoint union of sets, ab € P. The empty sum of pre-
sheaves is the presheafwith empty contribution at each

spond to map& : Q°° — P°P in Lin. The tensor prod-
uct of P and@ is given by the product of small categories
P x Q and the function space frofhto Q by PP x Q. On
objectsP and@Q, products (writter? & Q) and coproducts

p € P. In process terms, a sum of presheaves represents &re both given b + Q, the disjoint juxtaposition of and

nondeterministic sum of processes.
2.1. Alinear category of presheaf models

A category of presheave@f, is accompanied by the
Yoneda embedding functoryp : P — P, which fully
and faithfully embed$? in P. For every objecp of P,
the Yoneda embedding yielgs(p) = P(—, p). Presheaves
isomorphic to images of objects Bfunder the Yoneda em-
bedding are calletepresentables

Via the Yoneda embedding we can regé@réssentially
as a full subcategory d@f. Moreover/P is characterized (up

to equivalence of categories) as the free colimit completion

Q. As for the exponentidlof linear logic, there’s room for
choice—see Section 7.

Linear maps preserve colimits. The colimit of the empty
diagram is@, to be thought of as ail process, which is
unable to perform any computation path. So linear maps,
unlike many process operations, always send the nil pro-
cess to the nil process. We could extend to maps fibio
Q, for objectsP andQ in Lin, but by the properties of the
exponential, this would allow arbitrary copying of the argu-
ment process. All we often need is to allow maps to ignore
their arguments and this can be got much more cheaply, by
moving to a model of affine linear logic.

of P. In other wordsyp satisfies the universal property that 2.2. An affine-linear category of presheaf models

for any functorF” : P — &, where€ is a category with all
colimits, there is a colimit-preserving functét: P — &,
determined to within isomorphism, such thatz G o yp—
seee.g.[15], p. 43:
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Many operations associated with process languages do
not preserve sums, so arbitrary colimits. Prefixing opera-
tions only preserve connected colimits, that is, colimits of
nonempty connected diagrams. Prefixing operations derive
from the functor|—| : P — P,. The category®, com-
prisesP together with a new initial object. The functor
| — | adjoins a “root” to a preshea¥f in P in the sense that
| X |(p) is a copy ofX (p) foranyp in P, while | X | (L) isa



singleton se{x}, the new root being; the restriction maps  restricts to a 2-comonad diin with Aff as its coKleisli
are extended so that restriction tosends elements ta A category. The comonad-), has turned the model of lin-
map fromX to Y in P is sent to its obvious extension from ear logicLin into a modelAff of affine linear logic (where
| X]|to|Y]in P, . Presheaves that to within isomorphism the tensor unit is terminal).
can be obtained as images undel are calledooted[12].

- 2.3. Bisimulation
Proposition 2.1 Any presheal” in P, has a decomposi-

tion as a sum of rooted presheavks = ¥,cy(1)|Yi], Bisimulation between presheaves is derived from the no-
where, fori € Y(L), the presheat; in P is, to within tion of open map between presheaves [11, 12].
isomorphism, given as;(p) = {z € Y(p) | (Y!,)z =i} A morphismh : X — Y, between presheaves, Y
where!,, is the unique arrowl. — pin P, . overPP, is openiff for all morphismse : p — ¢ in P, any

commuting square (on the left below) can be split into two

Intuitively, thinking of presheaves as processes, the pre'commutingtriangles (on the right):

sheaved;, wherei € Y(L), in the decomposition oY’
are those processes thatcan become after performing the

initial action L. R 7e(p) X 7e(p) X
Thestrict Yoneda embedding : P, — P, sendsL to jp(e)l lh jp(e)J s lh

@ and elsewhere acts like. The presheaf categoBwith

jp is a free connected-colimit completion Bf . Together Jelq) 5—Y Jela) 5—Y

they satisfy the universal property that for any funckor
P, — &, wheref is a category with all connected colimits, That the square commutes means that thejpaihin Y can

there is a connected-colimit preserving funditr: P&, be extended via to a pathy in Y. That the two triangles
determined to within isomorphism, such tHagz Ff o jp: commute means that the pattcan be extended viato a
' pathz in X which matcheg.
P, _r P Open maps are a generalisation of functional bisimula-
o tions, or zig-zag morphisms, known from transition systems
F JF* [12]. Presheaves A arebisimilar iff there is a span of open
P maps between them.

The preservation of connected colimits by a functor be-
The central observation on which the proof relies is that tween presheaf categories is sufficient to ensure that it pre-
any presheaf ovelt is a connected colimit of representables serves open maps and bisimulation.
(images undeyp) together withzs, the empty presheaf.
The universal property suggests the importance of con-proposition 2.3 [8] Let G : P — Q be any connected-co-
nected-colimit preserving functors. Defideff to be the  |imit preserving functor between presheaf categories. Then

category consisting of small categoriesd, ..., withmaps ¢ preserves open maps and open-map bisimulation.
G : P — Q the connected-colimit preserving funct@s—

@. It hasLin in which the maps preserve arbitrary colimits
as a subcategory, one which shares the same objects.
can easily characterise those mapAiff which are inLin:

wa- Constructions for path orders

The constructions ilAff below form the basis of a de-
Proposition 2.2 Suppose&~ : P — Q is a functor which notational semantics of the affine-linear process language
preserves connected colimits. The following properties are presented in Section 4. The types and open terms of that

equivalent: ()G preserves all colimits; (ii)7 preserves all language will be interpreted, respectively, as objects and ar-
coproducts (sums); (iiif7 is strict, i.e.,G(9) = 2. rows of Aff. Actually, only the full subcategory gbath

~ orders small partial order categories, is needed, and we’'ll
Because?” is the free connected-colimit completionBf,  simplify the discussion accordingly, treating denotations of

we obtain the equivalencaff (P, Q) ~ [, Q], and con-  types as though they were just partial orders. (In fact, all
sequently the equivalenceff (P, Q) ~ Lin(P.,Q). The  the constructions can be imitated for a domain analogue of
equivalence is part of an adjunction betwe®ff andLin  presheaf categories, in whikt is replaced by2 and pro-

regarded as 2-categories, in which the 2-cells are naturaiesses denote trace sets—see Section 1 and [19].)
transformations. We can easily extend lifting to a 2-functor

(_)J_ : Aff — Lin; for G : P — Q in Aff, the functor '1We have chosen here to develop the definition of open map from the
. . . . strict Yoneda embedding rather than the Yoneda embedding. Maps be-
G : Py — Qu in Lin takesY € P, with decomposi-  yeen presheaves are open w.rt. strict Yoneda iff they are surjective and

tion Xicy (1) [Yi] 0 GL(Y) = Ziey (1) |G(Y3)]. Lifting open w.r.t. Yoneda.



3.1. Sums and fixed points

Each path ordeP is associated with (nondeterministic)
sum operations, amap: & ,.; P — Pin Aff taking a tu-
ple (X;);cs to the sum (coproducy,c; X; in P. The empty
sumyieldsz € P. Finite sums, of sizé, are typically writ-
tenasX; +--- + X;.

For path order® andQ, the categonAff (P, Q), being

equivalent thP’m/P\x Q, has all colimits and in particular
all w-colimits. Any operatiorG : Aff(P,Q) — Aff(P,Q)
which preserves connected colimits will have a fixed point
fir G : P — Q, amap inAff. We will build up the denota-
tion of fixed points out of composition iAff. The compo-
sition G o F' of mapsF' in Aff (P, Q) andG in Aff(Q,R),
being got as the applicatigi(F'(—)), preserves connected
colimits in the argumenk’ and colimits inG.

3.2. Tensor

The tensor produd ® Q of path order®, Q is given by
the setlP; x Q) \ {(L, L)}, ordered coordinatewise.

LetF: P — P andG : Q — Q'. We defineF' ® G :
PR Q — P ® Q' as the extensiore{. Section 2.2Y T of a
functord : (P® Q) — P’ ® Q. Notice thatP® Q) =
P, x Q. and so we can defin : P; x Q —>IP>’/®T@’
by taking

(H(p,q))('.d) = [F(jep)| (') x |G(joa)](d)

forpeP,,qe QL and(p’,¢) e PP Q.

The unit for tensor is the empty path order Objects
X e P correspond to map& : O — P sendinga to X.
GivenX € PandY € Q we defineX ® Y € P® Q to be
the element pointedto h§¥ @ Y : 0 — P ® Q.

3.3. Function space

The function space of path ordéts— Q is given by the
product of partial orderéP )°? x Q.
We have the following chain of isomorphisms:

PRQ —-R=(P®Q), )" xR
(P1)Px (Q)PXR2P—(Q—-R).

~

SothatP © Q - R~ P — (Q —o R). Thus there is a 1-1
correspondenceurry from mapsP® Q — R to mapsP —
(Q — R) in Aff; its inverse is calledincurry. We obtain
applicationapp : (P — Q) ® P — Q, asuncurry(lp—q)-

We shall writet « for the application of of typeP — Q
to u of typeP. The ability to curry justifies the formation of
termsAz.t of typelP — Q by lambda abstraction whete
of typeQ is a term with free variable of typeP.

3.4. Products

The product of path ordei3& Q is given by the disjoint
union of P andQ. An object ofP/&T@Acan be identified with
apair(X,Y), with X € PandY € Q, which provides the
projectionsr; : P& Q — Pandm : P& Q — Q. More
general, not just binary, produds,_; P; with projections
w;, for j € I, are defined similarly. From the universal
property of products, a collection of maps: P — P, for
1 € 1, can be tupled together to form a unique n{&p) ;c; :

P — &, ; P; with the property thatr; o (Fi)ier = Fj for
all j € I. The empty product is given b and as the
terminal object is associated with unique mapsP — O,
constantlyz, for any path ordeP.

Because there are empty presheaves we can define maps
in Lin from products to tensors of path orders. For instance,
in the binary casey : P& Q — P ® Q in Lin is specified
by (X,Y) —» (X ® @) + (¥ ® Y). The composition of
such a map with the diagonal map of the produiz,

Sp:P YUY pPLP L PP

takesX to (X ® @) + (& ® X) and gives a weak form of
diagonal map. Analogously, one can define general weak
diagonal mapgp;, : P - P® --- ® Pin Lin fromP to k
copies ofP tensored together. Weak diagonal maps allow
the same argument to be used in several different, though
incompatible, ways.

3.5. Prefixed sums

The categoryAff does not have coproducts (since all
constant functors are mapsAff there can be no initial ob-
ject, so empty coproduct). However, we can build a useful
sum in Aff with the help of the coproduct diin and lift-
ing. LetP,, for a € A, be a family of path orders. As their
prefixed sumY,c4alP,, we take the disjoint union of the
path order®,, , , over the underlying set) . ,{a} xPs ;
the latter path order forms a coproducfliin with the ob-
vious injectionsing : P3|, — YacaalPq, for 3 € A. The
injections : Pg — X,caalP, in Aff, for 8 € A, are de-
fined to be the composition$ = ing|—|. Finite prefixed
sums are writtem Py + - - - + o Py.

This construction is not a coproduct iff. However,
it does satisfy a weaker property analogous to the universal
property of a coproduct. Supposg, : P, — Q are maps
in Aff for all « € A. Then, there is a mediating mdp:
Yacaal, — Qin Lin determined to within isomorphism
suchthatt' o o = F,, for all o € A.

Suppose that the family of maps, : P, — Q, witha €
A, has the property that eadh, is constantlyz whenever
a € Ais different fromg and thatfz is H : Pg — Q.
Write Hap : YacaaP, — Q for a choice of mediating
map inLin.



If a term¢ of type Q with free variablex of type Pg wiPr, ..., Pp.(Tq,...,Tx), and confuse a closed expres-

denotesH : Pg — Q in Aff andu is of typeX,caaP,, sion for a path order with the path order itself.

then we shall writfu > 8 = = t| for Hag(u). This The operations of Section 3 form the basis of a syntax
construction “tests” or matches against the patterp x of terms (see Figure 1) which will be subject to typing and
and passes the results of successful matches tor to¢; linearity constraints. The language is similar to that in [1],
the possibly multiple results of successful matches are therbeing based on a form of pattern matching. Accordingly,
summed together. variables likez in the matchju > « = = ¢t] are binding

Because prefixed sum is not a coproduct we do not haveoccurrences and bind later occurrences of the variable in
that tensor distributes over prefixed sum. However there isthe bodyt. We shall take for granted an understanding of

amapdist : Q ® XpecaaPy — Tacaa(Q®P,) in Aff, free and bound variables, and substitution on raw terms.

expressing a form of distributivity, given as the extension LetPq,..., Py, Q be closed expressions for path orders

H' of the functor and let the variables, ..., x; be distinct. A syntactic
o judgements; : Py, ..., 2% : Pr ¢ : Q stands for a map

H: QJ_ X (EaeAaPa)J_ - EaeAOZ(Q ®Pa)

H(q, (0,p) = Ys...aaer.) (@ (@), H(g. L) =2. [z1: Py Pe bt Q) i@ @ Py — Q

in Aff. We shall typically writel", or A, for an environment
list zy : Py,...,z : P and most often abbreviate the de-
. . notation toP; ® - - - @ P, > Q, or evenl’ - Q. When the

In modelling a process language like CCS but where pro- enyironment list is empty, the corresponding tensor product
cesses are passed at channets A, we require the “least” 5 the empty path orded.
path orders that satisfy the following equations: An affine-linear language will restrict copying and so
substitutions of a common term into distinct variables. The
counterpart in the model is the absence of a suitable diago-

We can solve such recursive equations for path orders b;ﬁ"?" map from o_bjectﬁ’ PP CO”S'd.eT a term(a:,_y),

several techniques, ranging from the sophisticated method” ith its free variables: andy shown explicitly, for which

of [7], providing inductive and coinductive characterisa- Py :Pkit(z,y):Q,

tions, to simple methods essentially based on inductive def-

initions. Paralleling [14], path orders under the order corresponding to a map® P 12:4), Q in Aff. This does

not generally entail that : PP - ¢(z, z) : Q—there may not
P4Q <« PCQ and be a corresponding map IAff, for example ift(z,y) =
(Vp,p' €P.p<pp’ <= p<qp) z ® y. There is however a condition on how the variables

f | ith t to which all th " x andy occur int which ensures that the judgement:
orm a (large) cpo with respect to which all the construc- P + ¢(x,z) : Q holds and that it denotes the map Aff

tlohs we have Ju_st seen can be made Scott contmuo_us. Soébtained as the composition
lutions to equations like those above are then obtained as

simultaneous) least fixed points. op t(z,y)
PEPRP-24%Q

3.6. Recursive type definitions

P=7P+3,alC+X5a?F C=PP F=P—-oP.

—using the weak diagonal map seen earlier in Section 3.4.
Syntactically, this is assured if the variableandy arenot

. crossedn ¢ according to the following definition:
Assume that path orders are presented using the con-

structions with the following syntax: Definition 4.1 Let¢ be araw term. Say a set of variablés
is crossedn ¢t iff there are subterms dfof the form tensor
t1 ® to, application(t; t2), or match[t; > p = to], for
whicht has free occurrences of variables fréfrappearing
in botht; andt,.

4. An affine-linear language for processes

T ::= @|T1®T2|T1—0T2|T1&T2|EQE,40[T&|
P uiPr, ..., Pe(Ty, ..., Tg)

All the constructions have been met earlier with the excep-

tion of the notation for recursively defined path ordefs.  The term-formation rules for the affine language are listed
is drawn from a set of variables used in the recursive defi-jn Figure 2 alongside their interpretations as constructors on

nition of path ordersy; P, ..., Py.(Ty, ..., Ty) stands for - morphisms, taking the morphisms denoted by the premises
the j-component < j < k) of the least solution to the {5 that denoted by the conclusioct.(2]).
defining equationg’, = T, ,..., P, = Ty, in which the

expressiond’s, ..., T, may contain theP;’s. We'll write  Proposition 4.2 Supposd,z : P + ¢ : Q. The set{z} is
1 P.T as an abbreviation for the-tuple with j-component  not crossed irt.



tu, = x,Y,2,... | D | Zierts | (Variables and sums)

recx.t | Azt |t u| (Recursion, abstraction, and application)
at|lu>ax=1t| (Injections and match for prefixed sums)
(t,u) | [u>(z,—)=1t]|[u>(—,z)=1¢t]| (Pairingand match for products)
t@u|u>ry=1 (Tensor operation and match)

Figure 1. Raw syntax

Term formation rules Interpretations
Structural rules:
AFt:P AL P

- and ————— and
z:PHz:P I'AFE:P P le, p TroAr®L OPxP
Iz:Py:QAFt:R rePeQe®A LR
Iy:Quz:P,AFI:R reQPRATPR®Q®A LR
Recursive path orders:
I'kt:T;[pP.T/P] =t:p; P.T The premise and conclusion are interpreted as the same map

—— and — 5 = 573

Tht:pPT THt:T;[uP.T/P because:; P.T andT;[.P.T/P] denote equal path orders.
Sums of terms:
't :P foralliel ri P foralliel

—— and and
'~o:P IEXiert;: P r&p FM&_GIPAP

Recursive definition:
I,x:Prt:P {y,x}notcrossedirforallyinT repLp
I'krecxt:P r f=G, p
—where forF : I' — P the mapG(F) : I' — P is the compositio’ 2% '@ ' L8 1o p L p,

Abstraction and application:

Mz:PHt:Q and 't:P—-Q AFu:P reP+4LQ and rHP—-Q ALP
F'FXxt:P—oQ TAFtu:Q [ &wmwt, p_oQ FQ A 2pot®u) Q
Injections and match for prefixed sums:
I'+t:Pg,whereg € A I L Pg,whereg € A
I'Epgt:Yacaaly FLPBiZaGAaP(y
D,z :Pgt:Q,whereB€ A Ak u:Y,caal, reP; L Q,whereBc A A% Y, caaP,
LAFu>pz=1:Q T®AMF®EQGAO¢PQMQ
Pairing and match for products (symmetric rule for right projection omitted):
F'Ft:P TFu:Q rLtep r%
I'kF(t,u):P&Q {9, pgQ
Iz:PHt:R AFu:P&Q rePLR A%LP&Q
DAFu> (z,—)=1t:R reA Ir ® (1 0 u) rePLR
Tensor operation and match:
'Ht:P Atwu:Q rLep A%
NAFtu:PRQ roAi8% pPgQ
Nz:Py:QFt:R AFu:PQ rePQ LR ALPRQ
NAFu>zy=1t:R roAlL®sroPeQ LR

Figure 2. Term formation rules and interpretations



[u>z=t=xt)u
[u>ap:>t]£[u>am:>[9:>p:>t]]

[u>(p, =)=t =u>(r,-)=[z>p=1]
[u>p®q:>t]z[u>x®y:>[m>p:>[y>q:>t]]]

for a fresh variable:
for a fresh variable:
for fresh variables;, y

Figure 3. General patterns

Exploiting the naturality of the various operations used in

5. Examples

the semantic definitions, we can prove a general substitution

lemma.

Lemma 4.3 (Substitution) Suppose

Dz P,z :PHE:Q

and that the set of variable&z,, ...,z } is not crossed
in t. Supposeé\ F u : P where the variables of and
A are disjoint. ThenI', A + t[u/x1,...,u/zx] : Q and,
(suppressing the types for brevity)

ﬂt[u/xl, ce ,u/xk]ﬂ = [[t]] o (]-F ® (5Pk’ o [[u]])) .

Note that in the case wheke= 1, the lemma specialises to
[tfu/x]] = [t] o (Ir @ [u]). A particular consequence is
that linear application amounts to substitution:

Lemma4.4If T+ (Az.t) u : Q, thenI' - t[u/x]
[TF (Azt)uw: Q) =T+ tu/z]: Q.

:Qand

Similarly, we have the expected result for recursion:
Lemmad.5IfT + recx.t : P, thenD + t[recx.t/x] : P
and[['F recx.t : P] 2 [T F t[recz.t/x] : P].

The next lemma follows directly from the universal prop-
erties of prefixed sum (the last property because the medi-
ating map is inLin);

Lemma 4.6 Properties of prefix match:
(i)
(i)
(ii7)

TFou>az=1:Q]=
THaou>pPz=1t:Q]=
[TF [Zicru >axz =1t :Q]
[T+ Zierfui > axz =1t :Q]

[T+ tlu/z] - Q]
oifa#p

L

General patterns It will be convenient for the examples
of the next Section to allow general patterns according to

=) (=plr®q

—with p being well-formed if all its variables are distinct.
A match[u > p = t] is understood inductively as an ab-
breviation for a term in the affine-linear language, accord-
ing to Figure 3—the right projectiof-, p) is omitted. We
write [u1 > p1,...,ux > pr = t] as an abbreviation of
[U1 >p1 = [[Uk >pk:>t]~'~]].

pu=z|ap]|(p,

The affine-linear language is remarkably expressive, as
the following examples show. Having denotationsAf,
all operations expressible in the language will automatically
preserve open-map bisimulation.

5.1. CCS

As in CCS, assume a set of labelsa complementation
operation producing from a labela, with a = a, and a
distinct labelr. We can specify the path ord@ras

P =7P + Sucaal .

Let « range overA U {r}. The CCS parallel compo-
sition can be defined as the following terRur of type
P— (P—P):

rec PAz ) \y.Xolz > ax' = o (P2’ y)] +
Saly>ay =a(Pzy)]+
Yeealr>ax'y>ay =71 (P2’ y).

The other CCS operations are easy to encode. Here, open-
map bisimulation coincides with strong bisimulation. We
can recover the expansion law for general reasons. Write
X|Y for Par X Y with X,Y terms of typelP. Suppose

X = YaZicra X; andY = ¥, c o) Y;. Using
Lemmas 4.5 and 4.4, then Lemma 4.6, we get

XY2X,[X>a2 = a(@|Y)]+
YuY >ay = a (XY)] +
YecalX >a2)Y >ay = 7 (2'|y)]
= E(chiel(a)O‘ (X1|Y) +
ZaszJ(a)a (XD/]) +
YaeaZicr(a),jes@T (XilY) -

In similar ways it is easy to express CSP and any parallel
composition given by a synchronisation algebra [20] in the
affine-linear language.

5.2. A linear higher-order process language

Recall the path orders for processes, concretions and ab-
stractions for a higher-order language in Section 3.6. We are
chiefly interested in the parallel composition of processes,
Parp p, this time of the uncurried typ® @ P — P for



Processes in parallel with processes:  P|Q = X,[P > az = «a (2|Q)] + Xa[Q > ay = o (Ply)]+
Yu[P > open nlz,Q > open n? y = 7 (z|y)]+
Y,[P > open n? x,Q > open n!y = 7 (z|y)]+
SalP > muinn? f,Q > muinn! (s®7r) =7 ((f s)|r)]+
Sa[P > muinn! (s®7r),Q > muin n? f = 1 (r|(f 3))]
Abstractions in parallel with concretions:F'|C = [C > s® 1 = (F s)|r]
Abstractions in parallel with processes: F|P = Az.((F z)|P)

Concretions in parallel with processes: C|P =[C > s®r = s ® (r|P)]

Figure 4. Parallel composition for mobile ambients

clarity. But parallel composition is really a family of mutu- and subterms of the formep P are closed. A replication
ally dependent operations also including components suchrep P is intended to behave & rep P so readily possesses
asParr ¢ of typelF @ C — P to say how abstractions com-  a recursive definition in the affine-linear language.

pose in parallel with concretiorggc. All these components Suitable path orders for ambients are given recursively
can be tupled together in a product usitig and parallel by (n ranges oveW):

composition defined as a simultaneous recursive definition

whose component & ® P — P satisfies P=7P + X,in nP + X, out nlP + X, open n!P +
Ypmuin n!C + X, mvout n!C + 3, open n?P +
PIQ=3,P>az= a(z|Q)]+ X, mvin n?F
Yul@ > ay=a(Ply)]+ C=PgP F=P—-P
? !
g:h{j i Z!' (J;’g;)’g (j (f?r} zz ((EA{(;)LS))}] 7+ The eight components of the prefixed sum in the equa-
tion for P correspond to eight forms of ambient actions:
where.e.g, P|Q abbreviatesParpp (P ® Q). Inthe sum- i 1, out n, open nl, mvin n!, mvout n!, open n?, and
mationsa € A anda ranges oveu!, a?, 7. moin n?. \We obtain the prefixing operations as injections
into the appropriate component of the prefixed §um
5.3. Mobile ambients with public names Parallel composition is really a family of operations, one

of which is a binary operation between processes but where
We can translate the Ambient Calculus with public in. addition there are parallel compqsition§ of abstractions
names [4] into the affine-linear language, following similar with corjcretlo_ns, and even abstracthns with processes and
lines to the linear process-passing language above. Assum&°ncretions with processes. The family of operations
a fixed set of ambi(_ant namesm, ... € N. Follqwing [5], |-):F®C —P, (—|-):CQF —P,
the syntax of ambients is extended beyond just processes (-|-):F®P -F, (—|-):P®F -F,
—|—-

(P) to include concretiong{) and abstractions¥): ( ):C®P —C, (—|-):P®C —C
Pu=o| P|1'3 | rep P [ n[P] | "” nP | out "'P | are defined in a simultaneous recursive definition, see Fig-
open "-?P | 7P| Wj?m n! C | mwout n! C'| ure 4 (the remaining cases are given symmetrically). Pre-
open n? P | muvin n? F' | x sheavesX, Y overP will have decompositions into rooted
Ci:=PoP Foo= AP components, and by Lemma 4.6, their parallel composition

satisfies the obvious expansion law.
Ambient creation can be defined recursively in the affine-
linear language:

The notation for actions departs a little from that of [5].
Here some actions are marked witand others with’—
active (or inceptive) actions are marked!land passive (or

receptive) actions by. We say actionsx and 3 arecom- ml[P] =[P > 7z = 7mlz] +

plementanyiff one has the formopen n! or mvin n! while SulP > innz = muin n! (mlz] ® @)] +
the other isopen n? or mvin n? respectively. Complemen- S,[P > out n z = mvout n! (m[z] ® )] +
tary actions can synchronise together to formaction. We [P > mwout m! (s ®7) = 7 (s|m[r])] +
adopt a slightly different notation for concretion3® R in- open m? P + mvin m? Ay.m[Py] .

stead of( P) R) and abstractions\¢. P instead of(x) P) to

make their translation into the affine-linear language clear. The denotations of ambients are determined by their ca-
The usual conventions are adopted for variables. Termspabilities: an ambienin[P] can perform the internaky

are assumed to bleear, in that a variable appears on at actions of P, enter a parallel ambient{vin n!) if called

most one side of any parallel compositions within the term, upon to do so by arin n-action of P, exit an ambient



(mwout n!) if P so requests through asut n-action, be
exited if P so requests through amvout m!-action, be
opened ¢pen m?), or be entered by an ambient{in m?);
initial actions of other forms are restricted away. Ambient

6. Operational semantics

We now consider theensor fragmentf the affine-linear
language, the fragment obtained by leaving out product (for

creation is at least as complicated as parallel composition brevity) and function space (in progress).

This should not be surprising given that ambient creation

We employ the language of general patterns of Section 4.

corresponds intuitively to putting a process behind (so in It can be given semantics using judgements of the form

parallel with) a wall or membrane which if unopened medi-

Py,...,zx : Pg IF p : Pwith thez; distinct, interpreted as

ates in the communications the process can do, convertingunctors(P; ® --- ® P;), £ P, according to Figure 5.
some actions to others and restricting some others away(The rule identifying a recursive type with its unfolding is
The tree-containment structure of ambients is captured inomitted.) As there are no rules for weakening or exchange,

the chain ofopen m?’s that they can perform.

By the properties of prefix-match (Lemma 4.6), there is
an expansion theorem for ambient creation. BEomwith
decompositionX’ = X, Y,c x (o) X;, Wherea ranges over
atomic actions of ambients,

m[X] = iex ()T m[Xi] +
ZnEjEX(in n) muin n! (m[XJ] ® @) +
Enzk’EX(out n)mUOUt n! (m[Xk] ® ®> +
ElEX(mvout m!)[Xl >sQr=T1T (s|m[r])] +
open m?X + muin m?(Ay.m[X|y]) .

5.4. Nondeterministic dataflow

the environmentiI for which II I- p : P is given uniquely
by p andP. We’'ll only need the sub-language::= « z |
p® x |  ® p. Here, the interpretations map into nan-
elements and, accordingly, we may vi¢l I+ p : P] as a
functor intoP rather thanP, . We obtainatomic pathsas
imaged[II I- p : P](L) € P for which we’ll write

ax=alla®l|l®a.

Conversely, for each we may recover a pattegn, (unique
up to variable names) by replacing alls of a with distinct
variables. We let atomic paths stand for patterns and write
Pl QP lFa:Pifxy : Py,...,25 : Py IF p, : P.
Notice that(P; ® - - - ® P) 1, uniquely given by andP,
is isomorphic to the path order abovez P. We'll write «

The affine-linear language allows us to define processesfor o L.

of the kind encountered in treatments of nondeterministic

dataflow. DefindP recursively so thaP = alP + bIP, con-
sisting of streams (or sequencesyf andb’s.

The recursively defined proceds: P — P selects and
outputsa’s while ignoring allb’s:

A=Xz. [z >az' =a(A2)]+[z>ba' = A7

The recursively defined process: P ® P produces two
identical, parallel streams afs andb’s as output:

F=[F>2z1Qz = (az1)®(az)+ (bz1)® (b 22)]
The recursively defined proceSs: P — (P ® P) sepa-
rates a stream af's andb’s into two streams, the first con-

sisting solely ofa’s and the second solely 6k:

S=Xdx.[x>a2,(S2)> 2 Q@2 =(az)® 2|+
[x>ba,(Sa')> 2 @z = 21 ® (b 22)]

A subcategory ofAff supports a “trace operation” to

represent processes with feedback loops (see [9]). The trace
operation is, however, not definable in the present affine-
linear language. It can be shown that if the trace operation
of [9] were definable in the presheaf semantics, we could

obtain (replacingset by 2) a compositional relational se-

mantics of nondeterministic dataflow with feedback, shown

impossible by Brock&Ackerman [3].

GivenP; ® --- @ P IF a : Pandk ¢t : P, we may re-
strict[- ¢ : P to (P, ® --- ® P,) 1 by applying the map
a*:P— (P; ® - ®Py), of Lin got by composition as
X — X(a—). (More generally, we may composaé with
the maps ofAff interpreting open terms, so making sense
of (semantic) expressions like't when® I a : P and
' ¢ : P.) Identifyingt with its denotation, we see that
a*t is a presheaf over a lifted path order and therefore has
a decomposition as a sum of rooted presheaves by Propo-
sition 2.1. It turns out that each rooted component has the
form |¢'| for a denotationt’ of a term of typeP, ® - - - @ ..
Judgements 2 t' in the operational semantics will express
that [t'| is a rooted component af‘¢. In fact, derivations
of transitionst < ¢’ will be in 1-1 correspondence with
components of the decompositiondt.

The operational semantics is informed by isomorphisms
saying how to find the rooted componentsadt. As an
example we have the isomorphisms on the left below, sug-
gesting the rules on the right:

]

1%

if a =
if o # 3 Y
tp St

Siert; =t/

a*Yiert; = Xiera’t; jel

These rules are for closed terms. In the semantics

au>zy=t=Zu>ry=a"t],



Typing Interpretation
z:PlFa:P P, LP,
OFp:P, acA o, &P, acAd

Mi-ap:Yacacle 1, lirerl, (5, aP,),
OFp:P AlFg:Q I, &P, AL LQ.
ILAFp®q:POQ (II®A), 224 (PRQ),

Figure 5. Semantics of patterns

which suggests that we lét (an open term) take an-
transition in the “environmentl, > x ® y. Syntactically,
environmentg are lists of such matches. An environment
“exports” a set of variables; the empty environment exports
the empty set, while,u > z ® y exports what exports,
except the free variables af plusz andy. We may for-
malise this using a judgemeat z; : Py,... 2, : Py
(with the z; distinct) which denotes the same presheaf over
P1® - ®@P;asle = z1 ®---®xi]. Atermt in environ-
mente will be writtene = ¢. Fore - ', Aandl' - ¢ : P,

we give the judgemerit e = ¢ : P; A the same denotation
as the ternfe = t ® x1 ® - - - ® x] where ther; are now
the variables exported bybut not free in.

Incorporating such environments, the operational rules
are shown in Figure 6. The left rul¢g;) and(t;) have the
obvious right counterparts. Iftm) = andy are implicitly
renamed to avoid overshadowing of exported variables in
the environment, v > = ® y. The rules are well-typed:

Lemma6.l Assume-c = t:P;A. et S e & 1
impliesP I a : Pandt ¢’ = t' : P'; A

An ordinal size measure can be defined on terms in envi-

ronments in such a way that transitions are accompanied by
a decrease in size if we replace general recursion by finite

unfoldings. Building on this fact, we can prove the main
result below which says that rooted components correspon
to derivations. It is proved by well-founded induction us-
ing an order based on the size measure. The induction hy
pothesis says that for ¢ = ¢t : P;A andP' |- a : P
with ¥ = z; ® --- ® x any subset of the variables in
A, we have(a ® L)*[e = t ® 7] = Y4]le’ =t/ ® 7]
whered ranges over derivations with conclusion of the form
et =t

Theorem 6.2 Assume- ¢ : P andP’ |- o : P. Then
a*t = ¥,;[t'| where the sum is over all derivatiodswith
conclusion= ¢t % = t'.

e tlrecxt/x] S e =t
e=recxt Se =t

(r)

a® L

e1 B u 2= B

eLUu>TQRy, b xS u >Ry, e T

(s)

(V1)

e=t; e =t
6l2>2ie[ti1>€/l:>t/

(p)

jel

eatS et

eeuSeBEd etz S 5t

(pm) esu>ar=tSe =t
) etSe =t
e tulh st eu
(tm) eu>rystedu >ryst

e u>zy=>t LW >y =t
Figure 6. Operational rules

event structures, a representation in which the tensor opera-
tion denotes the simple parallel composition of event struc-
tures got by juxtaposition; elements of definable presheaves
correspond to finite configurations of the event-structure
representation, with restriction in the presheaf matched by
restriction to a subconfiguration in the event structure [18].
We are currently working on exhibiting the operational se-
mantics as a transition system with independence [20] in
order to strengthen the correspondence with the presheaf
semantics begun in Theorem 6.2.

7. Nonlinearity

Of course code can be copied, and this may lead to maps

which are not linear. According to the discipline of linear

O|ogic, nonlinear maps frori® to Q are introduced as linear

maps from!P to Q—the exponential applied tolP allows
arguments fron® to be copied and discarded freely.

In the domain model of linear logic (see Section!B)
can be taken to be the finite-join completiorfbfThen, the
nonlinear maps in the coKleisli category!aforrespond to
Scott continuous functions. A close analogue for presheaf
models is to interpref as the finite-colimit completion of
IP. Note that nowP is a category, and no longer just a partial
order. With this understanding &¥, it can be shown that
with the inclusion functoflP — P is the free filtered-colimit
completion of P—see [13]. It follows that map® — Q in
Lin correspond, to within isomorphism, to continuous.(

As the operational semantics stands it gives an interleav-filtered-colimit preserving) functor® — @ But, unfortu-

ing model of the tensor fragment. We have been able to

nately, continuous functors frofhto Q need not send open

represent the definable presheaves of the tensor fragment asaps to open maps. This raises the question of whether
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other choices of exponential fit in better with bisimulation. We write Poly (P, Q) for the functor categorj/P, @] of
Bear in mind the intuition that objects @&f correspond  polynomials fromP to Q. In order to compose polynomials

to the shapes of computation path a process, representefl’ € Poly (P, Q) andG € Poly(Q,R) we first defingt* e

as a presheaf if?, might perform. An object ofP should Poly(P,!Q) by takingF* (p1, ..., pn){(q1, - - -, i) to be

represent a computation path of an assembly of processes

each with computation-path shapegPia-the assembly of Y (5151 ) = (P1yepn) F81q1 X 0 X FSpqy

processes can then be a collection of copies of a process,

possibly at different states. If we tak@ to be the finite- ~ When(pi,....pn) € P and{q,...,q) € !Q. The op-

colimit completion ofP, an object ofP, as a finite colimit, ~ erationy : I — P flattens, by concatenation, a tuple

would express how paths coincide initially and then branch. (51 - - -, sx) of tupless, = (sy1,..., sy, ), forl <r <k,

One way to understand this object as a computation path ofdown to a tuple

an assembly of processes is that the assembly of processes

is not fixed once and for all. Rather the assembly grows as STy s 81) = (8105 STy ooy SkLy o Skimy,) -

further copies are invoked, and these copies can be made og th is indexed by all i it
processesfter they have run for a while. The copies can 0. Ihe sum IS indexed by alf ways 1o part iQn, ... pn) .
then themselves be run and the resulting processes copiec%[‘to thJpIeIS<51’ 'I’ Sk)b Now, we can !deflne thle composi-
In this way, by keeping track of the origins of copies, we lon ofpo ynom_la's tob&oF = G-(F -) € Poly(P,R).
can account for the identifications of sub-paths. AL(p1,- oo pn) NP, Gro Fpy, ... pn) equals
This intuition suggests exploring other less liberal ways
of copying,e.g.without being able to copy after some ini-
tial run. We will d|§cover candidates fqr exponentlﬁlfs_ with Fisy x -+ x Fsi(q1,...,q,) = Fs1q1 X - X Fspqy.
based on computation-path shapes of simple assemblies ofhg composition is only defined to within isomorphism:
processes, ones built out of indexed families. We start with polynomials form a bicatego@joly, rather than a category.
an example. __Note that!O = 1. In the special case whefé : |0 —
Q, so thatF’ merely points to a presheaf in Q, the com-
positionG o F' of a polynomialG : !Q — R with the poly-
. nomial F' is isomorphic ta7[ X]. So certainly compositions
Since both sum and tensor preserve open maps, the funcas inis form preserve open maps and bisimulation.
tor copy taking a presheaX overP to the presheaf More generally, the polynomials iPoly (P, Q) and
copy(X)=1+X + X2+ + XF ... Poly(Q,R) correqundto presheaves 0_(/@?)01) x @ and
over P=14+P+P2+..- + Pk ... (lQ)er x.IR{, respectively. So under this cor.rgspon('jence
polynomials are related by open maps and bisimulation. It
will preserve open maps. Here the superscripts abbreviatecan be shown that the composition of polynomials in gen-
repeated applications of tensorliin. SoP* is the product  eral preserves open maps between polynomials.
of k copies of the partial orde¥, in which the objects are However, the present interpretation!dtils as a candi-
k-tuples of objects oP—in particular,1 is the partial order  date for the exponential of linear logic becal®®ely is not
consisting solely of the empty tuple callédabove. The cartesian-closed in any reasonable sense. There is an iso-
presheafX * comprises: copies ofX tensored together, so morphism of categorieBoly (R, P & Q) = Poly (R, P) x
that X*(p1,....pk) = X(p1) x -+ x X (p). Poly(R,Q), natural inR in Lin, showing the sense in
By supplying “coefficients” we can obtain various non- which P & Q, given by juxtaposition, remains a product
linear maps. An appropriate form of polynomial is given in the bicategory of polynomials. There is also clearly
by a functorF : 'P — Q, which splits up into a family of  an isomorphism of functor categorié® x !Q,R] =
functorsfy, : P¥ — Q, fork € w. We canextend’toa  1p (1g)or x R]. But, in general)(P & Q) and P x !Q
functorF'[—] = F'- copy(—) : P — Q. ForX € P, are not isomorphic, so thdtQ)°? x R is not a function
FIX|=Fo+F X+ F- X2+ + B XF g space for the polynomials with respect m_& —. The
difficulty boils down to a lack of symmetry in the current
Becausd” - — is colimit-preserving it preserves open maps. definition of!IP, where tuples likdpy, ..., px) and its per-
So doescopy. HenceF'[—] preserves open maps. mutations(p, (1), - . ., Px(x)) are not necessarily related by
Note, that the original polynomidl' is not determinedto  any maps. Nor for that matter, are there any maps from
within isomorphism by the functdr|[—] itinduces. (Wecan  atuple(py,...,px) to a larger tuplepy, ..., pk,-- -, Pm),
only hope for such uniqueness if we restrict to polynomials even though intuitively the larger tuple would be a path of
which are symmetrici.e., such thatF,, = Fj o = for all a larger assembly of processes, so arguably an extension of
permutationsr of thek arguments.) the smaller tuple in which further copies have been invoked.

211(817---7Sk>=(p17~~-,pn>Gk Fsp X X Fsy

7.1. An example
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To allow different kinds of polynomial, polynomials
which can take account of the symmetry there exists be-
tween different copies and also permit further copies to be
invoked as needed, we broaden the picture.

7.2. General polynomials

The example suggests that we take assemblies of pro-
cesses to be families where we can reindex copies, pre-
cisely how being prescribed i, a subcategory of sets in
which the maps are the possible reindexingslUAamily
of a categoryA comprises(A;);c; wherei € I, with T
an object ofU, index objectsA4; in A. A map of families
(f,e) = (Ai)ier — (A})jes consists of a reindexing func-
tion f : I — JinUande = (e;)ics, @ family of maps
et Ay — A’f(l.) in A. With the obvious composition we
obtainFy(A), the category otl-families.

Imitating the example, we define the category of polyno-
mialsPoly; (P, Q), fromP to Q, to be the functor category
[Fu(P), Q]. Under sufficient conditions, thét is small, has
a singleton and dependent sum (a funétar 7y(U) — U
collapsing any family of sets ifV to a set inU), we can
compose polynomials in the manner of the coKleisli con-
struction. For this we need a “distributive law” converting a
family of presheaves into a presheaf over families of paths.
It can be shown that provided all the map#&ifthe possible
reindexings) are injective, composition of polynomials pre-
serves open maps and bisimulationUl€ontains the empty
set, we can specialise composition, as in the example, to ob-
tain a functorF[—] : P — Q from F' in Poly (P, Q).

The example is now seen as the special case in wiiich
consists of subsets, possibly empty, of positive natural num-
bers{1,...,n} with identities as the only maps. In the spe-
cial case in whictU is the full subcategory dbet consist-
ing of the empty set and a singleton, polynomials amount
to functorsP; — Q so to maps inAff. If we takeU to
bel (finite sets with injections), dB (finite sets with bijec-
tions), we can repair an inadequacy in the example; then,
Fu(P & Q) andFy(P) x Fy(Q) are isomorphic, so that we
obtain a function space for the polynomials with respect to
the product- & —. Both F; and.F3 are good candidates for
the exponentidl—they also behave well w.r.t. bisimulation.

There is a fly in the ointment however. The complete
mathematical story, in which one would see the polynomials
as maps in a coKleisli construction, uses bicategories and at
least pseudo (co)monads on a biequivalent 2-category. At
present this theory, even the definitions, are not sufficiently
developed (though remedial work has started with Martin
Hyland and John Power).

AcknowledgementsA good deal of the background for
this work was developed with Gian Luca Cattani for his
PhD [6]. Discussions with Martin Hyland and John Power
have played a crucial role in the work on nonlinearity.
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