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1 Introduction 2 CCS

Process calculi like CCS have been motivated and stiidthe preface of [25], Robin Milner writes:

ied operationally, thus from the outset lacking the ab-

stract mathematical treatment provided by a domain In 1972 [...] | tried to apply semantic ideas
theory. Consequently, concurrency has become a rather — known from work on sequential program-
separate study; in particular, higher-order and func- ming — to a concurrent programming lan-
tional features as known from sequential programming guage and | found them insufficient.

are most often treated in an ad hoc fashion, if at all.

The study of presheaf models of processes [3, 1] particular, Milner found that viewing a program as
can be seen as an attempt to bring concurrency b&cikinction over memory states, and thus identifying the
within the realm of traditional denotational semantigdograms
by providing a domain theory for concurrent computa-
tion. Much of the work so far [4, 6, 7, 8, 9, 10, 27] has (1) X:=1 and  (2) X:=0; X:=X+1
concentrated on developing the domain theory itself and
on showing how to handle existing models and notiongly makes sense if the program has full control over
from process calculi within it. Meanwhile, a full oper-nemory. Interference from another program, Xayl ,
ational understanding of presheaf models has still ngill not change the behavior of prograft), but will
been obtained. A sensible way to proceed would be tonake progrant2) behave nondeterministically, chang-

ing X to eitherl or 2.
e exploit the domain theory to define mathematically This led Milner to search for something more funda-
natural process calculi; and mental — a new calculus witimteractionor communi-
) _ cationas the central idea. He and Tony Hoare [11] in-
» approach an operational understanding of preshgghendently came up with the same primitive notion of
models by investigating the operational semantigsyivisible interaction Milner’s calculus, called “Cal-
of these calculi. culus of Communicating Systems” [24], or CCS, is an
ttempt of providing a paradigm of concurrent compu-
tation in the same sense that the lambda calculus is a
'tEéradigm for sequential computation.

These notes report on joint work with Glynn Winsk

along those lines [21, 22]. Section 2 contains a brief

troduction to CCS intended for readers unfamiliar wi

Milner's work. To give an idea of what our approach

has to offer in terms of process calculi, we give in See- 1 |ntuition

tion 3 an operational account of a higher-order process

language which can be viewed as an extension of therms of CCS stand for computing agents, or pro-

lambda calculus with a CCS-like prefix operation.  cesses, and are built using a small set of operations.
It is hoped that after this appetiser, the reader will B&rocesses may perform sequences of atomic actions,

motivated for the presentation in later sections of tteenong which may be actions of communication. We

more abstract material concerning presheaves and start with giving some intuition through the use of a se-

different categories they organise themselves in. ries of vending machine examples.



Prefixing A “one-time” vending machine, which mayRestriction But clearly we should abstract away from
accept a coin, then giveotfee, after which it is the in- the internal workings of the machine. This is obtained
active processy, unable to perform further actions: using restriction:

a C C

Figure L:a.c.o

Relabelling A one-time ea vending machine using the

description of the coffee version: Figure 6:(rec x.a.n.x| rec x.n.c.x) \ {n}
a t
- 2.2 Theory
Figure 2:(a.c.o)[t/c] To formally define CCS, we assume a sehamesA.

Write A for the set{z | a € A} of conamesand L
Sum Two one-time vending machines selling both cofor the setd U A of labels We leti range overl and

fee and tea: extend complementation to the wholelofso thatz =
a. Finally, we write Act for the setZ U {r} of actions
a ¢ ¢ ranged over byv. The terms of CCS are now given by
.<:>.. .__a.<> the grammar
a t t tou=a | recat | Sierti | ot | tlu | £\ S | /]
Figure 3:a.c.2 + a.t.@ anda.(c.2 + t.2) We write @ for the empty sum. In the restriction term

t\ S, S is a subset of4, and for relabellingt[f],

: A — A is a function which we extend tdct by
efiningfl = flandfr = r.

The operational semantics of CCS is given as a sys-

Recursion A vending machine which may repeatedlg
accept a coin and give out coffee:

a tem of rules deriving transitions of the form - ¢/,
_Q with ¢, #' closed CCS terms—see Figure 7.
c Example 2.1 Consider again the process of Figure 5.
_ In clockwise order, starting from the initial state, the
Figure 4:rec x.a.c.x four states of its transition system are:

L . . t t|c. tle. RATAR
Communication Suppose the coffee vending machine w tew ntlen ntu

consists of two subsystems, one accepting coins, tdere, we have writtent for recz.a.n.z and u for
other giving out the coffee. They may communicate bycz.n.c.z. |

a notification actiom. We can describe the two system% h lcul dit i | "
by the termsec z.a.n.x andrec z.ni.c.z. Herem is the € caiculus and Its operational semantics aré com-

complementf the actionn. Processes may synchroplememed by notions qn‘rocess equi_valeanougth, .
nise on complementary actions, producing an anorfyio_progesses are conS|der§d equn(alent if they are in-
mous “internal communication action?: _|st|ngwshable from j[he point of view of a sequen-
tial observer, requesting sequences of actions, one by
one. Notice that this abstracts away from the syntac-
tic representation of agents and so transition system
states. Depending on whether the observer ignores
actions or not, the induced equivalence is callegkor
strong We'll concentrate on the latter whereactions

are treated as any other actions. Here, Milner adopted
Figure 5:rec z.a.n.z| rec z n.c.x David Park’s notion of bisimulation [23]:




tlrecx.t/z] =5 t' t; = t' —_
j -
recz.t —— t' Yicrt; — t! at = ¢

t 2t t v ouw b u 2
tlu = t'|u tlu —— t'|u’ tlu = tlu!

tjt a¢SU§ t — t
t\S 25 ¢\ S tf] L% #[f]

Figure 7: CCS operational semantics

Definition 2.2 A relation R on closed CCS terms is 2.3 Returning to semantics

isimulationif impli . . . .
bisimulationif ¢, £ t; implies CCSis now a classic theory which has inspired a school

(i) if 4 = t thent, -*» t, for somet, such of researchers throughout the world and Milner re-
thatt| R t). ceived the Turing Award in 1991 partly in recognition
(i) if t» -2 ) thent; -2 ¢! for somet, such of this foundauonal work in concurrency th.e.ory. On
thatt! R t. the dpwn side, the_very shift away from traditional se-
mantics that led Milner to CCS has made concurrency
We write ~ for the largest bisimulation, calldaisimi- a rather separate study. However, recent research indi-
larity. cates that it need not remain so.

e ) i o In the handbook chapter [28], Glynn Winskel and
B|_S|m|lar|ty isan equllvgle_nce relation by defl_rllthn_, anﬂ/logens Nielsen show how categorical notions (in par-
Milner showed that it is in fact @ongruencei.e. it is ticular, adjunctions) relate models of concurrency and
preserved by all the operators of CCS. allow for the transfer of definitions and results between
them. For example, there is an adjunction between the
%’ategoryl‘ree of trees and the categofjran of tran-
sition systems,

Example 2.3 Consider the two processes of Figure
They are not bisimilar, because i is a bisimulation
relation which relates the processes.& + a.t. and

a.(c.@+t.9), then then by (i) above, it must also relate N

the pairc.@ andc.@ + t. which violates (ii) because Tree L Tran

the latter can do &transition which the former cannot U

match. U Here, I is inclusion and/ the familiar operation ofin-

folding a transition system to a tree. The transition sys-
Example 2.4 The process of Figure 6 is bisimilar to thgems of Figure 3 unfolds to the trees

processec z.a.7.(c.x + a.c.T.c.x). O
c
c

Notice that in this last example, parallel composition <:a : a <:
is reduced to nondeterminism (up to bisimilarity). A a n
well-known result by Milner, called thexpansion law ¢

h how this h i I.S that
shows how this happens in general. Suppose tha Figure 8: Unfoldings

t~ EQEiE[(a)a.ti and u~ EanEJ(a)a.uj .
In the paper [14], Andz’Joyal, Nielsen, and Winskel

Then extend the above work by defining a categorical notion
of bisimulation, viaopen map# a topos opresheaves
tlu ~ TaZiera)e(tilu) + They point out that presheaves may be a fruitful ab-
SaZjes(a)a(tluy) + stract model for concurrency, generalising many famil-
EiZicr, jerT(tilug) - iar models.



Winskel and his PhD student Gian Luca Cattani go,c4aa.P,, as well as a prefix-matcu > .z = ],
on to develop this idea in collaboration with a numbevhereu has prefix-sum type; has typePs andt gen-
of other researchers—see Cattani’s thesis [3]. erally involves the variable. The termju > 5.z = ]
The new work [21, 22] presented in these notes takasitches: against the patterfi.z and passes the results
the development “full circle” back to considering proef successful matches faron tot. In more detail, we
cess calculi, but now based on a denotational modelhzve the following isomorphisms in the denotational se-

presheaves. This offers mantics:
e universal constructions that guide the definition of ~ [@-u > a.x = 1] = 1[u/a]
process operations away from the ad hoc; Bu>az=t] = o faztp

[Eicru; > a.x =] Tier[ui > a.x = t]

higher-order and functional features; and
* "9 uncti ures; The types of the language, interpreted as objects of

e atype system. Cts, are given by the grammar

In particular, in the following section, we'll describe anP, Q ::= ZocaaPy [P = Q [ P& Q| P | ;PP
extension of the lambda calculus with a CCS-like prer ; : :
. : . ere, P is drawn from a set of type variables used in
fix operation. This new language, here called HOPL%1 cLotyp

. . ) . efining recursive typesg;; P.IP is interpreted as thg-
can be given a denotational semantics using a Cartes&%ﬂwponent fol < i < k. of the “least” solution to the
closed categor¢ts of presheaf categories. ' =)=

defining equations
P :]Pla"'apk :]Pka

3 HOPLA

in which the expressign?l, ...,Px may contain the
Rather than going into the categorical details straigh}’s. We shall writepP.IP as an abbreviation for the
away, we start by giving an operational account @ttuple withj-componenpjﬁ.[ﬁ.
HOPLA. The language is typed. The type of a processThe raw syntax is given by the grammar
describes the possible computation paths the process
can perform. Computation paths may consist simply of» % 7= % | rec.t | Bierti | aut | [u > a.x = ¢ |
sequences of atomic actions (as for CCS) but they may Avt[tul] (tu) | fstt|sndt

also represent the input-output behaviour of a procesge variabler in the match ternfu > a.z = ] is

A typing judgement a binding occurrence and so binds later occurrences of
the variable in the body. We shall take for granted an
understanding of free and bound variables, and substi-
tution on raw terms.

1P,z P Q

means that a processyields computation paths i

once processes with computation pathgPin. .., Py Ir_net ]1;1], -t.t-h’ ]P\’j’ (% ?)lla closed typerexgir etisr??n,: an(rj] as-
are assigned to the variables, ...,z respectively. f:ctic?ju;gen?eni a_ Pe’sl""f’“_ ?Peki _ (E).carf{ae-
The typesP are built using a “prefixed sum,” products, L 2lyeee k- Tk oL -

yb ga p P interpretedasamdp, & - - - & P, — Q in Cts. We let

function spaces and recursive definition. It is notab . )
ange over environment lists, : Py,...,z; : Py,

that although we can express many kinds of concurr r]qf h we mav treat finite m from variables t
processes in the language, the language itself does ofch We may treat as € maps from variables to

have many features typical of process calculi built—ilgf,osed type expressions. The term formation rules are

L : ven in Figure 9.

hat of f - : -

gteigagd that of & nondeterministic sum and prefix op As is to be expected, we have a syntactic substitution
The operations associated with the prefix-sum tybeénma:

constructor are central to the expressiveness of the IEQana 3.1 Supposd,z : P+ ¢: Qandl F u : P.
guage. A prefix-sum type has the fofi,c4a.P,; it ThenT - t[u/z] : Q
describes computation paths in which first an action Y
B € A is performed before resuming as a computdhe semantic counterpart essentially says that the de-
tion path inPs. The prefix sum is associated with prefixotation of¢[u/z] is the functorial composition of the
operations taking a proces®f typePs to 5.t of type denotations of andu.



T(z)=P T,z:Prt:P Trt;:P aljel

'tax:P 'krecx.t:P EYiert; - P
FFt:Ps whereg e A F'u:YpcaaPy Tz:Pgkt:Q wherefe A
I'FpBt:EecaalPy, Pru>pz=1:Q
Fz:PFHt:Q 'Ft:P->Q TFu:P
'cXxxt:P—-Q F'Ftu:Q
't:P TFu:Q F'Ft:P&Q F'Ft:P&Q
Tk (t,u):P&Q L'k fstt:P 'Fsndt:Q
Lkt ]P’][,uﬁ]ﬁ/ﬁ] Lkt ujﬁ.ﬁ
T +t:p;PP T+ t:P;[uP.B/P

Figure 9: Typing rules for terms

peA Fu:P Q:a:P P:a:P Pj[uﬁ.]ﬁ/ﬁ:a:]l]"
YacaaPy : §:Pg PoQ:u—a:P P&Q: (a,—): P u].ﬁ_]}'ﬁ;a;]}w

Figure 10: Typing rules for actions

tlrecx.t/x] > t' tj =t eI u 25 ou' t/x] ot
J
recx.t — t Sierti —— t' at 25t [u>ax=1t 2t
tu/z] 2 ' 2Ly
et =20 tu 2t
e u s o e =
(t,u) 22y g (t,u) —=22y o fstt s ¢ sndt —

Figure 11: HOPLA operational semantics

trecz.t/x] | v tidv . 7 ulau tu/z] v
recx.t v Yierti Y v J atlat [u>ax=t v
t§ Azt t[u/x] v
Azr.t | Az.t tulv
PL@L E Gt () Y
(t,u) | (¢, u) fstt v sndtl v

Figure 12: HOPLA evaluation



3.1 Operational semantics

(1) rec x.t ~ t[recz.t/x]
With actions given by the grammar
(i4) [au > ax = t] ~ tu/z]
ar=alural(e,-)[(=a), (i)  [Bu>az=>t~o fap
the operational rules in Figure 11 define a transition (iv) [Zicru; > a.x = t] ~ Ticr[u; > oz = 1]
semantics for the language. In the rule for lambda- (v) [u> a.z = Zicrti] ~ Tier[u > vz = 4]
abstraction, we must have: P - ¢ : Q andt u : P for
e O Q (vi) (Azt) 1w ~ t[u/a]
T (vit) Az.(tx) ~t
Example 3.2 Supposer : P+ ¢ : Q and- u : P. The (m_”) Az (Tierti) ~ Sier(Aa-t;)
derivation (iz) (Bierti) u~ Zier(ti v)
x) fst(t,u) ~
%a (xi) snd(t,u) ~
tu/z] — ¥ (zi7) (fstt, sndt) ~
Lﬁw (wii) Tier(ti,ui) ~ ( ierti, ier;)
(Axt) u ! (iL‘Z’U) fSt( zeltz) ~ ZEI(fSt ti)
shows how the rules for abstraction and application col™) snd(Zierti) ~ Tier(sndt:)
operate. O

To show that the rules are type-correct, we assign types Figure 13 Bisimilar terms

to actionsa using a judgement of the forff : a : P'. o _
Intuitively, after performing the actiom, what remains 3.2  Bisimulation

1 1 1 1 U
of a computation path iff is a computation path i’ We extend Definition 2.2 to the operational semantics of

The typing rulles for actions are given in Flgure 10( OPLA by demanding that a bisimulatidi respects
rule for (—, a) is omitted). Notice that in any judgemen e .

P:q: P, the type’ is unique giverP anda, ypes, and by quantifying over general actians
Proposition 3.3 Supposé- ¢ : P. If t % # then Theorem 3.5 Bisimilarity is a congruence.

P:a:P and-t' :P. PrRoOOF. Using Howe’s method [12]. O

The rules are sound and complete with respect to thigure 13 shows a number of (closed, well-formed)
denotational semantics: derivations>+ ¢’ are in 1-1 terms which can all be shown bisimilar. ltems (i), (ii),
correspondence with “rooted componentsTo}([t]), (vi), (x), and (xi) are B-rules”, while (vii) and (xii) are
with [+'] corresponding to such a rooted componetity-rules”. In each casg ~ t,, we can prove that the
What this means will be made clear later. identity relation extended by the péir , ¢-) is a bisim-

As a side-remark, the operational rules incorporatéation, so the correspondence is very tight, as is to be
evaluation in the following sense: Let valuebe given expected since in the denotational semantics, we have

by the grammar [t1] = [t=]-
The following results characterises bisimilarity at ar-
vi=at | Azt (). row type:
Then we can define a nondeterministic evaluation rela- - )
tion |}, see Figure 12, such that Proposition 3.6 Let ¢,,t, be closed terms of function

typeP — Q. The following are equivalent:

Propo.sition 3.4 If d is a derivation oft —Z—> t' then (i) ¢, andt, are bisimilar;

there is a valuey such thatt || v andv — ' by a

subderivation ofl. (i) ¢t1 wandty u are bisimilar for all closed terms,
. . of typelP; and

The evaluation relation respects types, but beware that o _ .

because of the rule for sum it preserves neither meanfHg ?1 u1 andt, u, are bisimilar for all pairs of bisim-

nor bisimilarity. ilar closed termsuy , uy Of typelP.



3.3 Encoding CCS 4 Processes as presheaves

We specify the typ& of CCS computation paths by \ye now begin an abstract mathematical study of pro-

cesses, starting from the idea of representing a process
as a kind of collection of its possible computation paths.

The terms of CCS can then be expressed in HOPLA as

]P) = T.]P) + EaeAa.]P) + EaeAa,.]P) .

the following terms of type: 4.1 Path-based models of processes
[z] == [rec x.t] = rec.[t] Consider processes which, like those of CCS, can per-
[a.t] = c.[¢] [Eiert:] = Sier[t] form simple atomic actions, one at a time, among which
[tu] =P [t] [u] [t\S]=Rs[t] may be actions of synchronisation. An old idea is to rep-
[t[f1] = Ny [1] resent the nondeterministic behaviour of such a process

as a “collection” of the computation paths it can per-
form. The trace model [11] and tree model [24] of pro-
cesses are based on different ideas of what this means.

Here,P, Rs, and Ny are abbreviations for the follow-
ing recursively defined processes:

P = recp Az \y. A trace set of a process simply expresses whether or
Yol > ax’ = a(pa’ y)] + not a finite sequence of actions, a trace, is possible
Yoy > ay = a(pxy)]+ for the process. A tree expresses not only what paths
Yr>la' =[y>ly =r(pax'y)]] arepresentbutalso how paths are subpaths, or restric-
Rs = recr. Ar.Y 0 g(sug)[r > a.r’ = a.(r 2')] tions, 0.f others, thus keeping track of nondeterministic
Ny =recnz.Zyfz > ax’ = f(a).(n z')] branching.

Proposition 3.7 If t - ' is derivable in CCS then Example 4.1 Consider the two processes of Figure 3.
[t] - [t'] according to HOPLA. And conversely, iffheir unfoldings as trees (see Figure 8) are clearly dif-
[t] - wis derivable in HOPLA, then for some #/ ferent, but as trace sets they are both described by

we haver = o andu = '] andt - #' according
to CCS.

It follows that the translations of two CCS terms ar@S @ result, trace sets cannot explain the possible dead-
bisimilar in HOPLA iff they are strongly bisimilar in 10Ck encountered by a coffee drinker procéss in-
CCS. teracting with the version on the left of the figure.O

We can recover the expansion law for general rea-
sons. Writef|u for the application” ¢ u, wheret andu 4.2 Presheaves
are terms of typ&. Suppose

{¢,a,ac,at} .

The data given by the tree representation, what paths
t~YaYicrati and u~ XY e ja)u;. are present and how they restrict to smaller paths, is
. . . N . . precisely that caught in a presheaf over a category in
Using Figure 13 item (i), (vi), then items (ii-iv), we 9€%yhich the objects are path shapes and the maps express
how one path shape can extend to another. In the cat-
Salu > ay' = a.(tly')] + egory of a_lll such presheaves we can view .the tree as a
St > L' = [u> Ly’ = 7.2 |y)]] collm!t of its paths.—another kind of “colle_ctlon”.
~ Yo Ticr(aya-(tilu) + To illustrate the idea, suppose that actions are drawn
Sa S (a-(tuy) + from the alphabet! = {a, ¢,?}, and consider processes
whose computation paths have the shape of strings of
actions, so members of*. The substring ordering
Finally, note that although HOPLA can encode CCRakesA* a poset, and so a category with an arrow from
in a simple way, the language has no distinguished into s’ precisely wherns < s’, see Figure 14.
visible actionr, so there is the issue of how to support A presheaf overd* is a functor from the opposite
more abstract operational equivalences such as weakegory(A*)°P, where all the arrows are reversed, to
bisimulation, perhaps starting from [7]. the category of sets and functiofiet. When thinking

thu ~ o[t > ax’ = a.(z'|u)] +

EiEierqy,jesmT(tilug) -



is the same as a monotonic function from the reverse

aaa order (A*)°P to the order2, so that ifs < s’ then
a0 =< aac Y (s") < Y(s). When thinking ofY” as representing a
a — ac aat processY (s) = 1 means that the process can perform
T~ a path of shape while Y'(s) = 0 means that it can't. If
/ at Y(s') = 1ands < s', thenY (s) = 1. In other words,
- ca the functorY is a characteristic function for a trace set.
€E— C<>\ ce So trees and trace sets arise as variants of a com-
ct mon idea, that of representing a process as a generalised
\ ta characteristic function, in the form of a functor from
; 7 to path shapes to measures of the extent to which the path
S~ shapes can be realised by the process.
tt In what follows, we want to broaden computation

paths to have more general shapes than sequences of
atomic actions, to allow individual actions to have a
more complicated structure as they have in HOPLA. So
we will consider presheaves over an arbitrary small cat-
of a presheaf\ as representing a process, for a striregoryP, that is, functorsX : P°? — Set. The category

s, the setX (s) is the set of computation paths of shap® is to be thought of as consisting of computation-path
s that the process can perform, and, wher s’, the shapes where a map: p — p’ expresses how the path
function X (s,s") : X(s') — X(s) tells how paths of pis extended to the paf.

shapes’ restrict to subpaths of shapeFor example, a  We'll investigate what elementary category theory
tree whose branches consists of stringsiinis easily has to say about this data, thereby explaining a variety
viewed as a presheaf over A*. The setX (s) consists of process concepts in terms of “abstract nonsense”.

of all branches of shape while the functionX (s, s') :

X(s") = X(s) restricts a branch of shapéto its sub- 4 3 Category of elements
branch of shape.

Figure 14: Part of the poset/categoty

Definition 4.3 Consider a presheaf overP. Thecat-
Example 4.2 Let's write 0 for the empty setl for {0}, egory of elementsf X, written £(X), has as objects
and2 for {0, 1}. The vending machines on the left opairs(p, z) with p € P andz € X (p) and morphisms
Figure 3 is represented by the presheaf of the forme : (p,z) — (p',z') wheree : p — p' is an
arrow of P such that{ Xe)z' = z.

2 fs=a
X(s)={1 if s € {e,ac,at} Example 4.4 The categories of elements of the pre-
0 otherwise sheavesy andY of Example 4.2 look as follows (iden-
WIS tity arrows are omitted):
where X (a,ac) maps0 € X(ac) 00 € X(a) and (ac, 0 at 0) (ac, 0) (at, 0)
X (a,at) maps0 € X (at) to1 € X (a). On other mor-
phisms, the action oK is uniquely determined. \ /
Similarly, the presheaf (a, 0 (a, 1 (a,0)
Y(s) = 1 Ifse{.e,a,ac,at} Y- Y (6,0
0 otherwise

Notice that the arrows of these categories may be seen
over A* represents the vending machine on the right. as the reflexive, transitive closure of the transition rela-

tions of the trees of Figure 8. |
A note on presheaves liKé: Suppose that we replace

the category of sets used in the definition of presheav&s the category of elements can be understood intu-
by the subcategor® with the inclusion0 < 1 as the itively as the tree or transition system of a process rep-
only non-identity arrow. A functok” from (A*)°P to 2 resented by a presheaf. But beware that the system may



not have an initial state as it does f&r andY of the Example 4.6 We can define a natural transformation
example; they are botleotedaccording to a: X — Y between the presheaves of Example 4.2:

Definition 4.5 A presheafX overP is rootedwhenP  (ac,0) .~ (at,0)
has an initial element,, andX (L) is a singleton. } R

Arooted presheaf ovet* corresponds directly to a tree (,0) . (a,1) (ac,

whose branches are itr. N e

In general, a preshedf over A* determines a set of €,0) ' :
such trees, the set of roots given Ey(¢). For example, ' R T
we may consider the diagram aboveomepreshealZ
over A*, in which Z(s) is the disjoint union ofX (s) (e,0

andY (s) for s in A*. The corresponding transition sys-

.
e

a,0

0) " (at,0)
)

definition of transition systems—and so it may seeor equivalently thaf (o) maps(p, =) to (p, y). |
reasonable to restrict attention to rooted presheaves. o ] ]

In terms of category theory, that would mean working!"CE Preserves transitions in the categories of ele-
with sheavesnstead of presheaves. Alternatively, wa'€nts, we can think of it as simulation relationon
can simply viewX andY” as presheaves overt; such transition systems, defined analogously to item (i) of

presheaves are easily seen to be in bijective correspBffinition 2.2. Moreover, its graph is a function; such
dence with rooted presheaves over relations are calledunctional simulationsBut to ob-

tain a categorical definition of bisimulation, we need a

) way ofreflectingas well as preserving behaviour.
4.4 Natural transformations y g P g

The presheaves over a small categdrgre the objects 4.5 Open maps

of the functor categor?f’ = [P°P, Set], with arrows be-

ing natural transformations. Spelled out, a natural trafig®™M @ process viewpoint, it would be reasonable to
formationa : X — Y between presheaves andY make the extra requirement on a natural transformation

a : X — Y that whenever we have the situation on

overlP is a family (o) pcp Of functions
the left below, we may “complete the square” as on the

ap: X(p) = Y(p), right:
satisfying that for any arrow : p — p’ of P, the natu- @, y") @', z") M @,y
rality square T T T
! ! “p’ !
P X)) ——=Y({®) S R ) (&) = (p, y)
e X(e)l Y(e) i .
This can be formulated as the requirement that each nat-
p X(p) ——=Y () urality square ofx (see opposite column), is guasi-

’ pullback so that whenever we have € X (p) and
commutes. It is perhaps not entirely obvious what prg- € Y (p') with a2z = (Ye)y', then there exists an
cess concept this amounts to, so we replay it in term’s € X (p') such that(Xe)z’ = z andayz’ = y'.
of categories of elements. Since eaghis a function In this case, we calk anopen mayof presheaves, fol-
X(p) — Y(p), a induces a magf(a) between the lowing Joyal and Moerdijk. In [15] their notion of open
objects of€(X) and&(Y'), sending(p, z) to (p,a,x). Map in atopos is defined axiomatically, as being a class
Now, naturality ofe is simply the same as functoriality©® of morphisms satisfying, among other things
of £(a): that it s.,ends morphisen(@, ) = (p',z') of (A1) any iso belongs t@

E(X) to morphismsp, apz) — (p',apa’) of E(Y). : N
So it seems that a natural transformation frafrto v (A2) O is closed under composition
shows howy” may “simulate”X . (A3) O is stable under pullbacks



Open maps between rooted presheaves, so trees, dvér Yoneda
A* are functional bisimulations. Since bisimilarity i
an equivalence relation, the tre&sandY” over A* are
bisimilar iff there exists apanof open maps between
rooted presheaves:

Sro each presheaf catego@is associated a canonical
functorP — P, saying how to view paths as processes:

Definition 4.8 Let P be a small category. Théoneda
A functoryp : P — P mapsp € P to the preshedf(—, p)
y \\B and maps: : p — p' of P to the natural transformation

X v P(—, e) obtained by postcomposition with

More generally, the axioms of open maps above mak&ample 4.9 The presheafi”(—, s) is given by
sure that “being related by a span of open maps” is an

equivalence relation: Reflexivity is obtained using (A1)  A*(—,s)(s') = A*(s',s) = {
and the trivial sparX + X — X, while symmetry is

_already |_mpI|C|t in the notion of a span. As fortransmv-SO A*(—,s) is a single branch with shape whereas
ity, consider the two spans

A*(—,s < ') shows how it is included in a longer

1 ifs<s
0 otherwise

A Z branch, with shape'. |
a B1 « B2
/ \1 j/ \ Intuitively, yp maps a computation path shapdo a
X, Y X5 process that may do a single computation of shape

N and a path extension: p — p' to a simulation of this
SinceP has all limits, we can adjoin a pullback, computation by a longer one.
Following this intuition, a natural transformation

N Z 3 ypp — X shows how the proces¥ may simulate a
/ \ process capable of performing just the pattBut then
71 7 5 the setX (p) of computation paths oK of shapep
o B ez 2 should be the same as the set of such natural transfor-
X, / \ v / \X2 mations. This is the content of

Now, sinces; anda, are open, so are andg by (A3). Lemma4.10 (Yoneda)For anyp ¢ Pand X ¢ P
Using (A2),a1 o a andgs o 3 are open, so that;, X, thereis a bijectior(ypp, X) = X (p).

are now related by a span of open maps as wanted.
We've been cheating a little bit here, since in gef=*@mple 4.11For the presheafy’ of Example 4.2,

eral, the intuition that open maps are functional bisiff1€r€ are two natural transformatiod$(—, a) — X,
ulations is incorrect. There is a trivial span relating arfP""esponding to the two elemerttsand1 of X(a). B

pair of presheaved’, Y sincel has an initial object jystified by the Yoneda lemma, (b, z) € &£(X) we
(the empty presheaf, with empty contribution at eagfite » also for the corresponding natural transforma-

p € ). Again, we could take this as an indication t§on 4., — X. This gives the following alternative
work only with rooted presheaves, or we could look fQfharacterisation of open maps:

a requirementon the spans. As for the latter, demanding
that the legs of the span aepi seems reasonable: opeproposition 4.12 Amapa : X — Y in Pis open iff for
maps between rooted presheaves oleare automati- every arrowe : p — p' of P, a commuting square (on
cally epi, and viewing trees ovel* as presheaves ovethe left below) can be split into two commuting triangles
AT, this extra requirement is exactly what is needed {en the right):
show that bisimilarity as defined by open maps coin-
cide with bisimilarity as defined by Park and Milner. To ;Y ;Y

ypp' —>Y ypp —>Y

avoid restricting the class of presheaves, we take ,
yeT TQ ymeT x Tq
Definition 4.7 PresheaveX, Y overP areopen-map

bisimilar if they are related by a span of epi open maps. ypp ——> X ypp —— X

10



4.7 Completeness 5 Linearity

A pres_heaff Catego?_’ has alldllmllt_s ?‘”Q;O"”I“'tsv IVER distributed computation it can be hard or impossible
pointwise from the limits and colimits i8et. In par- ¢, 5 rqcess to copy a process, while itis generally easy

tm“'?]r’ a pre'sr;eaf categ(;;y h?s all Eums (coproduﬂgts)f&f a process to ignore another process. For this reason
presheaves; the subljc; X; of presheave(; overP operation on processes associated with distributed
has a contributio® ;- X;(p), the disjoint union of sets, computation often has the following property:

atp € P. The empty sum of presheaves is the presheaf

@ with empty contribution at ean € P.In process A Computation path of the process arising
terms, a sum of presheaves represents a nondeterminis- from the application of the operation to an in-
tic sum of processes. put process has resulted from a single (possi-

i _ ble empty) computation path of the input pro-
Example 4.13 Consider once again the two processes aqq.

of Figure 3. If we view them as presheaves ower,
their nondeterministic sum, according to the above, ca(s we will see, this property expresses that the opera-
responds to their sum as CCS terms. On the other haih is a kind oflinear map in that it is determined by

if we form their sum as rooted presheaves a#érwe jts action on single, possibly empty, computation paths.
get the presheaf described in Section 4.3, which is

not rooted, and cannot be expressed in CCS.

Similarly, the preshea®s € A+t corresponds to the
inactive CCS process, also written while this is not
so for@ € A* which intuitively cannot even do the
empty computation path.

Example 5.1 The basic operations of CCS are all lin-
ear in the above sense. For examplet k¢ a CCS pro-
cess, and consider the operations of of prefiximgth
an actiona, composing with another process, and
restrictingt by label setS. A non-empty computation
As promised in Section 4.2, we can exhibit a processRafh of the process. either has the shape involving
a colimit of its paths: the empty computation path ¢for is of the shapes,
wheres is the shape of a single computation path.of
Proposition 4.14 (Density formula) For any X € P Likewise, a computation path of the parallel composi-
we havex = [PPEE) ), tion t|u may be obtained solely from, so by lettingt
perform the empty computation path, while non-empty
The role of the colimitis to “glue together" the paths O(f;omputation paths ij\ S involve a Sing|e, non-empty
X as dictated by the category of elementskaf computation path of. O
At the start of Section 4.6, we said that the Yoneda
functor is “canonical”. We now make this precise: Th€onsider again the diagram ending the preceding sec-
functoryp : P — P satisfies the universal property thation. By the universal property, colimit-preserving func-
for any functorF" : P — C, whereC is a category with tors P — Q are determined (up to isomorphism) by
all colimits, there is a colimit-preserving functéf : functorsP — Q, so by their actions on paths! This
P — C, determined to within isomorphism, such thateems to indicate that colimit-preserving functors fit the
F = G o yp—seee.g.[19], page 43: intuition above. Let us see how to make this precise.

p—" o

F 5.1 A model of linear logic
G
F l Define the categor¥in to consist of small categories

¢ P,Q,... with mapsG : P — Q the colimit-preserving

) ~ functorsP — Q. By the universal property, colimit-

The proof uses the density fogrn;(ula. Fore P, we take preserving functorss : P — @ correspond to within

G(X) to be the colimitf """/ <*) Fp inC. isomorphism to functor§ : P — Q, and such func-

By takingC to be a presheaf categay, this tells us tors are in bijective correspondence wiphofunctors
that colimit-preserving functors between presheaf caté-: P+ Q. Recall that the category of profunctors

gories may be useful. We'll now consider them as caffom P to Q, written Prof(P, Q), is the functor cate-
didates for interpreting operations on processes. gory [P x Q°P, Set], which clearly equals the category
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of presheaveﬁgx\@, and is isomorphic to the functor® Lifting

categony|P, @]. We thus have the chain of equivalences:
To obtain a model of affine-linear logic, we’ll consider

Lin(P, Q) ~ [P,Q] = Prof(P,Q) =P x Q. the operation ofifting, which intuitively extends path
categories with the empty path and presheaves with a
The more symmetric, relational presentation via preingle computation of this shape.
functors exposes an involution central in understanding
Lin as a categorical model of classical linear logic. T, 1 Rooted presheaves
involution of linear logic,P+, on an object®, is given
by ]P)OD; C|ear|y presheaves ovéer x @ Correspond We'll write ]PJ_ for P with a new initial ObjeCU_ freely

to presheaves ovef)’P)°P x P°P, showing how maps adjoined. Spelled oufy, has objecty € P together
G : P — Q correspond to map§+ : Qo° — Per in  With L, and arrows given by those Bftogether with a
Lin. unique arrow, : L — pforallp € P.

The model is somewhat degenerate: The “@agQ
and tensor produd ® Q of P andQ are both given by
the product of small categoriésx Q (so the function Given a presheak € P, we'll write | X | for the pre-
space front to Q is given byP°P x Q). Likewise, on sheaf ovel?, defined by taking X | (p) to be a copy of
objectsP andQ, productdP & Q and coproductB & Q X (p) for anyp € P, and| X |(L) = 1. On arrows of
are both given by’ + Q, the disjoint juxtaposition of P, | X | acts like X, while | X |(!,) is forced to be the
andQ. The neutral elements are the terminal catedoryconstantlyd map, anyp € P.
with one object and one arrow, and the initial category In terms of categories of element§|X | has the

Example 6.1 Itis easy to see thatT = A*. O

O with no objects, respectively. same objects a&(X) in addition to( L, 0), from which
As for the exponentidlof linear logic, there is room there is a unique transition to any other object&$4 |
for choice—more about this later. is £(X) with a freely adjoined initial object.

Example 6.2 For any presheafl over AT, the pre-
sheaf| X | over A* is the tree obtained by adding a root

Consider interpreting a process language in the categB})X- o
Lin. The rich type discipline seems promising, and fufs ¢4t lifting extends to a functor
thermore, we have a congruence result “for free” inthat

5.2 Alinear process language?

-] : PP, .
Proposi_tion 52[5]Let G : P — @ be any cqlimit- A natural transformation fronX toY in P is sent to its
preserving functor between presheaf categories. T ious extension fromX | to | V'] inP,. Since theL -
G preserves open maps and open-map b'S'mUIat'on'component of any natural transformation between lifted
So any process operation interpreted as a mabinf presheaves is uniquely determined, the image of lifting
will automatically respect open-map bisimulation. 1S the full subcategory df , of rooted presheaves.

Unfortunately, because the colimit of the empty di- 1 ne following result will be important later:

agram isg, the maps ofLin, unlike many processp ition 6.3 A heaf\ in P. h d
operations, always send the inactive process to the pfoposition 6. nyf pres de 'Q L has a decom-
active process! In particular, we cannot interpret prggsmon as a sum of rooted presheaves

fixing or parallel composition a la CCS ihin. So X =2 Siexy | Xil,

colimit-preserving maps do not quite fit the intuition . o

from above—they never ignore their arguments. ~ Where, fori € X (1), the presheaX’; in IP is, to within
We could extend to maps frofi® to Q, for objects 1Somorphism, given as

P andQ in Lin, but by the properties of the exponen- Xi(p) ={z e Xp) | (X!)x=i}.

tial, this would allow arbitrary copying of the argument

process. At least for CCS, we only need maps to igndegample 6.4 For a presheaf{ over A*, the rooted
their arguments and this can be got much more cheagigmponent decomposition exhibits the foréstas a
by moving to a model caffine-linearlogic. sum of trees. |
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6.2 Strict Yoneda 6.3 Connected colimits

It turns out that? ; relates toP in much the same way The density formula Proposition 4.14 shows how, via
asP relates tdP. Yoneda, any presheaf overP can be regarded as a

colimit of its “nonempty paths”. Using strict Yoneda in-
Definition 6.5 Thestrict Yoneda functojp : P, — P, Stead, we may viewk as aconnected colimiof all its
sendsL to @ and elsewhere acts likg:. Formally, it Paths, including the empty one. A connected colimit is
mapsp € P, to P, (i—,p) wherei is the inclusion a colimit of a nonempty, connected diagram.

P—oP,. ~
- Proposition 6.10 (Strict density formula) For X € P

Intuitively, j» maps a possibly empty computation pative haveX = f(’””)engJ Jpp
shape to the process that may do a single computation of )
this shape—where it is understood that the empty cofi€re.€ [ X | is anonempty, connected category, because
putation path gives rise to the inactive process. it has an initial element, L, 0). .
We therefore have that the presheaf catedbwith

Example 6.6 j .+ maps a stringiyas - - - az in A* to Jje is a free connected-colimit completion &f, . To-

ether they sati the universal property that for an
the presheaf overl™ represented by the CCS tem?unctorF )I/F’ n —I>Sny whe?ecl'\zs aS ca?eggry%ith all con- ’

nected colimits, there is a connected-colimit preserving
Since natural transformations : jpp — X represent functorG : P — C, determined to within isomorphism,
the waysX may simulatejpp, and since there is justSuch thatt” = G o jp:
one way to simulate the inactive process, we expect

Jp
P, ———

P
Lemma 6.7 (Strict Yoneda) Foranyp € P, andX € o
PP there is a bijectiorP(jpp, X) = | X | (p). F ’
C
Again, if (p, z) € £| X | we are justified to write: also
for the corresponding natural transformatjpp — X. We’ll sometimes writeF'" for G. The universal prop-

erty suggests the importance of connected-colimit pre-

Proposition 6.8 A mapa : X — Y in Pis open and serving functors. Moreover, it says that these functors
epi iff for every arrowe : p — p' of P, , a commuting match the intuition of Section 5: they are determined

square (on the left below) can be split into two commuy their action on single, possibly empty, computation

ing triangles (on the right): paths.
jop —> Y jop —= Y 6.4 A model of affine-linear logic
jmeT TQ jeT \X TQ Define Aff to be the category consisting of small cate-
goriesP, @, ..., with mapsG : P — Q the connected-
pp——= X jpp——=X colimit preserving functor® — Q. It hasLin in which

the maps preserve arbitrary colimits as a subcategory,
We may formulate this result as saying that presheawe® which shares the same objects. We can easily char-
X,Y e P are open-map bisimilar iff they are relatedcterise those maps iff which are inLin:
by a span of jp-open maps”; Proposition 4.12 shows L
how open maps may be seen ag-bpen maps”. In- Proposition 6.11 Supposé&s : P — Q preserves con-
deed, there may well be other notions of paths and otiected colimits. The following properties are equiva-
inclusions of those paths inf®that give sensible defi- lent:

nitions of open-map bisimulation. . .
P P (i) G preserves all colimits;

Example 6.9 Thej 4+ -open maps are exactly the func{il) G preserves all coproducts (sums);
tional bisimulations in the sense of Park/Milner. O (iii) G is strict, i.e.,G(2) = @.
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BecauseP is the free connected-colimit completion 06.6  Constructions in Aff

P, , we obtain the equivalence .
LW ! quiv R Prefixed sumThe categonA ff does not have coprod-

Aff(P,Q) ~ [P,,Q], ucts (since all constant functors are mapAdf there
can be no initial object, so empty coproduct). However,
we can build a useful sum s ff with the help of the co-
Aff(P,Q) ~ Lin(P,,Q) . product ofLin and lifting. LetP,, fora € A, be a fam-
_ _ _ ) _ _ily of path orders. As their prefixed sul,c 4Py,
The equivalence is part of_ an adjunction (the m_clgsw,pe take the disjoint union of the path ordds, , over
Lin — Aff has(—), defined below as left adjoint; e underlying setJ,. ,{a} x P, ; the latter path or-
the unit has components- | : P — P in Aff) between der forms a coproduct iLin with the obvious injec-
Aff andLin regarded as 2-c_ategor|es, in Whlc_:h the 3’ronsin5 : P, — YacaaP,, for g € A. The injec-
cells are natural transformations. We can easily exteﬁ@qsg_(_) P — SacaaP, in Aff, for 3 € A, are
lifting to a 2-functor defined to be the compositiofs(—) = ins | —|. Finite
(—). : Aff - Lin; prefi>§ed sums arg wr_itterml.]P’l + -4 ak..IPk.

This construction is not a coproduct iaff. How-
forG: P — Qin Aff, the functorG, : P, — Q. in ever, it does satisfy a weaker property analogous to the
Lin takesX € P, with decompositior;c x(1)[X;] universal property of a coproduct. Suppdse: P, —
to Q are maps iMAff for all & € A. Then, there is a me-

diating mapF' : ¥,caa.P, — Q in Lin determined to

GLX) = Viex ) [G(X)] - within isomorphism such thaf o a.(—) = F, for all
Lifting restricts to a 2-comonad dhbin with Aff asits « € A.
coKleisli category. The comonad-) ; has turned the  Suppose that the family of mags, : P, — Q, with
model of linear logicLin into a modelAff of affine « € A, has the property that eadh, is constantlyz
linear logic (that is, a model of intuitionistic linear logiovhenever: € A is different from3 and thatF is H :
in which the structural rule of weakening is satisfieis —+ Q. Write Hapg : ¥ocaa.P, — Q for a choice
through the unit of the tensor also being a terminal obf mediating map irLin.
ject, see [13]). If a term¢ of type Q with free variablex of type
Ps denotesH : Pz — Q in Aff andu is of type
Yoecaa.P,, then we shall write

and consequently the equivalence

6.5 An affine-linear process language

The constructions iAff presented below form the ba- [v>pfx=1]

sis of a denotational semantics of an affine-linear pri®r Hag(u). As in HOPLA, this construction “tests” or
cess language. The types and open terms of that lergtchesu against the patterd.z and passes the re-
guage will be interpreted, respectively, as objects afdlts of successful matches foron tot; the possibly
arrows of Aff. Actually, only the full subcategory of multiple results of successful matches are then summed
path orders small partial order categories, is needethgether—f. Lemma 7.7 below.

and we’_II simplify the discussion accordin_gly, tregtingproduct The product of path ordei® & Q is given by
denotations of types as though they were just partial gz disjoint union of? andQ. An object Ofm can
ders. be identified with a paitX,Y), with X € P andY €

The preservation of connected colimits by a funct which provides the projections : P & Q — P and

petween presheaf categories is sufflc_|ent to ensure tmat: P&Q — Q. More general, notjust binary, products
it preserves open maps and bisimulation.

& ;. P; with projectionsr;, for j € I, are defined sim-
ilarly. From the universal property of products, a col-
lLﬁgztion of mapsF; : P — P;, fori € I, can be tupled
gether to form a unique mag;)icr : P — &, IP;
ith the property thatr; o (F;);cr = Fj forall j € I.
The empty product is given b§) and as the terminal
Hence, open-map bisimulation is already a congrueragect is associated with unique mdps P — O, con-
for our language. stantlyg, for any path ordeP.

Proposition 6.12 [5] Let G : P — @ be any con-
nected-colimit preserving functor between presheaf ¢
egories. ThernG preserves open maps and open—mé
bisimulation.

14



t,u = x| recx.t| Ticrt; | (Variables, recursion and sum)

at|u>az=1| (Prefixing and prefix match)
(t,uw) | [u>(z,—) =1t]|[u>(—,z) =t]| (Pairingand product match)
tQu|[u>z®y=t]| (Tensor and tensor match)
Azt |tu (Abstraction and application)

Figure 15: Raw syntax

Tensor The tensor produdt ® Q of path order®, Qis / ALLAN

given by the sefP; x Q. ) \ {(L, L)}, ordered coor-

dinatewise. Intuitively, a computation pathlrg Qisa The type system of the affine-linear language, here
pairp®q of computation paths @ andQ, respectively, called ALLAN for brevity, extends that of HOPLA with
one of which may be empty. the tensor constructor:

LetF :P — P an : . Wi fin
et — P'andG : Q — Q. We define P,Q = SocaaPy | PEQ|PRQ|P— Q)
FRG:PRQ P o Plp;PP

The interpretation of closed type expressions as objects

as the extensiodl of a functorH : (P - .
P a0 . Notice thatl P ~p P Q;L of Aff should be clear from Section 6.6 and the op-
® Q. Nofice thatP ® Q). = P x Q. andsowe g niions there form the basis of a syntax of terms, see

can definedl : P, x Q, — P'®@ Q by taking Figure 15.
. . The raw syntax is subject to typing and linearity con-
/ A / !
(Hp, )" ®¢) = [Fpp)](#) x (G0 [(4)  straints. LetP,, ..., Py, Q be closed expressions for
path orders and let the variables, . .., z; be distinct.

for P, andp’ e . 7
pePL,geQ ped el oy A syntactic judgement

The unit for tensor is the empty path orderObjects
X ¢ P correspond to map¥ : O — PP sendinga to
X.GivenX € PandY € @we defineX ®Y € m
to be the element pointedto By ® Y : 0 - P® Q.  stands for a map

1P, xp Pt Q

Function spaceThe function space of path ordéts—
Qis given Ey the product of pgrtial ordpe(nEL)OP x Q. [ro:Presme P t: QP @ @ P = Q
We have the following chain of isomorphisms:  in Aff. We shall typically writel", or A, for an environ-
PeQ—R=(P®Q),)® xR ment listz, Py,...,xp : Py arld most often abtgreviate
~ (P1) x (Q1) x R P —o (Q — R) . the denotatlon_t@’l@- . -@?]P’k. — Q, orevenl’ — Q. .
When the environment list is empty, the corresponding

— — tensor product is the empty path ord&r
SothatP® Q — R = P —o (Q —o R). Thus there is P PP

a 1-1 correspondenceirry from mapsP @ Q — R L.

to mapsP — (Q — R) in AfF; its inverse is called /-1 ~Substitution
uncurry. \We obtain linear application, Consider the expected isomorphism
app : (P - Q) &P = Q, [T+ A\zt)u:Q] [T+ tu/z]:Q],

asuncurry(lp—q). and suppose that= z ® z andu = a.@ + b.@. Now,

We shall writet u for the application oft of type one computation of ® u has shape ® b and this gives
P — Q to u of type P. The ability to curry justifies ys a mismatch with the intuition that any computation
the formation of terms\.z.t of typeP — Q by lambda path of the output should result from a single compu-
abstraction whereof typeQ is a term with free variable tation path of the input! The counterpart in the model
z of typelP. is the absence of a suitable diagonal map from object
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AFt:P Iz:Py:QAFt:R
z:Pkz:P LARE:P My:Qxz:P,AFt:R

C,z:PHt:P {y,z}notcrossedinforallyinl 'kt :P foralliel

T'krecxt:P EYiert; - P
I'Ht:Ps wheref € A Fz:PgkFt:Q wherefe A AFu:Y,caalP,
Lk B.t:YacaalPy CLAFu>Bax=1t:Q
F'Ft:P TFu:Q De:PHt:R AFu:P&Q De:QFt:R AFu:P&Q
'k (t,u):P&Q AFuw> (z,—-)=1:R CLAF > (—,z)=1t:R
FFt:P AFu:Q Fe:Py:QFt:R AFu:PQ
LAFt@u:PRQ DAFu>zy=1:R
Iz:PHt:Q 'Ft:P—-Q Atlu:P
FFXzt:P—oQ DAFtu:Q
Lkt ]P’][,uﬁ]ﬁ/ﬁ] Lkt ,ujﬁ.]ﬁ
T +t:p;PP T+ t:P;[uP.B/P

Figure 16: ALLAN term formation rules

Pto P ® P to interpretz ® z. On the other hand, rawProposition 7.2 Suppos&’,z : P+ ¢ : Q. The sef{z}
terms likex + z or (z, x) are fine intuitively and may is not crossed in.

be interpreted so as to validate the isomorphism above. o

So an appropriate syntactic restriction is to disallow agmma 7.3 (Well-formed substitution) Suppose
variable to occur freely in on both sides o®aand ac- ] ) ]

cordingly, we will have term formation rules like that Lo Byme s PEE:Q

for tensor in Figure 16. Similar restrictions apply to amand that the set of variablgs:y, . . ., z } is not crossed
plication and match terms. in ¢t. Suppose\ + u : P where the variables df and
Now consider the expected isomorphism A are disjoint. Then
[Tk recx.t:P] =T F tlrecx.t/z] : P] . D,AFtlu/zy, ..., u/z;]: Q.

With ¢ = = ® y, unfolding immediately yields a termyye end this section by discussing the semantic counter-

with y occurring freely on both sides of a tensor. Wgay of “variables not being crossed”. Consider a term
therefore make the following definitiop fanges over

patternsy.z, (z, —), (—, x),z ® y): r:Py:QFt:R

Definition 7.1 Let v be a raw term. Say a set of variWith  andy not crossed irt. Intuitively, this means
ablesV is crossedn v iff there are subterms afofthe thatin any computation ofu/z,v/y], only one of the
form tensor ®u, applicatiort u, or matchi > p = ], @rguments: andv may be used. In terms oiff, the

for which v has free occurrences of variables fram interpretationt” : P ® Q — R of ¢ satisfies

appearing in both andu. FX®Y)2F(X®2+0Y).
The rule for recursion in Figure 16 is restricted by r
quiring that{y, z} is not crossed in for all y in T.

These linearity constraints are strong enough to sh
the following syntactic results: c:P&Q—-PRQ,

Sor may be seen as essentially a nfafy Q — R via
8\5\?composition with
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ALp rePeQeA -5 R
PP TIeA-"2,00P~P TIeQ3PRA=T®PRQ®A -SSR

reP -5 p r-%sP forallierl
r 2%, p pllider,g PP
r -5 Py TePs; 5 Q A% S.caalP,
I 5Py 20, 5, 10l TOA L2 TN ci0 P, L2225, g
rp r»Q FreP-HR A-SP&Q reQ-5R A P&Q
r £, pgQ reA-t@mev, pegp Lig  peAr@mev,pgo LR
rHp A%5Q rePeQ-5R A-SPeQ
reA 2% PeQ TI'eoA-L2TePQ-SR
reP - Q r HP-Q A-SP
r hp oQ TIeA- 2% P-—-QoeP-225Q

1; P.P andP;[.P.F/ P] denote equal path
orders, so the premise and conclusion are in-
terpreted as the same map.

Figure 17: ALLAN interpretations

specified by X,Y) — X®@+@®Y. The composition Any operationAff(I',P) — Aff(I',P) which pre-
of such a map with the diagonal map of the produizt, serves connected colimits will has a fixpoifit G :
diag . ' - P, a map inAff. This is sogegause the category
op:P—=P&P —PP AfF(T, P), being equivalent t¢I', )° x P, has all co-

takesX to X ® @ + @ ® X and gives a weak form of di- limits and in particular all.-colimits.

agonal map. Analogously, one can define general weaikm As already indicated in Section 4.7, each path or-
diagonal mapgp;, : P - P® --- ® Pin Lin from P derP is associated with (nondeterministic) sum opera-
to k copies ofP tensored together. Weak diagonal magpens, a map: : &,.,P — P in Aff taking a tuple
allow the same argument to be used in several different;;), . ; to the sum (coproduct;c; X; in P.

though incompatible, ways. , i i
g P y Prefix match Because prefixed sum is not a coproduct

. i we do not have that tensor distributes over prefixed sum.
7.2 Denotational semantics However there is a map

The term formation rules of Figure 16 are interpretated
as constructors on morphisms, taking the morphisms

denoted by the premises to that denoted by the conclu- . C .
. - in Aff, expressing a form of distributivity, given as the
sion (cf. [2]). The rules are shown in Figure 17, to be . +
. : extensionH ' of the functor
read on a par with those of Figure 16. Some comments

are in order: H:T) x(Zpcaaly) — EaeAZEF\‘@ Pa),

dist : T ® Lpecaa Py = Tocaa. (T @ Py)

RecursionIn the rule for recursion, fof" : I' — P the ) )
mapG(F) : T — P is the composition defined by taking7 (¢, L) = @ and

r,rer 28 reptyp. H(q, (a,p)) = Ys.caa.(Tor.) (@, (@,D)) -
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Exploiting the naturality of the various operations usdBut with the minor restriction that no variable occurs
in the semantic definitions, we can prove a general siifeely on both sides of a parallel composition, the trans-

stitution lemma. lation into ALLAN provides the same presheaf seman-
tics of CCS as the translation into HOPLA.

Lemma 7.4 (Substitution) Suppose On the other hand, the tensor type of ALLAN allows
us to define processes of the kind encountered in treat-

Doxy P, .,z :PHE:Q ments ofnondeterministic datafloyl6]. DefineP re-

cursively so that

and that the set of variablgsy , . . ., 21, } is not crossed

in t. Suppose\ F « : P where the variables df and A P=aP+0bP,

are disjoint. ThenI', A F t[u/z1,...,u/z;] : Q and,

(suppressing the types for brevity) consisting of streams (or sequencesy’sfandb’s.

~ Example 7.8 A processA of typeP — P which se-
t = 1 Opp, .

/s, u/z]] = [t o (I @ (9ey © [ul)) lects and outputs’s while ignoring allb’s:

Note that in the case where = 1, the lemma spe-
cialises to[t[u/z]] =2 [t] o (Ir ® [u]). A particular
consequence is that linear application amounts to sye havee.g.[4 a.a.b.2] = [a.a.2]. O
stitution:

rec fAz.[r > a.x' = a.(f 2')] + [z > b2’ = f 2]

Example 7.9 A processB of type P ® P which pro-
Lemma7.5If T - (A\z.t) u: Q, thenl  t[u/x] : Q duces two identical, parallel streamsa$ andb’s as
and[l' F (Az.t) u:Q] 2 [T F t{u/z] : Q]. output:

Similarly, we have the expected result for recursion: recpp>z®y = (a.x®ay)+ (b.z @ by)]

The category of elements pB] has objectgs ® s’, 0)
where one of the strings s’ over{a, b} is a substring
of the other. |

The next lemma follows directly from the universa&Iotice the
properties of prefixed sum (the last property because %er
mediating map is ifLin):

Lemma7.6 If ' recx.t : P, thenl F ¢[recz.t/x] :
Pand[I' - recx.t : P] = [T F t[recx.t/z] : P].

entanglement” of the two sides of the ten-

above: the capabilities of the process on one side
is restricted by what the process on the other side has
] i done. Such an effect cannot be obtained using HOPLA's
Lemma 7.7 Properties of prefix match: products because nondeterministic sum distributes over

(i) [CF [ow> o= 1:Q) = [Tk tu/z] : Q pairing (Figure 13, item (xiii)). In other words, choices

on one side cannot effect the other.
(i) TFlau>Br=1t]:QQzgifa#p
(i) [TF [Sicrui > oz = 1] : Q] Example 7.10 A proces< of typelP — (P®P) which
= [T F Siesfu; > oz = ¢]: Q] Separates a stream @k andb’s into two streams, the
first consisting solely of’s and the second solely 6%6:

7.3 Expressive power rec fAz.[z > a2 = [(f2)>z®0y=>azr®y]|+
) ) S >0 =[(fZ)>2x0y=2by]

The linearity constraints imply that ALLAN cannot en-

code CCS in full generality. In particular, the translatiowe havee.g.[C a.a.b.9] = [a.a.9 ® b.<]. O

of Section 3.3 of a CCS term like . . .
Of course, what we would like at this stage is to de-

rec z.(a.x|a.z) fine an operational semantics that allows us to “execute”
these examples, and prove it sound and complete with
is not well-formed, since is crossed with itself in respect to the denotational semantics (in some sense).
Unfortunately, as we shall see in the next section, this
P Ja.x] [a.z] . has turned out to be difficult.
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7.4 Operational semantics Confusing syntax and semantics, we’ll wrjié for the

. .. mapP, — II, of Lin obtained by composition as
Consider a closed termof ALLAN of type I, and write ", X (p—). With T andA empty, the interpretation

t also for the presheaf interpreting it. Sections 4.3 a g h lei : Y wh
6.1 suggest that we should look £&9¢| for an opera- dFthe above rule is obtained Aert(u;) where

tional understanding afin terms ofatran;ition system. Sierlus] with I = |ul(pL)
We would then hope that for any morphism

o is the rooted component decompositiopdfu | € 11 .
(L,0) == (p,z) Intuitively, I is the set of ways that may perform com-

of £]t], the presheaf rooted ép, z) is again the deno- putations matching, and theu;’s are the processes that

tation of a term¥’, so that we would have a correspondt May become afterwards. This is the key to an opera-

ing transitiont £+ ¢ in the operational semanticsfional semantics for the first-order fragment of ALLAN.

This turns out to be the case for ground type, but it does
not hold in general at higher order. With the hope of b&-4.2 The tensor fragment
ing able to extend to higher order later, we shall restr
ourselves to ground types.

At ground type we expect a correspondence betw
the labels used in transitions 2~ ¢ and the patterns
of pattern match terms, so making it possible to gi\féJ
operational semantics to pattern matching. We therefore
start by investigating patterns.

\?\}e now consider thaéensor fragmentof the affine-
g]gar language, the first order fragment obtained by
eaving out products (for brevity). We'll only need a
b-language of patterns,

pi=az|p®r|r®p.

We obtainactionsas imagegII I- p : P](L) € P, for
7.4.1 General patterns which we’ll write

An obvious extension of ALLAN is to allow general di=ala®l|l®a.
patterns according to
o N Conversely, for eacla we may recover a patterp,

pas=zlaplp-) (=9 peq (unigue up to variable names) by replacing.ak of a
—with p being well-formed if all its variables are dis-with distinct variables. We let actions stand for patterns
tinct. A match[u > p = t] can be understood induc-and write
tively as an abbreviation for a term in ALLAN, accord-
ing to Figure 18. However, we can get useful insight by P1® - @Plra:P
giving denotational semantics to patterns directly. For

this we use judgements of the form wheneverz; : Py,..., x5 : Py _IF Pa P. Be_cause of
Lemma 7.11(P; ® - -- ® Px) . is uniquely given by
1Py, o P lbEp: P andP; in fact, it is isomorphic to the path order above
. . a € P with p, its inclusion intoP .
with the z; distinct, interpreted as functors If I IF a: Pandl F ¢ : P we writea*t for the map

(P ® ®Pr), — P, ]_"A)[F’J_L)HJ_
according to Figure 19. Since there are no rules for
weakening or exchange, we have of Aff. With ¢ closed,a*t is a presheaf over a lifted
path order and therefore has a decomposition as a sum
Lemma 7.11 The environmeri for whichII IF p : P of rooted presheaves by Proposition 6.3. It turns out
is given uniquely by andP. that each rooted component has the fdef for a de-
notationt’ of a term of typell. Judgements = #'
;hs?nfgllggr?geé:/;aé;h;se?;’Sh;’br‘tllgan be replaced Gy the operational semantics will express thé{ is a
' rooted component af*t. In fact, derivations of transi-
AFu:P OlFp:P ILIOFt:Q tionst = ¢' will be in 1-1 correspondence with com-
ATHFu>p=1:Q ponents of the decomposition @ft.
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[u>x = t] =tu/z]

[u>ap=>t]z[u>aw: [z>p=t]] for a fresh variable:
[u>(p,—)=t]|=u>(x,-)=x>p=1)] for a fresh variable:
[u>(—q) =t]|=u>(—2z)=[x>qg=>1t] for a fresh variable:
[u >p®q >t =[u> x®y =>[z>p=[y>q=1t]]] forfreshvariables,y

Figure 18: General patterns as abbreviations
Typing Interpretation
z:Plkx:P ]PJ_L)]PJ_
Okp:P, acA m, %P, acA

MFkap:YscaaPy,

Mitp:P
Ik (p,—):P&Q

MiFg:Q
oIk (—q :P&Q

MiEp:P Albqg:Q
ILAFp®q¢:P®Q

—.

Ik p: P;[uP.B/P] IIFp:p; PP

=y

I IFp:p; PP Ik p: P;[uP.B/P

. M) (EaEAa-]Pa)J_

o, 5Pr,
HLL)PLL(P&Q)L

m % Q.
m, 4 Q 22 (P&Q).

n, =r, A -5Q
M®A), 2“5 (Po Q).
;PP andP,;[.P.B/ P] denote equal path
orders, so the premise and conclusion are in-
terpreted as the same map.

Figure 19: Semantics of patterns

a® L ' '
el u — e R u

(1)

Ly et
e recxt — e =t

)e B tlrec z.t/z]

e u = ¢ B

eLu>TRY e — e, u' >rRy,ex b

et et
e Yicrt; s e =t

jel

e = tu'jz] 2 e et

(pm)

e at = et

et 2 et

e u>ar=>t X e =t

eu>rQuEt — e u >rQyet

(tr) (tm

eEt®u 8L, e=teu

e u>rRy=1t S e >y =t

Figure 20: ALLAN operational semantics



The operational semantics is informed by isomor-

phisms saying how to find the rooted components of 0 lz| = 1
a*t. As an example we have the isomorphisms on the | 7“601 x| = 1
left below, suggesting the rules on the right: |rec"™tat| = [|tlrec" z.t/z]| ®1
|Yierti] = (superlti)) @1
It] ifa=2 lat] = |t{®1
p*(aut) = { i |(t,u)] = max{|t],|ul}®1
o ifa b2t ’ ’
70 Lo toul = el
t -t -
a*Yiert; & Xiera*t; — T _jerI lu>p=1] = |t ul
Yierti — t/ lef = 0
These rules are for closed terms. In the semantics le;u>pl = le[@ ]t
le=t] = e[ @]t

afu>zy=tZu>zry=a"t],

which suggests that we |eét(an open term) take a@ Figure 21: Size measure for terms, environments, and
transition in the “environmenti > z®y. Syntactically, terms in environments

environmentg: are lists of such matches. An environ-

ment “exports” a set of variables; the empty environ-
ment exports the empty set, whidleu > = ® y exports Ifwe replace(r) by the rule
what e exports, except the free variables wf plus =

: = : tlrec® x.t/x] = e =t
andy. We may formalise this using a judgement e tlrec” z.t/1] llng

e recttlat 5 e = ¢

eb @i Pry.mp Py for tagged recursionwe expect all transition sequences

taq be finite. This can be proved by defining a size mea-
sure| - | on terms in environments, see Figure 21. Sizes
are measured using ordinals because of the possibly
infinite sums andp is the “natural addition” of ordi-
nals [18], which is commutatice, associative and strictly

A term ¢ in environment will be written e = ¢. For monotone in each argument.
et T,Aandl't ¢ : P, we give the judgement

(with the z; distinct) which denotes the same preshe
overP; ® --- @ Py, as

=2 ® --®x.

Lemma 7.13 Assumeé- e = t : P; A with tagged re-

Feet:P;A cursion. If
the same denotation as the term et — et
e=>t®r ® - ® 2] thenle = ¢| > |e = t'].

where ther; are now the variables exported bfut not Building on this fact, we can prove the main result be-
free int. low which says that rooted components correspond to

The operational rules are shown in Figure 20. THigrivations. It is proved by well-founded induction us-
left rules (v;) and (t;) have the obvious right counteriNg an or(_jer based on the size measure. :I'he induction
parts. In(tm) = andy are implicitly renamed to avoid hYpo'ih‘iS'S says thatfére = ¢ : P; AandP’ IFa: P
overshadowing of exported variables in the enviro}ith = z1 ® --- ® z; any subset of the variables in

mente,u > = ® y. The rules are well-typed: A, we have(a ® 1)*le = t ® 7] = Zq|[e' = t' ® 7]
whered ranges over derivations with conclusion of the
a ! !
Lemma 7.12 Assume- e k= ¢ : P; A. If forme =t — €' ¢
et s o s # Theorem 7.14 Assume- ¢ : P andP’ I+ a : P. Then
a*t = ¥,|t'| where the sum is over all derivation’s
thenP' I o : Pandk e’ = ' : P'; A. with conclusion= t —— = t'.
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B>r®yE=ar — B>r®y==x

B>z®ybar®ay -2 B>y r®ay

B>zyE= (az®ay)+ (bzx®by) e®L, B>zyrQay

BB>10y= (@r®ay) + (brdby)] ‘2= [B>20y =28 ay]

= B &)b[B>x®y:>x®a.y]

Figure 22: An example derivation

Example 7.15 Consider the process of Example 7.9. 8 Copying
In the operational semantics we can degvg
e®L As for the exponentidl of linear logic, there are many
BB —— = [B>10y=18ay] possible choices—see [21]. Intuitively, an objectBf

_see Figure 22. Notice how the term on the right «wrehould represent a computation path of an “assembly”

members” the choice of doing anaction first. g of processes each with computation pathB-nthe as-
sembly of processes can then be the collection of copies

Extending the operational semantics and Theorem 7df4a process, possibly at different states.

to higher order is proving difficult. The HOPLA-like |f we take!P to be thefinite-colimit completiorof
rules IP, an object of P as a finite colimit would express how
paths coincide initially and then branch. One way to un-

e tu/z] = ' >t e ;
derstand this object as a computation path of an assem-

U a
e R Azt el bly of processes is that the assembly is not fixed once
et O and for all. Rather the assembly grows as further copies
- are invoked, and these copies can be made of processes
e tu — et after they have run for a while. The copies can then

would contaminate actions with exported variables atitemselves be run and the resulting processes copied.
this does not always make sense. As an example, cbnthis way, by keeping track of the origins of copies,
sider the “derivation” we can account for the identifications of subpaths.

With this choice of exponential, there is an obvious
inclusion functorip : P — P, playing the role of
Yoneda in Section 4.2 and strict Yoneda in Section 6.
tQu>c®y=z Y ey _ In partic_ula}r, it can b_e shown th&twith ipis t_he free

tu>T®y STy <o 1 filtered colimitcompletion oflP. Spelle_d out, given any

— functor F' : 'P — C whereC has all filtered colimits,
Blleu>z@y=zy] — there is a filtered-colimit preserving funcier: P — C,

determined to within isomorphism, such tiiatip = F
Ine teu ~ L2981, ¢ the correspondence bersee [17)): P i

tweenu andy is lost. This difficulty is in fact what led
us to HOPLA, and it seems appropriate at this point to

B itu —WL t'

give its denotational semantics. P——— P
Recall from Section 5.2 the inadequacy Ioin as \ lc

a denotational model of process calculi. In that sec- F !

tion, we discussed two reasonable responces to this, of C

which one was to employ lifting—), to allow maps

to ignore their arguments. The other—more radicalHt+follows that mapslP — @ in Lin correspond, to
response was to employ a suitable exponehtia) in  within isomorphism, teontinuousi.e, filtered colimit
order to allow arbitrary copying of arguments. preserving) functor® — Q.
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8.1 A cartesian closed category 8.3 Bisimulation

DefineCts to be the category consisting of small catdnterestingly, although the operational bisimulation of
goriesP, Q, ... as objects and morphisn#s: P — Q Park/Milner is a congruence for HOPLA, maps@ts
the continuous functor§’ : P — @ they compose do notin general preserve open maps. This suggests that
as functors. ClearlfLin is a subcategory o€ts, one one should look at other notions of open map Sec-
which shares the same objects. We have tion 6.2. Indeed, for each “inclusiorip : P — P, there
. is a corresponding notion a@f-bisimulation. Unfortu-
Cts(P,Q) ~ Lin('P, Q) nately for our choice of exponentialp-bisimulation
for all small categorie®, Q. The categoryCts is the degenerates into isomorphism, but there are choices of
coKleisli category of the comonad based on finit@xponential whose correspondiizgbisimulation coin-
colimit completions. The unit of the corresponding adide with open-map bisimulation, and one may hope
junction is given by mapeopy : P — !P of Cts, which to recover operational bisimulation ag-bisimulation
play the role of| —| from Aff. We can easily charac-for some choice of exponential (or expose it as a union
terise those maps @ts which are inLin: of such bisimulations). In fact, it appears that the cor-
respondence between the denotational and operational
Proposition 8.1 SupposeF’ : P — Q is a functor semantics can be proved abstractly, depending only on
which preserves filtered colimits. Thefi preserves all properties of the prefixed sum, so that it holds also for
colimits iff F* preserves finite coproducts. other choices of exponential.

So a continuous map is linear iff it preserves sums.

There is an isomorphistiP & Q) = P x !Q mak- Q |ndependence
ing Cts cartesian closed; this immediately allows us to
interpret the simply-typed lambda calculus with paiReturning to the operational semantics of ALLAN, con-
ing in Cts. Products? & Q in Cts are given as ilLin  sider again the ternB of Example 7.9. In the opera-
but now viewing the projections as continuous functorgenal semantics, we may derive transitions
The function spac® — Qis given by(IP)°P x Q. Like
AfF, the categoryCts does not have coproducts and =[B>r®y=1rQay
SO we again resort to the coproductidh to construct a@/’ \@a
a prefixed sum. The definition is the same that of Sec-
tion 6.6, we just need to replace-), with !(—) and =B =[B>rQy=zQy]

=] with copy. But we do not have a general result saying how such a

diagram can be completed into a diamond correspond-

8.2 Equivalence ing to

The categoryP has an initial element., given by the (a®¢,0)

empty colimit, and so we can decompose any presheaf e®L L®a

X over!P as a sum of rooted presheaves. This is the / \

key to a correspondence with the operational seman- (e®¢,0) (a ®a,0)
tics of HOPLA. We may interpreP : a : P’ as a map ’ ’

P — P’ of Lin by letting the judgement fo# in Fig- L@ﬂ\\ %;L

ure 10 denote restriction @z, and inductively inter- (€ ®a,0)

pretingu +— a, (a, —), (—, a) as the denotation af pre-
composed with the map given by applicatiorftd, and in the category of elements. In other words, as it stands
first and second projections, respectively. The rules are operational semantics gives iaterleaving model
then sound in the sense thattif = #' then (iden- of the tensor fragment, whereas the presheaf semantics
tifying a term with its denotationyopy ' is a rooted seems to be aindependence modeThis distinction
componentof(t), and in fact, there is a 1-1 corresponis fundamental in concurrency theory. An interleaving
dence between derivations with conclusion~ #', model explains concurrency in terms of nondetermin-
for somet’, and the rooted components@ft), so the ism, whereas concurrency is taken as basic in indepen-
rules are also complete. dence models. For the procd3shis means that the two
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transitions above are consideriedependenthey can events{Ll} U {[e] | e € E}
happenin any order, and having done both, the resultigsalityp < p' iff p C p
state is silent about which occurred first. conflict: o i /I‘_ ,

The diamond property holds for the procd3sbut PP NP /rP
until now we have been unable to prove (or disprovghe posefP ; is isomorphic taP with a new least ele-
wether it holds in general for the operational semagyent added.
tics of the t'ensorfragment. Howe\{er, the con&deraﬂogamlf P; = (i, <i, ) are event structures forc I,
about the independence present in the presheaf seman- : ; .
. . en theirsum written X, ;P;, is the event structure
tics of the tensor fragment has led us to realise that é?&en b
finable presheaves can be represente@\mnt struc- 9 y
tures[26], a standard independence model of conCWventsy{i: e | e € E;}
rency. In detail, categories of elements _ofdef}nable prceéusality:z' e < j:eliffi=jande<; e
sheaves can be seen as posets of configurations of event =~ ~ e ,
structures. conflict:i : e~ j : ' iff i £ jor (i = j ande —; €')

Event'structures were originally psed as concrete.reﬂie posel;.P; is isomorphic to the coalesced sum of
resentations of domains. Interestingly, in our apphc%imed poset®;, i € I. The non- elements will be
tion, event structures may play both these roles, intgfziitan ; -pforpeP;

: i

preting types as well as terms of the tensor fragment.
The material below describes work in progress. Lifted sum If P, for « € A are event structures, then

their lifted sum written X, 4a.P,, is the event struc-
tureX,c 4P, ;. The corresponding poset is isomorphic
9.1 Types as event structures to the lifting of the separated sum of tig. The non-L

Definition 9.1 A prime event structure with binarye'ememS will be written.p for p € Pa.

conflict or justevent structurgis a tripleP = (E, <,~) Tensor If P; = (E;, <;,~;) are event structures for

whereE is a set ofeventsupon which a partial ordex ¢ = 0,1 then theirtensor productwritten Py ® Py, is

of causalityand a binary, symmetric, irreflexive relatiorihe event structure given by

« of conflictare defined. This data must satisfy .
events{i:e|e€ E;}

[e] =det {€' | € < e} isfinite for everye € E causalitys : e < j: €' iff i = j ande <; €

eve <e' =eveforalece e € conflict:i : e — j : €' iff i = j ande —; €

Notation 9.2 We use Girard’s notatiorg is the com- 1he posef’o ® P, is isomporhic to the usual cartesian
plement of-, the reflexive closure of which is writtenProduct of posets. The non-elements will be written
~ with complement~. Specifying one relation clearly? ® ¢ for p € Py andg € Py (not both.L).
determines all of them. Abovelf P = (E, <, v) is an event structure with €

P, then the event structung’P has eventde € E |
Definition 9.3 A configurationof P = (E,<,v)is Ve € p.e ~ €'}, i.e. those events that may extend
a finite subsetp of E which is down-closedYe ¢ the configuratiorp. Causality and conflict are simply
p. [e] C p and consistentye,e’ € p. e C €. The restrictions oK andw to these events. The pogs® of
poset of configurations @ ordered by inclusion is alsoconfigurations is isomorphic to the poset abpwe P.
written P. Note thatP contains both) and[e] for any h . b I . h
¢ € E. Below, we'll consistently writel € P for the The constructions above allow us to interpret the types

empty configuration. Two configuratiopsp’ € P are P,Q th (tnfbthe tenso; :‘rr]agmen: as e\f/_ent s;[_ructur”et. Be-
compatible writtenp 1 p', if they have an upper bound/a€ that because of the empty configuration, all types
in . are now interpreted agointed posets, and so corre-

spond taP of Section 6.
We list some basic constructions of event structures: Recursive types are obtained as lubs in the (large) cpo
of event structures ordered by a substructure ordering,
Lifting If P = (E, <,v) is an event structure, then itssee [26], with respect to which the constructions above
lifting, writtenP_ , is the event structure given by are continuous.
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The actions of Section 7.4.2 are recovered as a sukmma 9.6 Letn : X — P be a morphism of event
language of the following language of configurations structures. Them sends configurations of to config-
type interpretations, callgohthsbelow: urations ofP and

pgu=1l]ap|p®q Vre X.Ve,e' cz.ne=ne' = e=¢

Here, the syntax is restricted to rule out “synonyms” ék., n is injective on configurations.
1 like L ® L. A well-formed pattp : P, interpreted as
the obvious element € P, is derived using the rulesDefinition 9.7 With the notation of Definition 9.5, the

below: morphismy : X — P is synchronougif for all e € Ey,
p:Pswheres € A nfel = nel.
L:P B-p: YacaaFa Lemma 9.8 Letn : X — P be a synchronous mor-
p:P ¢:Q 0.0) £ (L, 1) phism. Then for alk: € X andp € P, we have
p7® ¢ PQ b,q )

pCnzr=3z' e X.2' Crandnz’ =p,

Notice that because of the restriction, there is a 1-1 ller * » f ion is obtained f
correspondence between elements of path oftiersd .., a smaller “output” configuration is obtained from

derivations ofp : P. We'll confuse syntax and denota? unique ?ma"er “input.” conf_iguration. we'll writer,
tions for path orders and paths. for the unique subconfiguratior of .

_ A synchronous morphism : X — P induces a pre-
Lemma 9.4 Suppose : . Then the posgt*P is (t0 gheafX overP as follows:
within isomorphism) again a path order.

Accordingly, wherp : P, we'll treat the expressiop*P (p) ={z € X|nz=p}
as a syntactic synonym for a path order, according to p C p', X mapsz € X(p') to z|,. Note thatX
is rooted becaus& (L) is the singleton consisting of

(B.p)* (S aJﬁD E; i ]P*E,, the empty configuration ok'. Further, the category of
'g) ® q;“f&‘p é (5) _ Z*]P’Bf@ 0 elements ofX is isomorphic to the pose¥.

Using synchronous morphisms and the constructions

The language of patterns of Section 7.4.1 is obtain@8 €vent structures above, we are able to interpret most
from the language of paths by replacing thés with ~ Of the tensor fragment. But for pattern match, we need

distinct variables and removing the restriction in th® Pe able to interpret open terms, and so we need
tensor rule. For any pattedlii I p : P, we havell = an event structure representation of the map# ff,

(pL)*P. Given a pattern:; : Py,...,zy : Py, I p : P Which up to isomorphism areoted profunctorsF :

and pathg; : Py, ..., px : P, we'll write p(p) forthe P -+ Q (recall that” andQ are pointed!). We shall

path obtained by applying to thep;. Because of the make no distinction betweeki as a functoi® — Q and

syntactic restriction on paths, this is not just substitd- @s a bifuncto® x Q" — Set.

tion. As an example, we have ® y)(L, 1) = L. Let P and Q be path orders. We’'ll consider spans
Having represented types, paths, and patterns of fe-X,n) of the form

tensor fragment using event structures, we turn to terms.

To this end, we’ll need morphisms between event struc- u/X\n
tures.
P Q
9.2 Terms as spans Here, X is an event structure angis a synchronous

morphism, whiley is a strict, monotone map of posets.
This is equivalent to requiring thatmaps events ok’
to configurations oP such that

Definition 9.5 Consider two event structure¥ =
(E1,<1,~1) andP = (Es, <3,~3). A morphismy :
X — Pis afunction) : E; — E» thatforalle,e’ € E;
satisfies)[e] D [ne] ande ~1 e’ = ne ~3 ne’. e<e = peCpue and el e = petp e
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We write Spn(PP, Q) for the class of such spans. Thefrhis is an event structure and the map: E — E;
induce profunctord” = F(u, X,n) : P -— Q as fol- taking (zo,e;) to e; is synchronous. Since strict mor-
lows: phisms compose we have

F(p,q) ={x € X | px C pandnz = q} . (to 0 mo, X, o) € Spn(P, R) .

As is to be expected from defining composition via pull-

backs, associativity holds only up to isomorphism, sug-

gesting a bicategory with objec®® Q, ... and spans

as arrows. In fact, we expect spans to arise as some

sub-bicategory oProf, the bicategory of profunctors.

However, the exact relationship is yet to be determined.
In any case, the spans can be used to provide an al-

jernative denotational semantics to the tensor fragment.

Below, we'll write P[—], S[—] for the interpretations

as (rooted) profunctors and spans, respectively. We have

If p C p/,thenF(p C p',q) mapsz € F(p,q) to it-
self as an element df (p', ¢), while for¢’ C ¢ in Q,
F(p,q' C q) mapsz € F(p,q) to x|, . Note thatF
is rooted in the sense that for apye P, F(p, L) is
the singleton containing the empty configuration\of
A crucial observation is thak’ is stable as a functor
P — Q, it preserves pullbacks. Sind&has all pull-
backs, given by intersection of configurations, this i
tuitively means that any output df is obtained from
a unique, minimal input. In detall, if € F(p,q) for

somep, q, then C p is the unique, minimal input .
P d Hr = P a P Proposition 9.9 Let ¢t be any term of the tensor frag-

needed for this computation. o : .
One can now show that the poset of configuratior(?sent' ThenP[#] is isomorphic to the profunctor in-

of X is isomorphic to the category of elements o Uced byST.

J?<" Fp. This fact can be interpreted as saying tRat ProoF: By structural induction on (the typing deriva-
can be viewed as a process with computation pat€ls intion) of ¢. O
with needed input assigned to each computation state.

Bemg a morphism of event structuresjnduces a 9.3 Stable operational semantics
strict, monotone map of posef§ — Q. Sou andn
can be seen as two maps of the same kind, suggesiiihng event structure semantics may be exploited to ob-
how to compose spans. Létg, Xo,70) be a span in tain a new, simpler operational semantics. Rather than
Spn(P, Q) and{u,, X1,m1) a span irSpn(Q, R). We working with closed terms, we may derive both output
can then form a pullback in the category of (pointe@nd the corresponding minimal input fopenterms,

posets and (strict) monotone maps: using judgements of the form
X TP, xpipr bt ot
T .- .___..71'1
X()/, AX1 Here, we haver; : Py,...,z, : P, F ¢t : Q and
“0/ \’70 “L/ \’71 p1,--.,pr are paths of typéPy, ..., Py, respectively,
P Q R while ¢ is a path of typeQ). The operational rules are

shown in Figure 23. We can show that the rules are

So, the poseX is (up to isomorphism) given by type-correct in the sense that for a derived transition as
above, we have

20,%1) € Xo X X1 | oz = 171 " " "
{ ) | } o1 piPy .zt pE P EE Q.

—Wwith componentwise order, anth, 7, the obvious Intuitively, this says that’ has the type of a process

prolectlon§. The nonk- elements of\” will be ertte_n obtained by letting use some input and produce some
(@0, 1) With 70 € Xo andz; € Xi. Infact, X is o ot Semantically, there is a 1-1 correspondence be-
isomorphic to the poset .Of configuraiions of an eve{%een derivations with conclusion of the above form
structureX = (B, <, ) with and configurations € [t] with yuz = p; ® -+ ® py
andnxz = ¢. Except for recursion, this can be proved

) ) by structural induction or, and so we avoid the use
causality:(zo, e1) < (2, €}) iff zo C 25 andey <y €} of 5 size measure. Further, we can show the diamond
conflict: (zg, e1) ~ (7, €}) iff zo fo [ Orey —1 €} property for this semantics.

events:{(l'o,el) € Xo x B, | NoTo = ulel}
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Figure 23: ALLAN stable operational semantics

The event structure semantics suggests a stable fumg- C. A. R. Hoare. Communicating sequential procesSzsnmu-
tion space, for which we seem to be able to provide an
operational counterpart by refining the above rules. @3]
the down side, at higher order the profunctors induced
by spans (most probably) don'’t coincide with those oil— !
tained from the function space of the presheaf seman-
tics. The difference is analogous to that between the
main theory of Dana Scott and the stable domain theory

of Gérard Berry.
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