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1 Introduction

Process calculi like CCS have been motivated and stud-
ied operationally, thus from the outset lacking the ab-
stract mathematical treatment provided by a domain
theory. Consequently, concurrency has become a rather
separate study; in particular, higher-order and func-
tional features as known from sequential programming
are most often treated in an ad hoc fashion, if at all.

The study of presheaf models of processes [3, 14]
can be seen as an attempt to bring concurrency back
within the realm of traditional denotational semantics
by providing a domain theory for concurrent computa-
tion. Much of the work so far [4, 6, 7, 8, 9, 10, 27] has
concentrated on developing the domain theory itself and
on showing how to handle existing models and notions
from process calculi within it. Meanwhile, a full oper-
ational understanding of presheaf models has still not
been obtained. A sensible way to proceed would be to

� exploit the domain theory to define mathematically
natural process calculi; and

� approach an operational understanding of presheaf
models by investigating the operational semantics
of these calculi.

These notes report on joint work with Glynn Winskel
along those lines [21, 22]. Section 2 contains a brief in-
troduction to CCS intended for readers unfamiliar with
Milner’s work. To give an idea of what our approach
has to offer in terms of process calculi, we give in Sec-
tion 3 an operational account of a higher-order process
language which can be viewed as an extension of the
lambda calculus with a CCS-like prefix operation.

It is hoped that after this appetiser, the reader will be
motivated for the presentation in later sections of the
more abstract material concerning presheaves and the
different categories they organise themselves in.

2 CCS

In the preface of [25], Robin Milner writes:

In 1972 [...] I tried to apply semantic ideas
– known from work on sequential program-
ming – to a concurrent programming lan-
guage and I found them insufficient.

In particular, Milner found that viewing a program as
a function over memory states, and thus identifying the
programs

(1) X:=1 and (2) X:=0; X:=X+1 ;

only makes sense if the program has full control over
memory. Interference from another program, sayX:=1 ,
will not change the behavior of program(1), but will
make program(2) behave nondeterministically, chang-
ing X to either1 or 2.

This led Milner to search for something more funda-
mental – a new calculus withinteractionor communi-
cationas the central idea. He and Tony Hoare [11] in-
dependently came up with the same primitive notion of
indivisible interaction. Milner’s calculus, called “Cal-
culus of Communicating Systems” [24], or CCS, is an
attempt of providing a paradigm of concurrent compu-
tation in the same sense that the lambda calculus is a
paradigm for sequential computation.

2.1 Intuition

Terms of CCS stand for computing agents, or pro-
cesses, and are built using a small set of operations.
Processes may perform sequences of atomic actions,
among which may be actions of communication. We
start with giving some intuition through the use of a se-
ries of vending machine examples.
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Prefixing A “one-time” vending machine, which may
accept a coin, then give coffee, after which it is the in-
active process,?, unable to perform further actions:

a c

Figure 1:a:c:?

Relabelling A one-time tea vending machine using the
description of the coffee version:

a t

Figure 2:(a:c:?)[t=c]

Sum Two one-time vending machines selling both cof-
fee and tea:

a

a

ac

t

c

t

Figure 3:a:c:?+ a:t:? anda:(c:?+ t:?)

Recursion A vending machine which may repeatedly
accept a coin and give out coffee:

a

c

Figure 4:rec x:a:c:x

Communication Suppose the coffee vending machine
consists of two subsystems, one accepting coins, the
other giving out the coffee. They may communicate by
a notification actionn. We can describe the two systems
by the termsrec x:a:n:x andrec x:n:c:x. Here,n is the
complementof the actionn. Processes may synchro-
nise on complementary actions, producing an anony-
mous “internal communication action”,� :

c n

�

a n

can n

Figure 5:rec x:a:n:xj rec x:n:c:x

Restriction But clearly we should abstract away from
the internal workings of the machine. This is obtained
using restriction:

�

a

ca

c

Figure 6:(rec x:a:n:xj rec x:n:c:x) n fng

2.2 Theory

To formally define CCS, we assume a set ofnamesA.
Write A for the setfa j a 2 Ag of conames, andL
for the setA [ A of labels. We let l range overL and
extend complementation to the whole ofL, so thata =

a. Finally, we writeAct for the setL [ f�g of actions,
ranged over by�. The terms of CCS are now given by
the grammar

t; u ::= x j rec x:t j �i2Iti j �:t j tju j t n S j t[f ]

We write? for the empty sum. In the restriction term
t n S, S is a subset ofA, and for relabellingt[f ],
f : A ! A is a function which we extend toAct by
definingfl = fl andf� = � .

The operational semantics of CCS is given as a sys-
tem of rules deriving transitions of the formt

�
��! t0,

with t; t0 closed CCS terms—see Figure 7.

Example 2.1 Consider again the process of Figure 5.
In clockwise order, starting from the initial state, the
four states of its transition system are:

tju tjc:u n:tjc:u n:tju :

Here, we have writtent for rec x:a:n:x and u for
rec x:n:c:x. 2

The calculus and its operational semantics are com-
plemented by notions ofprocess equivalence. Roughly,
two processes are considered equivalent if they are in-
distinguishable from the point of view of a sequen-
tial observer, requesting sequences of actions, one by
one. Notice that this abstracts away from the syntac-
tic representation of agents and so transition system
states. Depending on whether the observer ignores� -
actions or not, the induced equivalence is calledweakor
strong. We’ll concentrate on the latter where� -actions
are treated as any other actions. Here, Milner adopted
David Park’s notion of bisimulation [23]:
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t[rec x:t=x]
�
��! t0

rec x:t
�
��! t0

tj
�
��! t0

�i2I ti
�
��! t0

j 2 I
�:t

�
��! t

t
�
��! t0

tju
�
��! t0ju

t
l
�! t0 u

l
�! u0

tju
�
�! t0ju0

u
�
��! u0

tju
�
��! tju0

t
�
��! t0

t n S
�
��! t0 n S

� 62 S [ S
t

�
��! t0

t[f ]
f�
��! t0[f ]

Figure 7: CCS operational semantics

Definition 2.2 A relationR on closed CCS terms is a
bisimulationif t1 R t2 implies

(i) if t1
�
��! t01 thent2

�
��! t02 for somet02 such

thatt01 R t02.

(ii) if t2
�
��! t02 thent1

�
��! t01 for somet01 such

thatt01 R t02.

We write� for the largest bisimulation, calledbisimi-
larity.

Bisimilarity is an equivalence relation by definition, and
Milner showed that it is in fact acongruence, i.e. it is
preserved by all the operators of CCS.

Example 2.3 Consider the two processes of Figure 3.
They are not bisimilar, because ifR is a bisimulation
relation which relates the processesa:c:? + a:t:? and
a:(c:?+ t:?), then then by (i) above, it must also relate
the pairc:? andc:? + t:? which violates (ii) because
the latter can do at-transition which the former cannot
match. 2

Example 2.4 The process of Figure 6 is bisimilar to the
processrec x:a:�:(c:x + a:c:�:c:x). 2

Notice that in this last example, parallel composition
is reduced to nondeterminism (up to bisimilarity). A
well-known result by Milner, called theexpansion law,
shows how this happens in general. Suppose that

t � ���i2I(�)�:ti and u � ���j2J(�)�:uj :

Then

tju � ���i2I(�)�:(tiju) +

���j2J(�)�:(tjuj) +

�l�i2I(l);j2J(�l)�:(tijuj) :

2.3 Returning to semantics

CCS is now a classic theory which has inspired a school
of researchers throughout the world and Milner re-
ceived the Turing Award in 1991 partly in recognition
of this foundational work in concurrency theory. On
the down side, the very shift away from traditional se-
mantics that led Milner to CCS has made concurrency
a rather separate study. However, recent research indi-
cates that it need not remain so.

In the handbook chapter [28], Glynn Winskel and
Mogens Nielsen show how categorical notions (in par-
ticular, adjunctions) relate models of concurrency and
allow for the transfer of definitions and results between
them. For example, there is an adjunction between the
categoryTree of trees and the categoryTran of tran-
sition systems,

Tree

I **
? Tran

U

jj

Here,I is inclusion andU the familiar operation ofun-
foldinga transition system to a tree. The transition sys-
tems of Figure 3 unfolds to the trees

a c

ta

a

t

c

Figure 8: Unfoldings

In the paper [14], Andr´e Joyal, Nielsen, and Winskel
extend the above work by defining a categorical notion
of bisimulation, viaopen mapsin a topos ofpresheaves.
They point out that presheaves may be a fruitful ab-
stract model for concurrency, generalising many famil-
iar models.
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Winskel and his PhD student Gian Luca Cattani go
on to develop this idea in collaboration with a number
of other researchers—see Cattani’s thesis [3].

The new work [21, 22] presented in these notes takes
the development “full circle” back to considering pro-
cess calculi, but now based on a denotational model of
presheaves. This offers

� universal constructions that guide the definition of
process operations away from the ad hoc;

� higher-order and functional features; and

� a type system.

In particular, in the following section, we’ll describe an
extension of the lambda calculus with a CCS-like pre-
fix operation. This new language, here called HOPLA,
can be given a denotational semantics using a cartesian
closed categoryCts of presheaf categories.

3 HOPLA

Rather than going into the categorical details straight
away, we start by giving an operational account of
HOPLA. The language is typed. The type of a process
describes the possible computation paths the process
can perform. Computation paths may consist simply of
sequences of atomic actions (as for CCS) but they may
also represent the input-output behaviour of a process.
A typing judgement

x1 : P1; : : : ; xk : Pk ` t : Q

means that a processt yields computation paths inQ
once processes with computation paths inP1; : : : ;Pk
are assigned to the variablesx1; : : : ; xk respectively.
The typesP are built using a “prefixed sum,” products,
function spaces and recursive definition. It is notable
that although we can express many kinds of concurrent
processes in the language, the language itself does not
have many features typical of process calculi built-in,
beyond that of a nondeterministic sum and prefix oper-
ations.

The operations associated with the prefix-sum type
constructor are central to the expressiveness of the lan-
guage. A prefix-sum type has the form��2A�:P�; it
describes computation paths in which first an action
� 2 A is performed before resuming as a computa-
tion path inP�. The prefix sum is associated with prefix
operations taking a processt of typeP� to �:t of type

��2A�:P�, as well as a prefix-match[u > �:x ) t],
whereu has prefix-sum type,x has typeP� andt gen-
erally involves the variablex. The term[u > �:x ) t]

matchesu against the pattern�:x and passes the results
of successful matches forx on to t. In more detail, we
have the following isomorphisms in the denotational se-
mantics:

[�:u > �:x) t] �= t[u=x]

[�:u > �:x) t] �= ? if � 6= �

[�i2Iui > �:x) t] �= �i2I [ui > �:x) t]

The types of the language, interpreted as objects of
Cts, are given by the grammar

P;Q ::= ��2A�:P� j P! Q j P& Q j P j �j ~P :~P :

Here,P is drawn from a set of type variables used in
defining recursive types;�j ~P :~P is interpreted as thej-
component, for1 � j � k, of the “least” solution to the
defining equations

P1 = P1; : : : ; Pk = Pk ;

in which the expressionsP1; : : : ;Pk may contain the
Pj ’s. We shall write�~P :~P as an abbreviation for the
k-tuple withj-component�j ~P :~P.

The raw syntax is given by the grammar

t; u ::= x j rec x:t j �i2I ti j �:t j [u > �:x) t] j

�x:t j t u j (t; u) j fst t j snd t

The variablex in the match term[u > �:x ) t] is
a binding occurrence and so binds later occurrences of
the variable in the bodyt. We shall take for granted an
understanding of free and bound variables, and substi-
tution on raw terms.

LetP1; : : : ;Pk;Q be closed type expressions and as-
sume that the variablesx1; : : : ; xk are distinct. A syn-
tactic judgementx1 : P1; : : : ; xk : Pk ` t : Q can be
interpreted as a mapP1& � � �&Pk ! Q in Cts. We let
� range over environment listsx1 : P1; : : : ; xk : Pk,
which we may treat as finite maps from variables to
closed type expressions. The term formation rules are
given in Figure 9.

As is to be expected, we have a syntactic substitution
lemma:

Lemma 3.1 Suppose�; x : P ` t : Q and� ` u : P.
Then� ` t[u=x] : Q.

The semantic counterpart essentially says that the de-
notation oft[u=x] is the functorial composition of the
denotations oft andu.
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�(x) = P

� ` x : P

�; x : P ` t : P

� ` rec x:t : P

� ` tj : P all j 2 I

� ` �i2Iti : P

� ` t : P� where� 2 A

� ` �:t : ��2A�:P�

� ` u : ��2A�:P� �; x : P� ` t : Q where� 2 A

� ` [u > �:x) t] : Q

�; x : P ` t : Q

� ` �x:t : P! Q

� ` t : P! Q � ` u : P

� ` t u : Q

� ` t : P � ` u : Q

� ` (t; u) : P& Q

� ` t : P& Q

� ` fst t : P

� ` t : P& Q

� ` snd t : Q

� ` t : Pj[�~P :~P=~P ]

� ` t : �j ~P :~P

� ` t : �j ~P :~P

� ` t : Pj [�~P :~P=~P ]

Figure 9: Typing rules for terms

� 2 A

��2A�:P� : � : P�

` u : P Q : a : P0

P! Q : u 7! a : P0
P : a : P0

P& Q : (a;�) : P0
Pj [�~P :~P=~P ] : a : P0

�j ~P :~P : a : P0

Figure 10: Typing rules for actions

t[rec x:t=x]
a
�! t0

rec x:t
a
�! t0

tj
a
�! t0

�i2I ti
a
�! t0

j 2 I
�:t

�
��! t

u
�
��! u0 t[u0=x]

a
�! t0

[u > �:x) t]
a
�! t0

t[u=x]
a
�! t0

�x:t
u 7! a
�����! t0

t
u 7! a
�����! t0

t u
a
�! t0

t
a
�! t0

(t; u)
(a;�)
����! t0

u
a
�! u0

(t; u)
(�; a)
����! u0

t
(a;�)
����! t0

fst t
a
�! t0

t
(�; a)
����! t0

snd t
a
�! t0

Figure 11: HOPLA operational semantics

t[rec x:t=x] + v

rec x:t + v

tj + v

�i2Iti + v
j 2 I

�:t + �:t

u + �:u0 t[u0=x] + v

[u > �:x) t] + v

�x:t + �x:t

t + �x:t0 t0[u=x] + v

t u + v

(t; u) + (t; u)

t + (t0; t00) t0 + v

fst t + v

t + (t0; t00) t00 + v

snd t + v

Figure 12: HOPLA evaluation
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3.1 Operational semantics

With actions given by the grammar

a ::= � j u 7! a j (a;�) j (�; a) ;

the operational rules in Figure 11 define a transition
semantics for the language. In the rule for lambda-
abstraction, we must havex : P ` t : Q and` u : P for
someP;Q.

Example 3.2 Supposex : P ` t : Q and` u : P. The
derivation

...

t[u=x]
a
�! t0

�x:t
u 7! a
�����! t0

(�x:t) u
a
�! t0

shows how the rules for abstraction and application co-
operate. 2

To show that the rules are type-correct, we assign types
to actionsa using a judgement of the formP : a : P0.
Intuitively, after performing the actiona, what remains
of a computation path inP is a computation path inP0.
The typing rules for actions are given in Figure 10 (the
rule for(�; a) is omitted). Notice that in any judgement
P : a : P0, the typeP0 is unique givenP anda.

Proposition 3.3 Supposè t : P. If t
a
�! t0 then

P : a : P0 and` t0 : P0.

The rules are sound and complete with respect to the
denotational semantics: derivationst

a
�! t0 are in 1-1

correspondence with “rooted components” ofJaK(JtK),
with Jt0K corresponding to such a rooted component.
What this means will be made clear later.

As a side-remark, the operational rules incorporate
evaluation in the following sense: Let valuesv be given
by the grammar

v ::= �:t j �x:t j (t; u) :

Then we can define a nondeterministic evaluation rela-
tion +, see Figure 12, such that

Proposition 3.4 If d is a derivation oft
a
�! t0 then

there is a valuev such thatt + v andv
a
�! t0 by a

subderivation ofd.

The evaluation relation respects types, but beware that
because of the rule for sum it preserves neither meaning
nor bisimilarity.

(i) rec x:t � t[rec x:t=x]

(ii) [�:u > �:x) t] � t[u=x]

(iii) [�:u > �:x) t] � ? if � 6= �

(iv) [�i2Iui > �:x) t] � �i2I [ui > �:x) t]

(v) [u > �:x) �i2Iti] � �i2I [u > �:x) ti]

(vi) (�x:t) u � t[u=x]

(vii) �x:(t x) � t

(viii) �x:(�i2I ti) � �i2I(�x:ti)

(ix) (�i2Iti) u � �i2I(ti u)

(x) fst(t; u) � t

(xi) snd(t; u) � u

(xii) (fst t; snd t) � t

(xiii) �i2I (ti; ui) � (�i2Iti;�i2Iui)

(xiv) fst(�i2I ti) � �i2I(fst ti)

(xv) snd(�i2I ti) � �i2I(snd ti)

Figure 13: Bisimilar terms

3.2 Bisimulation

We extend Definition 2.2 to the operational semantics of
HOPLA by demanding that a bisimulationR respects
types, and by quantifying over general actionsa.

Theorem 3.5 Bisimilarity is a congruence.

PROOF: Using Howe’s method [12]. 2

Figure 13 shows a number of (closed, well-formed)
terms which can all be shown bisimilar. Items (i), (ii),
(vi), (x), and (xi) are “�-rules”, while (vii) and (xii) are
“�-rules”. In each caset1 � t2, we can prove that the
identity relation extended by the pair(t1; t2) is a bisim-
ulation, so the correspondence is very tight, as is to be
expected since in the denotational semantics, we have
Jt1K �= Jt2K.

The following results characterises bisimilarity at ar-
row type:

Proposition 3.6 Let t1; t2 be closed terms of function
typeP! Q. The following are equivalent:

(i) t1 andt2 are bisimilar;

(ii) t1 u and t2 u are bisimilar for all closed termsu
of typeP; and

(iii) t1 u1 andt2 u2 are bisimilar for all pairs of bisim-
ilar closed termsu1; u2 of typeP.
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3.3 Encoding CCS

We specify the typeP of CCS computation paths by

P = �:P+�a2Aa:P+�a2A�a:P :

The terms of CCS can then be expressed in HOPLA as
the following terms of typeP:

JxK � x Jrec x:tK � rec x:JtK
J�:tK � �:JtK J�i2ItiK � �i2IJtiK
JtjuK � P JtK JuK Jt n SK � RS JtK
Jt[f ]K � Nf JtK

Here,P , RS , andNf are abbreviations for the follow-
ing recursively defined processes:

P � rec p:�x:�y:

��[x > �:x0 ) �:(p x0 y)] +

��[y > �:y0 ) �:(p x y0)] +

�l[x > l:x0 ) [y > �l:y0 ) �:(p x0 y0)]]

RS � rec r:�x:��62(S[ �S)[x > �:x0 ) �:(r x0)]

Nf � rec n:�x:��[x > �:x0 ) f(�):(n x0)]

Proposition 3.7 If t
�
��! t0 is derivable in CCS then

JtK
�
��! Jt0K according to HOPLA. And conversely, if

JtK
a
�! u is derivable in HOPLA, then for some�; t0

we havea = � andu � Jt0K andt
�
��! t0 according

to CCS.

It follows that the translations of two CCS terms are
bisimilar in HOPLA iff they are strongly bisimilar in
CCS.

We can recover the expansion law for general rea-
sons. Writetju for the applicationP t u, wheret andu
are terms of typeP. Suppose

t � ���i2I(�)�:ti and u � ���j2J(�)�:uj :

Using Figure 13 item (i), (vi), then items (ii-iv), we get

tju � ��[t > �:x0 ) �:(x0ju)] +

��[u > �:y0 ) �:(tjy0)] +

�l[t > l:x0 ) [u > �l:y0 ) �:(x0jy0)]]

� ���i2I(�)�:(tiju) +

���j2J(�)�:(tjuj) +

�l�i2I(l);j2J(�l)�:(tijuj) :

Finally, note that although HOPLA can encode CCS
in a simple way, the language has no distinguished in-
visible action� , so there is the issue of how to support
more abstract operational equivalences such as weak
bisimulation, perhaps starting from [7].

4 Processes as presheaves

We now begin an abstract mathematical study of pro-
cesses, starting from the idea of representing a process
as a kind of collection of its possible computation paths.

4.1 Path-based models of processes

Consider processes which, like those of CCS, can per-
form simple atomic actions, one at a time, among which
may be actions of synchronisation. An old idea is to rep-
resent the nondeterministic behaviour of such a process
as a “collection” of the computation paths it can per-
form. The trace model [11] and tree model [24] of pro-
cesses are based on different ideas of what this means.
A trace set of a process simply expresses whether or
not a finite sequence of actions, a trace, is possible
for the process. A tree expresses not only what paths
are present but also how paths are subpaths, or restric-
tions, of others, thus keeping track of nondeterministic
branching.

Example 4.1 Consider the two processes of Figure 3.
Their unfoldings as trees (see Figure 8) are clearly dif-
ferent, but as trace sets they are both described by

f�; a; ac; atg :

As a result, trace sets cannot explain the possible dead-
lock encountered by a coffee drinker processa:c:? in-
teracting with the version on the left of the figure.2

4.2 Presheaves

The data given by the tree representation, what paths
are present and how they restrict to smaller paths, is
precisely that caught in a presheaf over a category in
which the objects are path shapes and the maps express
how one path shape can extend to another. In the cat-
egory of all such presheaves we can view the tree as a
colimit of its paths—another kind of “collection”.

To illustrate the idea, suppose that actions are drawn
from the alphabetA = fa; c; tg, and consider processes
whose computation paths have the shape of strings of
actions, so members ofA�. The substring ordering�
makesA� a poset, and so a category with an arrow from
s to s0 precisely whens � s0, see Figure 14.

A presheaf overA� is a functor from the opposite
category(A�)op, where all the arrows are reversed, to
the category of sets and functionsSet. When thinking
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aaa

aa

44iiiiii //
**UUUUUU aac

a

55kkkkkk //
))RRRRRR ac aat

at

ca

�

BB��������� //

��8
88

88
88

88
c

55jjjjjj //
))SSSSSS cc

ct

ta

t

55llllll //
))RRRRRR tc

tt

Figure 14: Part of the poset/categoryA�

of a presheafX as representing a process, for a string
s, the setX(s) is the set of computation paths of shape
s that the process can perform, and, whens � s0, the
functionX(s; s0) : X(s0) ! X(s) tells how paths of
shapes0 restrict to subpaths of shapes. For example, a
tree whose branches consists of strings inA� is easily
viewed as a presheafX overA�. The setX(s) consists
of all branches of shapes, while the functionX(s; s0) :

X(s0)! X(s) restricts a branch of shapes0 to its sub-
branch of shapes.

Example 4.2 Let’s write0 for the empty set,1 for f0g,
and2 for f0;1g. The vending machines on the left of
Figure 3 is represented by the presheaf

X(s) =

8><>:
2 if s = a

1 if s 2 f�; ac; atg

0 otherwise

whereX(a; ac) maps0 2 X(ac) to 0 2 X(a) and
X(a; at) maps0 2 X(at) to 1 2 X(a). On other mor-
phisms, the action ofX is uniquely determined.

Similarly, the presheaf

Y (s) =

(
1 if s 2 f�; a; ac; atg

0 otherwise

overA� represents the vending machine on the right.2

A note on presheaves likeY : Suppose that we replace
the category of sets used in the definition of presheaves
by the subcategory2 with the inclusion0 ,! 1 as the
only non-identity arrow. A functorY from (A�)op to 2

is the same as a monotonic function from the reverse
order (A�)op to the order2, so that if s � s0 then
Y (s0) � Y (s). When thinking ofY as representing a
process,Y (s) = 1 means that the process can perform
a path of shapes while Y (s) = 0 means that it can’t. If
Y (s0) = 1 ands � s0, thenY (s) = 1. In other words,
the functorY is a characteristic function for a trace set.

So trees and trace sets arise as variants of a com-
mon idea, that of representing a process as a generalised
characteristic function, in the form of a functor from
path shapes to measures of the extent to which the path
shapes can be realised by the process.

In what follows, we want to broaden computation
paths to have more general shapes than sequences of
atomic actions, to allow individual actions to have a
more complicated structure as they have in HOPLA. So
we will consider presheaves over an arbitrary small cat-
egoryP, that is, functorsX : Pop ! Set. The category
P is to be thought of as consisting of computation-path
shapes where a mape : p ! p0 expresses how the path
p is extended to the pathp0.

We’ll investigate what elementary category theory
has to say about this data, thereby explaining a variety
of process concepts in terms of “abstract nonsense”.

4.3 Category of elements

Definition 4.3 Consider a presheafX overP. Thecat-
egory of elementsof X , written E(X), has as objects
pairs(p; x) with p 2 P andx 2 X(p) and morphisms
of the forme : (p; x)! (p0; x0) wheree : p! p0 is an
arrow ofP such that(Xe)x0 = x.

Example 4.4 The categories of elements of the pre-
sheavesX andY of Example 4.2 look as follows (iden-
tity arrows are omitted):

(ac;0) (at;0) (ac;0) (at;0)

(a;0)

OO

(a;1)

OO

(a;0)

]];;;;
AA����

X : (�;0)

]];;;;
AA����

[[ CC

Y : (�;0)

OO

QQ MM

Notice that the arrows of these categories may be seen
as the reflexive, transitive closure of the transition rela-
tions of the trees of Figure 8. 2

So the category of elements can be understood intu-
itively as the tree or transition system of a process rep-
resented by a presheaf. But beware that the system may
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not have an initial state as it does forX andY of the
example; they are bothrootedaccording to

Definition 4.5 A presheafX overP is rootedwhenP
has an initial element,?, andX(?) is a singleton.

A rooted presheaf overA� corresponds directly to a tree
whose branches are inA�.

In general, a presheafX overA� determines a set of
such trees, the set of roots given byX(�). For example,
we may consider the diagram above asonepresheafZ
overA�, in whichZ(s) is the disjoint union ofX(s)

andY (s) for s in A�. The corresponding transition sys-
tem has two starting states, contrary to the standard
definition of transition systems—and so it may seem
reasonable to restrict attention to rooted presheaves.
In terms of category theory, that would mean working
with sheavesinstead of presheaves. Alternatively, we
can simply viewX andY as presheaves overA+; such
presheaves are easily seen to be in bijective correspon-
dence with rooted presheaves overA�.

4.4 Natural transformations

The presheaves over a small categoryP are the objects
of the functor categorybP = [Pop;Set], with arrows be-
ing natural transformations. Spelled out, a natural trans-
formation� : X ! Y between presheavesX andY
overP is a family(�p)p2P of functions

�p : X(p)! Y (p) ;

satisfying that for any arrowe : p ! p0 of P, the natu-
rality square

p0 X(p0)

X(e)

��

�
p0 // Y (p0)

Y (e)

��
p

e

OO

X(p)
�p

// Y (p)

commutes. It is perhaps not entirely obvious what pro-
cess concept this amounts to, so we replay it in terms
of categories of elements. Since each�p is a function
X(p) ! Y (p), � induces a mapE(�) between the
objects ofE(X) andE(Y ), sending(p; x) to (p; �px).
Now, naturality of� is simply the same as functoriality
of E(�): that it sends morphisms(p; x)

e
�! (p0; x0) of

E(X) to morphisms(p; �px)
e
�! (p0; �p0x

0) of E(Y ).
So it seems that a natural transformation fromX to Y

shows howY may “simulate”X .

Example 4.6 We can define a natural transformation
� : X ! Y between the presheaves of Example 4.2:

(ac;0)

�ac

(at;0)

�at

(a;0)

OO

�a

(a;1)

OO

�a

(ac;0) (at;0)

(�;0)

]];;;;
AA����

��

(a;0)

]];;;;
AA����

(�;0)

OO

In the diagram(p; x) �p (p; y) means that�px = y,

or equivalently thatE(�) maps(p; x) to (p; y). 2

Since� preserves transitions in the categories of ele-
ments, we can think of it as asimulation relationon
transition systems, defined analogously to item (i) of
Definition 2.2. Moreover, its graph is a function; such
relations are calledfunctional simulations. But to ob-
tain a categorical definition of bisimulation, we need a
way of reflectingas well as preserving behaviour.

4.5 Open maps

From a process viewpoint, it would be reasonable to
make the extra requirement on a natural transformation
� : X ! Y that whenever we have the situation on
the left below, we may “complete the square” as on the
right:

(p0; y0) (p0; x0)
�
p0

(p0; y0)

(p; x)
�p

(p; y)

e

OO

(p; x)
�p

e

OO

(p; y)

e

OO

This can be formulated as the requirement that each nat-
urality square of� (see opposite column), is aquasi-
pullback, so that whenever we havex 2 X(p) and
y0 2 Y (p0) with �px = (Y e)y0, then there exists an
x0 2 X(p0) such that(Xe)x0 = x and�p0x0 = y0.
In this case, we call� anopen mapof presheaves, fol-
lowing Joyal and Moerdijk. In [15] their notion of open
map in a topos is defined axiomatically, as being a class
O of morphisms satisfying, among other things

(A1) any iso belongs toO

(A2) O is closed under composition

(A3) O is stable under pullbacks
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Open maps between rooted presheaves, so trees, over
A� are functional bisimulations. Since bisimilarity is
an equivalence relation, the treesX andY overA� are
bisimilar iff there exists aspanof open maps between
rooted presheaves:

Z
�

~~}}
}}

} �

  @
@@

@@

X Y

More generally, the axioms of open maps above make
sure that “being related by a span of open maps” is an
equivalence relation: Reflexivity is obtained using (A1)
and the trivial spanX  X ! X , while symmetry is
already implicit in the notion of a span. As for transitiv-
ity, consider the two spans

Z1
�1

}}{{
{{

{ �1

  @
@@

@@
Z2

�2

~~~~
~~

~ �2

!!C
CC

CC

X1 Y X2

SincebP has all limits, we can adjoin a pullback,

Z
�

~~}}
}}

} �

  A
AA

AA

Z1
�1

}}{{
{{

{ �1

  @
@@

@@
Z2

�2

~~~~
~~

~ �2

!!C
CC

CC

X1 Y X2

Now, since�1 and�2 are open, so are� and� by (A3).
Using (A2),�1 Æ� and�2 Æ � are open, so thatX1; X2

are now related by a span of open maps as wanted.
We’ve been cheating a little bit here, since in gen-

eral, the intuition that open maps are functional bisim-
ulations is incorrect. There is a trivial span relating any
pair of presheavesX , Y sincebP has an initial object
(the empty presheaf, with empty contribution at each
p 2 P). Again, we could take this as an indication to
work only with rooted presheaves, or we could look for
a requirement on the spans. As for the latter, demanding
that the legs of the span areepi seems reasonable: open
maps between rooted presheaves overA� are automati-
cally epi, and viewing trees overA� as presheaves over
A+, this extra requirement is exactly what is needed to
show that bisimilarity as defined by open maps coin-
cide with bisimilarity as defined by Park and Milner. To
avoid restricting the class of presheaves, we take

Definition 4.7 PresheavesX;Y overP areopen-map
bisimilar if they are related by a span of epi open maps.

4.6 Yoneda

To each presheaf categorybP is associated a canonical
functorP! bP, saying how to view paths as processes:

Definition 4.8 Let P be a small category. TheYoneda
functoryP : P! bPmapsp 2 P to the presheafP(�; p)
and mapse : p ! p0 of P to the natural transformation
P(�; e) obtained by postcomposition withe.

Example 4.9 The presheafA�(�; s) is given by

A�(�; s)(s0) = A�(s0; s) =

(
1 if s0 � s

0 otherwise

SoA�(�; s) is a single branch with shapes, whereas
A�(�; s � s0) shows how it is included in a longer
branch, with shapes0. 2

Intuitively, yP maps a computation path shapep to a
process that may do a single computation of shapep,
and a path extensione : p ! p0 to a simulation of this
computation by a longer one.

Following this intuition, a natural transformation
yPp ! X shows how the processX may simulate a
process capable of performing just the pathp. But then
the setX(p) of computation paths ofX of shapep
should be the same as the set of such natural transfor-
mations. This is the content of

Lemma 4.10 (Yoneda)For any p 2 P and X 2 bP
there is a bijectionbP(yPp;X) �= X(p).

Example 4.11 For the presheafX of Example 4.2,
there are two natural transformationsA�(�; a) ! X ,
corresponding to the two elements0 and1 of X(a). 2

Justified by the Yoneda lemma, if(p; x) 2 E(X) we
write x also for the corresponding natural transforma-
tion yPp ! X . This gives the following alternative
characterisation of open maps:

Proposition 4.12 A map� : X ! Y in bP is open iff for
every arrowe : p ! p0 of P, a commuting square (on
the left below) can be split into two commuting triangles
(on the right):

yPp
0

y0 // Y yPp
0

y0 //

x0

!!C
CC

CC
CC

C Y

yPp

yPe

OO

x
// X

�

OO

yPp

yPe

OO

x
// X

�

OO
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4.7 Completeness

A presheaf category has all limits and colimits, given
pointwise from the limits and colimits inSet. In par-
ticular, a presheaf category has all sums (coproducts) of
presheaves; the sum�i2IXi of presheavesXi overP
has a contribution�i2IXi(p), the disjoint union of sets,
at p 2 P. The empty sum of presheaves is the presheaf
? with empty contribution at eachp 2 P. In process
terms, a sum of presheaves represents a nondeterminis-
tic sum of processes.

Example 4.13 Consider once again the two processes
of Figure 3. If we view them as presheaves overA+,
their nondeterministic sum, according to the above, cor-
responds to their sum as CCS terms. On the other hand,
if we form their sum as rooted presheaves overA�, we
get the presheafZ described in Section 4.3, which is
not rooted, and cannot be expressed in CCS.

Similarly, the presheaf? 2 A+ corresponds to the
inactive CCS process, also written?, while this is not
so for? 2 A� which intuitively cannot even do the
empty computation path. 2

As promised in Section 4.2, we can exhibit a process as
a colimit of its paths:

Proposition 4.14 (Density formula) For anyX 2 bP
we haveX �=

R (p;x)2E(X)
yPp.

The role of the colimit is to “glue together” the paths of
X as dictated by the category of elements ofX .

At the start of Section 4.6, we said that the Yoneda
functor is “canonical”. We now make this precise: The
functoryP : P! bP satisfies the universal property that
for any functorF : P ! C, whereC is a category with
all colimits, there is a colimit-preserving functorG :bP ! C, determined to within isomorphism, such that
F �= G Æ yP—seee.g.[19], page 43:

P
yP //

F
&&LLLLLLLLLLLLL bP

G

��
C

The proof uses the density formula. ForX 2 bP, we take

G(X) to be the colimit
R (p;x)2E(X)

Fp in C.
By takingC to be a presheaf categorybQ , this tells us

that colimit-preserving functors between presheaf cate-
gories may be useful. We’ll now consider them as can-
didates for interpreting operations on processes.

5 Linearity

In distributed computation it can be hard or impossible
for a process to copy a process, while it is generally easy
for a process to ignore another process. For this reason
an operation on processes associated with distributed
computation often has the following property:

A computation path of the process arising
from the application of the operation to an in-
put process has resulted from a single (possi-
ble empty) computation path of the input pro-
cess.

As we will see, this property expresses that the opera-
tion is a kind oflinear map, in that it is determined by
its action on single, possibly empty, computation paths.

Example 5.1 The basic operations of CCS are all lin-
ear in the above sense. For example, lett be a CCS pro-
cess, and consider the operations of of prefixingt with
an actiona, composingt with another processu, and
restrictingt by label setS. A non-empty computation
path of the processa:t either has the shapea, involving
the empty computation path oft, or is of the shapeas,
wheres is the shape of a single computation path oft.
Likewise, a computation path of the parallel composi-
tion tju may be obtained solely fromu, so by lettingt
perform the empty computation path, while non-empty
computation paths oft n S involve a single, non-empty
computation path oft. 2

Consider again the diagram ending the preceding sec-
tion. By the universal property, colimit-preserving func-
tors bP ! bQ are determined (up to isomorphism) by
functorsP ! bQ , so by their actions on paths! This
seems to indicate that colimit-preserving functors fit the
intuition above. Let us see how to make this precise.

5.1 A model of linear logic

Define the categoryLin to consist of small categories
P;Q; : : : with mapsG : P ! Q the colimit-preserving
functorsbP ! bQ . By the universal property, colimit-
preserving functorsG : bP ! bQ correspond to within
isomorphism to functorsF : P ! bQ , and such func-
tors are in bijective correspondence withprofunctors
�F : P �7! Q. Recall that the category of profunctors
from P to Q, writtenProf(P;Q), is the functor cate-
gory [P� Qop ;Set], which clearly equals the category
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of presheaves\Pop � Q , and is isomorphic to the functor
category[P; bQ ]. We thus have the chain of equivalences:

Lin(P;Q) ' [P; bQ ] �= Prof(P;Q) = \Pop � Q :

The more symmetric, relational presentation via pro-
functors exposes an involution central in understanding
Lin as a categorical model of classical linear logic. The
involution of linear logic,P?, on an objectP, is given
by Pop; clearly presheaves overPop � Q correspond
to presheaves over(Qop )op � Pop, showing how maps
G : P ! Q correspond to mapsG? : Qop ! Pop in
Lin.

The model is somewhat degenerate: The “par”POQ
and tensor productP� Q of P andQ are both given by
the product of small categoriesP� Q (so the function
space fromP to Q is given byPop � Q). Likewise, on
objectsP andQ, productsP&Q and coproductsP�Q
are both given byP+ Q, the disjoint juxtaposition ofP
andQ. The neutral elements are the terminal category1

with one object and one arrow, and the initial category
O with no objects, respectively.

As for the exponential! of linear logic, there is room
for choice—more about this later.

5.2 A linear process language?

Consider interpreting a process language in the category
Lin. The rich type discipline seems promising, and fur-
thermore, we have a congruence result “for free” in that

Proposition 5.2 [5] Let G : bP ! bQ be any colimit-
preserving functor between presheaf categories. Then
G preserves open maps and open-map bisimulation.

So any process operation interpreted as a map ofLin

will automatically respect open-map bisimulation.
Unfortunately, because the colimit of the empty di-

agram is?, the maps ofLin, unlike many process
operations, always send the inactive process to the in-
active process! In particular, we cannot interpret pre-
fixing or parallel composition a la CCS inLin. So
colimit-preserving maps do not quite fit the intuition
from above—they never ignore their arguments.

We could extend to maps from!P to Q, for objects
P andQ in Lin, but by the properties of the exponen-
tial, this would allow arbitrary copying of the argument
process. At least for CCS, we only need maps to ignore
their arguments and this can be got much more cheaply,
by moving to a model ofaffine-linearlogic.

6 Lifting

To obtain a model of affine-linear logic, we’ll consider
the operation oflifting, which intuitively extends path
categories with the empty path and presheaves with a
single computation of this shape.

6.1 Rooted presheaves

We’ll write P? for P with a new initial object? freely
adjoined. Spelled out,P? has objectsp 2 P together
with ?, and arrows given by those ofP together with a
unique arrow!p : ? ! p for all p 2 P.

Example 6.1 It is easy to see thatA+
?
�= A�. 2

Given a presheafX 2 P, we’ll write bXc for the pre-
sheaf overP? defined by takingbXc(p) to be a copy of
X(p) for anyp 2 P, andbXc(?) = 1. On arrows of
P, bXc acts likeX , while bXc(!p) is forced to be the
constantly0 map, anyp 2 P.

In terms of categories of elements,EbXc has the
same objects asE(X) in addition to(?;0), from which
there is a unique transition to any other object. SoEbXc
is E(X) with a freely adjoined initial object.

Example 6.2 For any presheafX over A+, the pre-
sheafbXc overA� is the tree obtained by adding a root
toX . 2

In fact, lifting extends to a functor

b�c : bP! cP? :

A natural transformation fromX to Y in bP is sent to its
obvious extension frombXc to bY c in cP?. Since the?-
component of any natural transformation between lifted
presheaves is uniquely determined, the image of lifting
is the full subcategory ofcP? of rooted presheaves.

The following result will be important later:

Proposition 6.3 Any presheafX in cP? has a decom-
position as a sum of rooted presheaves

X �= �i2X(?)bXic ;

where, fori 2 X(?), the presheafXi in bP is, to within
isomorphism, given as

Xi(p) = fx 2 X(p) j (X !p)x = ig :

Example 6.4 For a presheafX over A�, the rooted
component decomposition exhibits the forestX as a
sum of trees. 2
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6.2 Strict Yoneda

It turns out thatP? relates tobP in much the same way
asP relates tobP.

Definition 6.5 Thestrict Yoneda functorjP : P? ! bP,
sends? to ? and elsewhere acts likeyP. Formally, it
mapsp 2 P? to P?(i�; p) where i is the inclusion
P ,! P?.

Intuitively, jPmaps a possibly empty computation path
shape to the process that may do a single computation of
this shape—where it is understood that the empty com-
putation path gives rise to the inactive process.

Example 6.6 jA+ maps a stringa1a2 � � � ak in A� to
the presheaf overA+ represented by the CCS term
a1:a2: : : : :ak:?. 2

Since natural transformations� : jPp ! X represent
the waysX may simulatejPp, and since there is just
one way to simulate the inactive process, we expect

Lemma 6.7 (Strict Yoneda) For anyp 2 P? andX 2bP there is a bijectionbP(jPp;X) �= bXc(p).

Again, if (p; x) 2 EbXc we are justified to writex also
for the corresponding natural transformationjPp! X .

Proposition 6.8 A map� : X ! Y in bP is open and
epi iff for every arrowe : p ! p0 of P?, a commuting
square (on the left below) can be split into two commut-
ing triangles (on the right):

jPp
0

y0 // Y jPp
0

y0 //

x0

  B
BB

BB
BB

B Y

jPp

jPe

OO

x
// X

�

OO

jPp

jPe

OO

x
// X

�

OO

We may formulate this result as saying that presheaves
X;Y 2 bP are open-map bisimilar iff they are related
by a span of “jP-open maps”; Proposition 4.12 shows
how open maps may be seen as “yP-open maps”. In-
deed, there may well be other notions of paths and other
inclusions of those paths intobP that give sensible defi-
nitions of open-map bisimulation.

Example 6.9 ThejA+-open maps are exactly the func-
tional bisimulations in the sense of Park/Milner. 2

6.3 Connected colimits

The density formula Proposition 4.14 shows how, via
Yoneda, any presheafX overP can be regarded as a
colimit of its “nonempty paths”. Using strict Yoneda in-
stead, we may viewX as aconnected colimitof all its
paths, including the empty one. A connected colimit is
a colimit of a nonempty, connected diagram.

Proposition 6.10 (Strict density formula) For X 2 bP
we haveX �=

R (p;x)2EbXc
jPp.

Here,EbXc is a nonempty, connected category, because
it has an initial element,(?;0).

We therefore have that the presheaf categorybP with
jP is a free connected-colimit completion ofP?. To-
gether they satisfy the universal property that for any
functorF : P? ! C, whereC is a category with all con-
nected colimits, there is a connected-colimit preserving
functorG : bP! C, determined to within isomorphism,
such thatF �= G Æ jP:

P?
jP //

F
&&MMMMMMMMMMMMM bP

G

��
C

We’ll sometimes writeF y for G. The universal prop-
erty suggests the importance of connected-colimit pre-
serving functors. Moreover, it says that these functors
match the intuition of Section 5: they are determined
by their action on single, possibly empty, computation
paths.

6.4 A model of affine-linear logic

DefineA� to be the category consisting of small cate-
goriesP;Q; : : :, with mapsG : P ! Q the connected-
colimit preserving functorsbP! bQ . It hasLin in which
the maps preserve arbitrary colimits as a subcategory,
one which shares the same objects. We can easily char-
acterise those maps inA� which are inLin:

Proposition 6.11 SupposeG : bP ! bQ preserves con-
nected colimits. The following properties are equiva-
lent:

(i) G preserves all colimits;

(ii) G preserves all coproducts (sums);

(iii) G is strict, i.e.,G(?) = ?.
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BecausebP is the free connected-colimit completion of
P?, we obtain the equivalence

A�(P;Q) ' [P?; bQ ] ;
and consequently the equivalence

A�(P;Q) ' Lin(P?;Q) :

The equivalence is part of an adjunction (the inclusion
Lin ,! A� has(�)? defined below as left adjoint;
the unit has componentsb�c : P! bP in A� ) between
A� andLin regarded as 2-categories, in which the 2-
cells are natural transformations. We can easily extend
lifting to a 2-functor

(�)? : A� ! Lin ;

for G : P ! Q in A� , the functorG? : P? ! Q? in
Lin takesX 2 cP? with decomposition�i2X(?)bXic

to

G?(X) = �i2X(?)bG(Xi)c :

Lifting restricts to a 2-comonad onLin with A� as its
coKleisli category. The comonad(�)? has turned the
model of linear logicLin into a modelA� of affine
linear logic (that is, a model of intuitionistic linear logic
in which the structural rule of weakening is satisfied
through the unit of the tensor also being a terminal ob-
ject, see [13]).

6.5 An affine-linear process language

The constructions inA� presented below form the ba-
sis of a denotational semantics of an affine-linear pro-
cess language. The types and open terms of that lan-
guage will be interpreted, respectively, as objects and
arrows ofA� . Actually, only the full subcategory of
path orders, small partial order categories, is needed,
and we’ll simplify the discussion accordingly, treating
denotations of types as though they were just partial or-
ders.

The preservation of connected colimits by a functor
between presheaf categories is sufficient to ensure that
it preserves open maps and bisimulation.

Proposition 6.12 [5] Let G : bP ! bQ be any con-
nected-colimit preserving functor between presheaf cat-
egories. ThenG preserves open maps and open-map
bisimulation.

Hence, open-map bisimulation is already a congruence
for our language.

6.6 Constructions inA�

Prefixed sumThe categoryA� does not have coprod-
ucts (since all constant functors are maps ofA� there
can be no initial object, so empty coproduct). However,
we can build a useful sum inA� with the help of the co-
product ofLin and lifting. LetP�, for� 2 A, be a fam-
ily of path orders. As their prefixed sum,��2A�:P�,
we take the disjoint union of the path ordersP�?, over
the underlying set

S
�2Af�g � P�?; the latter path or-

der forms a coproduct inLin with the obvious injec-
tions in� : P�? ! ��2A�:P�, for � 2 A. The injec-
tions�:(�) : P� ! ��2A�:P� in A� , for � 2 A, are
defined to be the compositions�:(�) = in�b�c. Finite
prefixed sums are written�1:P1 + � � �+ �k:Pk.

This construction is not a coproduct inA� . How-
ever, it does satisfy a weaker property analogous to the
universal property of a coproduct. SupposeF� : P� !
Q are maps inA� for all � 2 A. Then, there is a me-
diating mapF : ��2A�:P� ! Q in Lin determined to
within isomorphism such thatF Æ �:(�) = F� for all
� 2 A.

Suppose that the family of mapsF� : P� ! Q, with
� 2 A, has the property that eachF� is constantly?
whenever� 2 A is different from� and thatF� isH :

P� ! Q. Write H@� : ��2A�:P� ! Q for a choice
of mediating map inLin.

If a term t of type Q with free variablex of type
P� denotesH : P� ! Q in A� and u is of type
��2A�:P�, then we shall write

[u > �:x) t]

for H@�(u). As in HOPLA, this construction “tests” or
matchesu against the pattern�:x and passes the re-
sults of successful matches forx on to t; the possibly
multiple results of successful matches are then summed
together—cf.Lemma 7.7 below.

Product The product of path ordersP& Q is given by
the disjoint union ofP andQ. An object of\P& Q can
be identified with a pair(X;Y ), with X 2 bP andY 2bQ , which provides the projections�1 : P& Q ! P and
�2 : P&Q ! Q. More general, not just binary, products
& i2I Pi with projections�j , for j 2 I , are defined sim-
ilarly. From the universal property of products, a col-
lection of mapsFi : P ! Pi, for i 2 I , can be tupled
together to form a unique maphFiii2I : P ! & i2I Pi
with the property that�j Æ hFiii2I = Fj for all j 2 I .
The empty product is given byO and as the terminal
object is associated with unique maps!P : P! O , con-
stantly?, for any path orderP.

14



t; u ::= x j rec x:t j �i2I ti j (Variables, recursion and sum)
�:t j [u > �:x) t] j (Prefixing and prefix match)
(t; u) j [u > (x;�)) t] j [u > (�; x)) t] j (Pairing and product match)
t� u j [u > x� y ) t] j (Tensor and tensor match)
�x:t j t u (Abstraction and application)

Figure 15: Raw syntax

TensorThe tensor productP�Q of path ordersP, Q is
given by the set(P? � Q? ) n f(?;?)g, ordered coor-
dinatewise. Intuitively, a computation path inP�Q is a
pairp�q of computation paths ofP andQ, respectively,
one of which may be empty.

LetF : P! P0 andG : Q ! Q 0 . We define

F �G : P� Q ! P0 � Q0

as the extensionHy of a functorH : (P � Q)? !
\P0 � Q 0 . Notice that(P� Q)? �= P? � Q? and so we

can defineH : P? � Q? ! \P0 � Q 0 by taking

(H(p; q))(p0 � q0) = bF (jPp)c(p
0)� bG(jQq)c(q

0)

for p 2 P?, q 2 Q? andp0 � q0 2 P0 � Q 0 .
The unit for tensor is the empty path orderO . Objects

X 2 bP correspond to maps~X : O ! P sending? to
X . GivenX 2 bP andY 2 bQ we defineX�Y 2\P� Q
to be the element pointed to by~X � ~Y : O ! P� Q.

Function spaceThe function space of path ordersP(
Q is given by the product of partial orders(P?)op �Q.

We have the following chain of isomorphisms:

P� Q ( R = ((P� Q)? )op � R
�= (P?)op � (Q? )op � R �= P( (Q ( R) :

So that \P� Q ( R �= \P( (Q ( R). Thus there is
a 1-1 correspondencecurry from mapsP � Q ! R
to mapsP ! (Q ( R) in A� ; its inverse is called
uncurry . We obtain linear application,

app : (P( Q) � P! Q ;

asuncurry(1P(Q).
We shall writet u for the application oft of type

P ( Q to u of type P. The ability to curry justifies
the formation of terms�x:t of typeP( Q by lambda
abstraction wheret of typeQ is a term with free variable
x of typeP.

7 ALLAN

The type system of the affine-linear language, here
called ALLAN for brevity, extends that of HOPLA with
the tensor constructor:

P;Q ::= ��2A�:P� j P& Q j P� Q j P( Q j

P j �j ~P :~P

The interpretation of closed type expressions as objects
of A� should be clear from Section 6.6 and the op-
erations there form the basis of a syntax of terms, see
Figure 15.

The raw syntax is subject to typing and linearity con-
straints. LetP1; : : : ;Pk;Q be closed expressions for
path orders and let the variablesx1; : : : ; xk be distinct.
A syntactic judgement

x1 : P1; : : : ; xk : Pk ` t : Q

stands for a map

Jx1 : P1; : : : ; xk : Pk ` t : QK : P1 � � � �� Pk ! Q

in A� . We shall typically write�, or�, for an environ-
ment listx1 : P1; : : : ; xk : Pk and most often abbreviate
the denotation toP1�� � ��Pk

t
�! Q, or even�

t
�! Q.

When the environment list is empty, the corresponding
tensor product is the empty path orderO .

7.1 Substitution

Consider the expected isomorphism

J� ` (�x:t) u : QK �= J� ` t[u=x] : QK ;

and suppose thatt � x � x andu � a:? + b:?. Now,
one computation ofu�u has shapea� b and this gives
us a mismatch with the intuition that any computation
path of the output should result from a single compu-
tation path of the input! The counterpart in the model
is the absence of a suitable diagonal map from object

15



x : P ` x : P

� ` t : P

�;� ` t : P

�; x : P; y : Q;� ` t : R

�; y : Q; x : P;� ` t : R

�; x : P ` t : P fy; xg not crossed int for all y in �

� ` rec x:t : P

� ` ti : P for all i 2 I
� ` �i2Iti : P

� ` t : P� where� 2 A
� ` �:t : ��2A�:P�

�; x : P� ` t : Q where� 2 A � ` u : ��2A�:P�
�;� ` [u > �:x) t] : Q

� ` t : P � ` u : Q

� ` (t; u) : P& Q

�; x : P ` t : R � ` u : P& Q

�;� ` [u > (x;�)) t] : R

�; x : Q ` t : R � ` u : P& Q

�;� ` [u > (�; x)) t] : R

� ` t : P � ` u : Q

�;� ` t� u : P� Q

�; x : P; y : Q ` t : R � ` u : P� Q

�;� ` [u > x� y ) t] : R

�; x : P ` t : Q

� ` �x:t : P( Q

� ` t : P( Q � ` u : P

�;� ` t u : Q

� ` t : Pj[�~P :~P=~P ]

� ` t : �j ~P :~P

� ` t : �j ~P :~P

� ` t : Pj [�~P :~P=~P ]

Figure 16: ALLAN term formation rules

P to P � P to interpretx � x. On the other hand, raw
terms likex + x or (x; x) are fine intuitively and may
be interpreted so as to validate the isomorphism above.
So an appropriate syntactic restriction is to disallow any
variable to occur freely in on both sides of a�, and ac-
cordingly, we will have term formation rules like that
for tensor in Figure 16. Similar restrictions apply to ap-
plication and match terms.

Now consider the expected isomorphism

J� ` rec x:t : PK �= J� ` t[rec x:t=x] : PK :

With t � x � y, unfolding immediately yields a term
with y occurring freely on both sides of a tensor. We
therefore make the following definition (p ranges over
patterns�:x; (x;�); (�; x); x � y):

Definition 7.1 Let v be a raw term. Say a set of vari-
ablesV is crossedin v iff there are subterms ofv of the
form tensort�u, applicationt u, or match[t > p) u],
for which v has free occurrences of variables fromV
appearing in botht andu.

The rule for recursion in Figure 16 is restricted by re-
quiring thatfy; xg is not crossed int for all y in �.

These linearity constraints are strong enough to show
the following syntactic results:

Proposition 7.2 Suppose�; x : P ` t : Q. The setfxg
is not crossed int.

Lemma 7.3 (Well-formed substitution) Suppose

�; x1 : P; : : : ; xk : P ` t : Q

and that the set of variablesfx1; : : : ; xkg is not crossed
in t. Suppose� ` u : P where the variables of� and
� are disjoint. Then

�;� ` t[u=x1; : : : ; u=xk] : Q :

We end this section by discussing the semantic counter-
part of “variables not being crossed”. Consider a term

x : P; y : Q ` t : R

with x andy not crossed int. Intuitively, this means
that in any computation oft[u=x; v=y], only one of the
argumentsu andv may be used. In terms ofA� , the
interpretationF : P� Q ! R of t satisfies

F (X � Y ) �= F (X �?+?� Y ) :

SoF may be seen as essentially a mapP& Q ! R via
precomposition with

� : P& Q ! P� Q ;

16



P
1P��! P

�
t
�! P

���
!� � t
����! O � P �= P

�� P� Q ��
t
�! R

�� Q � P�� �= �� P� Q ��
t
�! R

�� P
t
�! P

�
�x G
����! P

�
ti��! P for all i 2 I

�
htiii2I�����! & i2I P

�
��! P

�
t
�! P�

�
t
�! P�

�:(�)
����! ��2A�:P�

�� P�
t
�! Q �

u
��! ��2A�:P�

���
1� � u
�����! ����2A�:P�

t@� Æ dist�������! Q

�
t
�! P �

u
��! Q

�
ht; ui
����! P& Q

�� P
t
�! R �

u
��! P& Q

���
1� � (�1 Æ u)
���������! �� P

t
�! R

�� Q
t
�! R �

u
��! P& Q

���
1� � (�2 Æ u)
���������! �� Q

t
�! R

�
t
�! P �

u
��! Q

���
t� u
����! P� Q

�� P� Q
t
�! R �

u
��! P� Q

���
1� � u
�����! �� P� Q

t
�! R

�� P
t
�! Q

�
curry t
�����! P( Q

�
t
�! P( Q �

u
��! P

���
t� u
����! (P( Q) � P

app
���! Q

�j ~P :~P andPj [�~P :~P=~P ] denote equal path
orders, so the premise and conclusion are in-
terpreted as the same map.

Figure 17: ALLAN interpretations

specified by(X;Y ) 7! X�?+?�Y . The composition
of such a map with the diagonal map of the product,viz.

ÆP : P
diag
���! P& P

�
��! P� P

takesX toX�?+?�X and gives a weak form of di-
agonal map. Analogously, one can define general weak
diagonal mapsÆPk : P ! P � � � � � P in Lin from P
to k copies ofP tensored together. Weak diagonal maps
allow the same argument to be used in several different,
though incompatible, ways.

7.2 Denotational semantics

The term formation rules of Figure 16 are interpretated
as constructors on morphisms, taking the morphisms
denoted by the premises to that denoted by the conclu-
sion (cf. [2]). The rules are shown in Figure 17, to be
read on a par with those of Figure 16. Some comments
are in order:

Recursion In the rule for recursion, forF : � ! P the
mapG(F ) : �! P is the composition

�
Æ���! �� �

1� � F
�����! �� P

t
�! P :

Any operationA�(�;P) ! A�(�;P) which pre-
serves connected colimits will has a fixpoint�x G :

� ! P, a map inA� . This is so because the category

A�(�;P), being equivalent to \(�?)op � P, has all co-
limits and in particular all!-colimits.

Sum As already indicated in Section 4.7, each path or-
derP is associated with (nondeterministic) sum opera-
tions, a map� : & i2I P ! P in A� taking a tuple

hXiii2I to the sum (coproduct)�i2IXi in bP.

Prefix match Because prefixed sum is not a coproduct
we do not have that tensor distributes over prefixed sum.
However there is a map

dist : ����2A�:P� ! ��2A�:(�� P�)

in A� , expressing a form of distributivity, given as the
extensionHy of the functor

H : �? � (��2A�:P�)? ! \��2A�:(�� P�) ;

defined by takingH(q;?) = ? and

H(q; (�; p)) = y��2A�:(��P�)(�; (q; p)) :

17



Exploiting the naturality of the various operations used
in the semantic definitions, we can prove a general sub-
stitution lemma.

Lemma 7.4 (Substitution) Suppose

�; x1 : P; : : : ; xk : P ` t : Q

and that the set of variablesfx1; : : : ; xkg is not crossed
in t. Suppose� ` u : P where the variables of� and�
are disjoint. Then,�;� ` t[u=x1; : : : ; u=xk] : Q and,
(suppressing the types for brevity)

Jt[u=x1; : : : ; u=xk]K �= JtK Æ (1� � (ÆPk Æ JuK)) :

Note that in the case wherek = 1, the lemma spe-
cialises toJt[u=x]K �= JtK Æ (1� � JuK). A particular
consequence is that linear application amounts to sub-
stitution:

Lemma 7.5 If � ` (�x:t) u : Q, then� ` t[u=x] : Q
andJ� ` (�x:t) u : QK �= J� ` t[u=x] : QK.

Similarly, we have the expected result for recursion:

Lemma 7.6 If � ` rec x:t : P, then� ` t[rec x:t=x] :

P andJ� ` rec x:t : PK �= J� ` t[rec x:t=x] : PK.

The next lemma follows directly from the universal
properties of prefixed sum (the last property because the
mediating map is inLin):

Lemma 7.7 Properties of prefix match:

(i) J� ` [�:u > �:x) t] : QK �= J� ` t[u=x] : QK

(ii) J� ` [�:u > �:x) t] : QK �= ? if � 6= �

(iii) J� ` [�i2Iui > �:x) t] : QK
�= J� ` �i2I [ui > �:x) t] : QK

7.3 Expressive power

The linearity constraints imply that ALLAN cannot en-
code CCS in full generality. In particular, the translation
of Section 3.3 of a CCS term like

rec x:(a:xj�a:x)

is not well-formed, sincex is crossed with itself in

P Ja:xK J�a:xK :

But with the minor restriction that no variable occurs
freely on both sides of a parallel composition, the trans-
lation into ALLAN provides the same presheaf seman-
tics of CCS as the translation into HOPLA.

On the other hand, the tensor type of ALLAN allows
us to define processes of the kind encountered in treat-
ments ofnondeterministic dataflow[16]. DefineP re-
cursively so that

P = a:P+ b:P ;

consisting of streams (or sequences) ofa’s andb’s.

Example 7.8 A processA of typeP ( P which se-
lects and outputsa’s while ignoring allb’s:

rec f:�x:[x > a:x0 ) a:(f x0)] + [x > b:x0 ) f x0]

We havee.g.JA a:a:b:?K �= Ja:a:?K. 2

Example 7.9 A processB of typeP � P which pro-
duces two identical, parallel streams ofa’s andb’s as
output:

rec p:[p > x� y ) (a:x� a:y) + (b:x� b:y)]

The category of elements ofJBK has objects(s� s0;0)

where one of the stringss; s0 overfa; bg is a substring
of the other. 2

Notice the “entanglement” of the two sides of the ten-
sor above: the capabilities of the process on one side
is restricted by what the process on the other side has
done. Such an effect cannot be obtained using HOPLA’s
products because nondeterministic sum distributes over
pairing (Figure 13, item (xiii)). In other words, choices
on one side cannot effect the other.

Example 7.10 A processC of typeP( (P�P)which
separates a stream ofa’s andb’s into two streams, the
first consisting solely ofa’s and the second solely ofb’s:

rec f:�z:[z > a:z0 ) [(f z0) > x� y ) a:x� y]] +

[z > b:z0 ) [(f z0) > x� y ) x� b:y]]

We havee.g.JC a:a:b:?K �= Ja:a:?� b:?K. 2

Of course, what we would like at this stage is to de-
fine an operational semantics that allows us to “execute”
these examples, and prove it sound and complete with
respect to the denotational semantics (in some sense).
Unfortunately, as we shall see in the next section, this
has turned out to be difficult.
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7.4 Operational semantics

Consider a closed termt of ALLAN of type P, and write
t also for the presheaf interpreting it. Sections 4.3 and
6.1 suggest that we should look toEbtc for an opera-
tional understanding oft in terms of a transition system.
We would then hope that for any morphism

(?;0)
!p��! (p; x)

of Ebtc, the presheaf rooted at(p; x) is again the deno-
tation of a termt0, so that we would have a correspond-
ing transitiont

p
�! t0 in the operational semantics.

This turns out to be the case for ground type, but it does
not hold in general at higher order. With the hope of be-
ing able to extend to higher order later, we shall restrict
ourselves to ground types.

At ground type we expect a correspondence between
the labels used in transitionst

p
�! t0 and the patterns

of pattern match terms, so making it possible to give
operational semantics to pattern matching. We therefore
start by investigating patterns.

7.4.1 General patterns

An obvious extension of ALLAN is to allow general
patterns according to

p; q ::= x j �:p j (p;�) j (�; q) j p� q

—with p being well-formed if all its variables are dis-
tinct. A match[u > p ) t] can be understood induc-
tively as an abbreviation for a term in ALLAN, accord-
ing to Figure 18. However, we can get useful insight by
giving denotational semantics to patterns directly. For
this we use judgements of the form

x1 : P1; : : : ; xk : Pk 
 p : P

with thexi distinct, interpreted as functors

(P1 � � � �� Pk)?
a
�! P?

according to Figure 19. Since there are no rules for
weakening or exchange, we have

Lemma 7.11 The environment� for which� 
 p : P
is given uniquely byp andP.

The four pattern matches of ALLAN can be replaced by
a single one, given by the typing rule

� ` u : P � 
 p : P �;� ` t : Q

�;� ` [u > p) t] : Q

Confusing syntax and semantics, we’ll writep� for the
mapP? ! �? of Lin obtained by composition as
X 7! X(p�). With � and� empty, the interpretation
of the above rule is obtained as�i2It(ui) where

�i2Ibuic with I = buc(p?)

is the rooted component decomposition ofp�buc 2 c�?.
Intuitively, I is the set of ways thatumay perform com-
putations matchingp, and theui’s are the processes that
u may become afterwards. This is the key to an opera-
tional semantics for the first-order fragment of ALLAN.

7.4.2 The tensor fragment

We now consider thetensor fragmentof the affine-
linear language, the first order fragment obtained by
leaving out products (for brevity). We’ll only need a
sub-language of patterns,

p ::= �:x j p� x j x� p :

We obtainactionsas imagesJ� 
 p : PK(?) 2 P? for
which we’ll write

a ::= � j a�? j ?� a :

Conversely, for eacha we may recover a patternpa
(unique up to variable names) by replacing all?’s of a
with distinct variables. We let actions stand for patterns
and write

P1 � � � �� Pk 
 a : P

wheneverx1 : P1; : : : ; xk : Pk 
 pa : P. Because of
Lemma 7.11,(P1 � � � � � Pk)? is uniquely given bya
andP; in fact, it is isomorphic to the path order above
a 2 P? with pa its inclusion intoP?.

If � 
 a : P and� ` t : P we writea�t for the map

�
btc
���! P?

p�
a��! �?

of A� . With t closed,a�t is a presheaf over a lifted
path order and therefore has a decomposition as a sum
of rooted presheaves by Proposition 6.3. It turns out
that each rooted component has the formbt0c for a de-
notationt0 of a term of type�. Judgementst

a
�! t0

in the operational semantics will express thatbt0c is a
rooted component ofa�t. In fact, derivations of transi-
tionst

a
�! t0 will be in 1-1 correspondence with com-

ponents of the decomposition ofa�t.
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[u > x) t] � t[u=x]

[u > �:p) t] � [u > �:x) [x > p) t]] for a fresh variablex
[u > (p;�)) t] � [u > (x;�)) [x > p) t]] for a fresh variablex
[u > (�; q)) t] � [u > (�; x)) [x > q ) t]] for a fresh variablex
[u > p� q ) t] � [u > x� y ) [x > p) [y > q ) t]]] for fresh variablesx; y

Figure 18: General patterns as abbreviations

Typing Interpretation

x : P 
 x : P P?
1
�! P?

� 
 p : P� � 2 A

� 
 �:p : ��2A�:P�

�?

p
�! P�? � 2 A

�?

bin� pc
�����! (��2A�:P�)?

� 
 p : P

� 
 (p;�) : P& Q

�?

p
�! P?

�?

p
�! P?

in1���! (P& Q)?

� 
 q : Q

� 
 (�; q) : P& Q

�?

q
�! Q?

�?

q
�! Q?

in2���! (P& Q)?

� 
 p : P � 
 q : Q

�;� 
 p� q : P� Q

�?

p
�! P? �?

q
�! Q?

(�� �)?
p � q
����! (P� Q)?

� 
 p : Pj [�~P :~P=~P ]

� 
 p : �j ~P :~P

� 
 p : �j ~P :~P

� 
 p : Pj[�~P :~P=~P ]

�j ~P :~P andPj [�~P :~P=~P ] denote equal path
orders, so the premise and conclusion are in-
terpreted as the same map.

Figure 19: Semantics of patterns

(vl)
e1 Z) u

a�?
����! e01 Z) u0

e1; u > x� y; e2 Z) x
a
�! e01; u

0 > x� y; e2 Z) x

(r)
e Z) t[rec x:t=x]

a
�! e0 Z) t0

e Z) rec x:t
a
�! e0 Z) t0

(s)
e Z) tj

a
�! e0 Z) t0

e Z) �i2Iti
a
�! e0 Z) t0

j 2 I

(p)
e Z) �:t

�
��! e Z) t

(pm)
e Z) u

�
��! e0 Z) u0 e0 Z) t[u0=x]

a
�! e00 Z) t0

e Z) [u > �:x) t]
a
�! e00 Z) t0

(tl)
e Z) t

a
�! e0 Z) t0

e Z) t� u
a�?
����! e0 Z) t0 � u

(tm)
e; u > x� y Z) t

a
�! e0; u0 > x� y Z) t0

e Z) [u > x� y ) t]
a
�! e0 Z) [u0 > x� y ) t0]

Figure 20: ALLAN operational semantics
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The operational semantics is informed by isomor-
phisms saying how to find the rooted components of
a�t. As an example we have the isomorphisms on the
left below, suggesting the rules on the right:

��(�:t) �=

(
btc if � = �

? if � 6= � �:t
�
��! t

a��i2Iti �= �i2Ia
�ti

tj
a
�! t0

�i2Iti
a
�! t0

j 2 I

These rules are for closed terms. In the semantics

a�[u > x� y ) t] �= [u > x� y ) a�t] ;

which suggests that we lett (an open term) take ana-
transition in the “environment”u > x�y. Syntactically,
environmentse are lists of such matches. An environ-
ment “exports” a set of variables; the empty environ-
ment exports the empty set, whilee; u > x � y exports
what e exports, except the free variables ofu, plusx
andy. We may formalise this using a judgement

e ` x1 : P1; : : : ; xk : Pk

(with thexi distinct) which denotes the same presheaf
overP1 � � � �� Pk as

[e) x1 � � � �� xk ] :

A term t in environmente will be written e Z) t. For
e ` �;� and� ` t : P, we give the judgement

` e Z) t : P; �

the same denotation as the term

[e) t� x1 � � � �� xk]

where thexi are now the variables exported bye but not
free int.

The operational rules are shown in Figure 20. The
left rules(vl) and(tl) have the obvious right counter-
parts. In(tm) x andy are implicitly renamed to avoid
overshadowing of exported variables in the environ-
mente; u > x� y. The rules are well-typed:

Lemma 7.12 Assumè e Z) t : P; �. If

e Z) t
a
�! e0 Z) t0 ;

thenP0 
 a : P and` e0 Z) t0 : P0; �.

jxj = 1

j rec0 x:tj = 1

j recn+1 x:tj = jt[recn x:t=x]j� 1

j�i2Itij = (supi2I jtij)� 1

j�:tj = jtj� 1

j(t; u)j = maxfjtj; jujg� 1

jt� uj = jtj� juj
j[u > p) t]j = jtj� juj

j�j = 0

je; u > pj = jej� jtj

je Z) tj = jej� jtj

Figure 21: Size measure for terms, environments, and
terms in environments

If we replace(r) by the rule

e Z) t[recn x:t=x]
a
�! e0 Z) t0

e Z) recn+1 x:t
a
�! e0 Z) t0

for tagged recursion, we expect all transition sequences
to be finite. This can be proved by defining a size mea-
surej � j on terms in environments, see Figure 21. Sizes
are measured using ordinals because of the possibly
infinite sums and� is the “natural addition” of ordi-
nals [18], which is commutatice, associative and strictly
monotone in each argument.

Lemma 7.13 Assumè e Z) t : P; � with tagged re-
cursion. If

e Z) t
a
�! e0 Z) t0 ;

thenje Z) tj > je0 Z) t0j.

Building on this fact, we can prove the main result be-
low which says that rooted components correspond to
derivations. It is proved by well-founded induction us-
ing an order based on the size measure. The induction
hypothesis says that for̀ e Z) t : P; � andP0 
 a : P
with ~x � x1 � � � � � xk any subset of the variables in
�, we have(a�?)�[e) t� ~x] �= �db[e

0 ) t0 � ~x]c

whered ranges over derivations with conclusion of the
form e Z) t

a
�! e0 Z) t0.

Theorem 7.14 Assumè t : P andP0 
 a : P. Then
a�t �= �dbt

0c where the sum is over all derivationsd
with conclusionZ) t

a
�! Z) t0.
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B > x� y Z) a:x
a
�! B > x� y Z) x

B > x� y Z) a:x� a:y
a �?
����! B > x� y Z) x� a:y

B > x� y Z) (a:x� a:y) + (b:x� b:y)
a�?
����! B > x� y Z) x� a:y

Z) [B > x� y ) (a:x � a:y) + (b:x� b:y)]
a�?
����! Z) [B > x� y ) x� a:y]

Z) B
a �?
����! Z) [B > x� y ) x� a:y]

Figure 22: An example derivation

Example 7.15 Consider the processB of Example 7.9.
In the operational semantics we can derivee.g.

Z) B
a�?
����! Z) [B > x� y ) x� a:y]

—see Figure 22. Notice how the term on the right “re-
members” the choice of doing ana action first. 2

Extending the operational semantics and Theorem 7.14
to higher order is proving difficult. The HOPLA-like
rules

e Z) t[u=x]
a
�! e0 Z) t0

e Z) �x:t
u 7! a
�����! e0 Z) t0

e Z) t
u 7! a
�����! e0 Z) t0

e Z) t u
a
�! e0 Z) t0

would contaminate actions with exported variables and
this does not always make sense. As an example, con-
sider the “derivation”

...

Z) t� u
(y 7! a)�?
���������! t0

t� u > x� y Z) x
y 7! a
����! t0

t� u > x� y Z) x y
a
�! t0

Z) [t� u > x� y ) x y]
a
�! t0

In Z) t � u
(y 7! a)�?
���������! t0 the correspondence be-

tweenu andy is lost. This difficulty is in fact what led
us to HOPLA, and it seems appropriate at this point to
give its denotational semantics.

Recall from Section 5.2 the inadequacy ofLin as
a denotational model of process calculi. In that sec-
tion, we discussed two reasonable responces to this, of
which one was to employ lifting(�)? to allow maps
to ignore their arguments. The other—more radical—
response was to employ a suitable exponential!(�) in
order to allow arbitrary copying of arguments.

8 Copying

As for the exponential! of linear logic, there are many
possible choices—see [21]. Intuitively, an object of!P
should represent a computation path of an “assembly”
of processes each with computation paths inP—the as-
sembly of processes can then be the collection of copies
of a process, possibly at different states.

If we take !P to be thefinite-colimit completionof
P, an object of!P as a finite colimit would express how
paths coincide initially and then branch. One way to un-
derstand this object as a computation path of an assem-
bly of processes is that the assembly is not fixed once
and for all. Rather the assembly grows as further copies
are invoked, and these copies can be made of processes
after they have run for a while. The copies can then
themselves be run and the resulting processes copied.
In this way, by keeping track of the origins of copies,
we can account for the identifications of subpaths.

With this choice of exponential, there is an obvious
inclusion functoriP : !P ! bP, playing the role of
Yoneda in Section 4.2 and strict Yoneda in Section 6.

In particular, it can be shown thatbPwith iP is the free
filtered colimitcompletion of!P. Spelled out, given any
functorF : !P ! C whereC has all filtered colimits,
there is a filtered-colimit preserving functorG : bP! C,
determined to within isomorphism, such thatGÆiP�= F

(see [17]):

!P
iP //

F
&&MMMMMMMMMMMMM bP

G

��
C

It follows that maps!P ! Q in Lin correspond, to
within isomorphism, tocontinuous(i.e., filtered colimit
preserving) functorsbP! bQ .
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8.1 A cartesian closed category

DefineCts to be the category consisting of small cate-
goriesP;Q; : : : as objects and morphismsF : P ! Q
the continuous functorsF : bP ! bQ ; they compose
as functors. ClearlyLin is a subcategory ofCts, one
which shares the same objects. We have

Cts(P;Q) ' Lin(!P;Q)

for all small categoriesP;Q. The categoryCts is the
coKleisli category of the comonad based on finite-
colimit completions. The unit of the corresponding ad-
junction is given by mapscopy : P! !P ofCts, which
play the role ofb�c from A� . We can easily charac-
terise those maps inCts which are inLin:

Proposition 8.1 SupposeF : bP ! bQ is a functor
which preserves filtered colimits. Then,F preserves all
colimits iffF preserves finite coproducts.

So a continuous map is linear iff it preserves sums.
There is an isomorphism!(P& Q) �= !P � !Q mak-

ingCts cartesian closed; this immediately allows us to
interpret the simply-typed lambda calculus with pair-
ing inCts. ProductsP& Q in Cts are given as inLin
but now viewing the projections as continuous functors.
The function spaceP! Q is given by(!P)op�Q. Like
A� , the categoryCts does not have coproducts and
so we again resort to the coproduct ofLin to construct
a prefixed sum. The definition is the same that of Sec-
tion 6.6, we just need to replace(�)? with !(�) and
b�c with copy .

8.2 Equivalence

The category!P has an initial element?, given by the
empty colimit, and so we can decompose any presheaf
X over !P as a sum of rooted presheaves. This is the
key to a correspondence with the operational seman-
tics of HOPLA. We may interpretP : a : P0 as a map
P ! !P0 of Lin by letting the judgement for� in Fig-
ure 10 denote restriction to!P� , and inductively inter-
pretingu 7! a; (a;�); (�; a) as the denotation ofa pre-
composed with the map given by application toJuK, and
first and second projections, respectively. The rules are
then sound in the sense that ift

a
�! t0 then (iden-

tifying a term with its denotation)copy t0 is a rooted
component ofa(t), and in fact, there is a 1-1 correspon-
dence between derivations with conclusiont

a
�! t0,

for somet0, and the rooted components ofa(t), so the
rules are also complete.

8.3 Bisimulation

Interestingly, although the operational bisimulation of
Park/Milner is a congruence for HOPLA, maps ofCts

do not in general preserve open maps. This suggests that
one should look at other notions of open map,cf. Sec-
tion 6.2. Indeed, for each “inclusion”iP : !P! bP, there
is a corresponding notion ofiP-bisimulation. Unfortu-
nately for our choice of exponential,iP-bisimulation
degenerates into isomorphism, but there are choices of
exponential whose correspondingiP-bisimulation coin-
cide with open-map bisimulation, and one may hope
to recover operational bisimulation asiP-bisimulation
for some choice of exponential (or expose it as a union
of such bisimulations). In fact, it appears that the cor-
respondence between the denotational and operational
semantics can be proved abstractly, depending only on
properties of the prefixed sum, so that it holds also for
other choices of exponential.

9 Independence

Returning to the operational semantics of ALLAN, con-
sider again the termB of Example 7.9. In the opera-
tional semantics, we may derive transitions

Z) [B > x� y ) x� a:y]

?�a

��?
??

??
??

Z) B

a�?

??�������
Z) [B > x� y ) x� y]

But we do not have a general result saying how such a
diagram can be completed into a diamond correspond-
ing to

(a� �;0)

?�a

��?
??

??
??

(�� �;0)

a�?
??�������

?�a ��?
??

??
??

(a� a;0)

(�� a;0)

a�?

??�������

in the category of elements. In other words, as it stands
the operational semantics gives aninterleaving model
of the tensor fragment, whereas the presheaf semantics
seems to be anindependence model. This distinction
is fundamental in concurrency theory. An interleaving
model explains concurrency in terms of nondetermin-
ism, whereas concurrency is taken as basic in indepen-
dence models. For the processB this means that the two
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transitions above are consideredindependent, they can
happen in any order, and having done both, the resulting
state is silent about which occurred first.

The diamond property holds for the processB, but
until now we have been unable to prove (or disprove)
wether it holds in general for the operational seman-
tics of the tensor fragment. However, the considerations
about the independence present in the presheaf seman-
tics of the tensor fragment has led us to realise that de-
finable presheaves can be represented byevent struc-
tures [26], a standard independence model of concur-
rency. In detail, categories of elements of definable pre-
sheaves can be seen as posets of configurations of event
structures.

Event structures were originally used as concrete rep-
resentations of domains. Interestingly, in our applica-
tion, event structures may play both these roles, inter-
preting types as well as terms of the tensor fragment.

The material below describes work in progress.

9.1 Types as event structures

Definition 9.1 A prime event structure with binary
conflict, or justevent structure, is a tripleP = (E;�;`)

whereE is a set ofeventsupon which a partial order�
of causalityand a binary, symmetric, irreflexive relation
` of conflictare defined. This data must satisfy

dee =def fe
0 j e0 � eg is finite for everye 2 E

e ` e0 � e00 ) e ` e00 for all e; e0; e00 2 E

Notation 9.2 We use Girard’s notation:a
`

is the com-
plement of`, the reflexive closure of which is written
`

a
with complementa. Specifying one relation clearly

determines all of them.

Definition 9.3 A configurationof P = (E;�;`) is
a finite subsetp of E which is down-closed:8e 2
p: dee � p and consistent:8e; e0 2 p: e a

`
e0. The

poset of configurations ofP ordered by inclusion is also
writtenP. Note thatP contains both; anddee for any
e 2 E. Below, we’ll consistently write? 2 P for the
empty configuration. Two configurationsp; p0 2 P are
compatible, writtenp " p0, if they have an upper bound
in P.

We list some basic constructions of event structures:

Lifting If P = (E;�;`) is an event structure, then its
lifting, writtenP?, is the event structure given by

events:f?g [ fdee j e 2 Eg

causality:p � p0 iff p � p0

conflict:p ` p0 iff p 6 "P p0

The posetP? is isomorphic toP with a new least ele-
ment added.

Sum If Pi = (Ei;�i;`i) are event structures fori 2 I ,
then theirsum, written �i2IPi, is the event structure
given by

events:fi : e j e 2 Eig

causality:i : e � j : e0 iff i = j ande �i e
0

conflict: i : e ` j : e0 iff i 6= j or (i = j ande `i e
0)

The poset�i2IPi is isomorphic to the coalesced sum of
pointed posetsPi, i 2 I . The non-? elements will be
written i : p for p 2 Pi.

Lifted sum If P� for � 2 A are event structures, then
their lifted sum, written��2A�:P�, is the event struc-
ture��2AP�?. The corresponding poset is isomorphic
to the lifting of the separated sum of theP�. The non-?
elements will be written�:p for p 2 P�.

Tensor If Pi = (Ei;�i;`i) are event structures for
i = 0; 1 then theirtensor product, writtenP0 � P1, is
the event structure given by

events:fi : e j e 2 Eig

causality:i : e � j : e0 iff i = j ande �i e
0

conflict: i : e ` j : e0 iff i = j ande `i e
0

The posetP0 � P1 is isomporhic to the usual cartesian
product of posets. The non-? elements will be written
p� q for p 2 P0 andq 2 P1 (not both?).

Above If P = (E;�;`) is an event structure withp 2
P, then the event structurep�P has eventsfe 2 E j

8e0 2 p: e a e0g, i.e. those events that may extend
the configurationp. Causality and conflict are simply
restrictions of� and` to these events. The posetp�P of
configurations is isomorphic to the poset abovep 2 P.

The constructions above allow us to interpret the types
P;Q; : : : of the tensor fragment as event structure. Be-
ware that because of the empty configuration, all types
are now interpreted aspointed posets, and so corre-
spond toP? of Section 6.

Recursive types are obtained as lubs in the (large) cpo
of event structures ordered by a substructure ordering,
see [26], with respect to which the constructions above
are continuous.
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The actions of Section 7.4.2 are recovered as a sub-
language of the following language of configurations of
type interpretations, calledpathsbelow:

p; q ::= ? j �:p j p� q

Here, the syntax is restricted to rule out “synonyms” of
? like ?�?. A well-formed pathp : P, interpreted as
the obvious elementp 2 P, is derived using the rules
below:

? : P

p : P� where� 2 A

�:p : ��2A�:P�

p : P q : Q

p� q : P� Q
(p; q) 6= (?;?)

Notice that because of the restriction, there is a 1-1
correspondence between elements of path ordersP and
derivations ofp : P. We’ll confuse syntax and denota-
tions for path orders and paths.

Lemma 9.4 Supposep : P. Then the posetp�P is (to
within isomorphism) again a path order.

Accordingly, whenp : P, we’ll treat the expressionp�P
as a syntactic synonym for a path order, according to

?�P = P
(�:p)�(��2A�:P�) = p�P�

(p� q)�(P� Q) = p�P� q�Q

The language of patterns of Section 7.4.1 is obtained
from the language of paths by replacing the?’s with
distinct variables and removing the restriction in the
tensor rule. For any pattern� 
 p : P, we have� �=
(p?)�P. Given a patternx1 : P1; : : : ; xk : Pk 
 p : P
and pathsp1 : P1; : : : ; pk : Pk, we’ll write p(~p) for the
path obtained by applyingp to thepi. Because of the
syntactic restriction on paths, this is not just substitu-
tion. As an example, we have(x� y)(?;?) = ?.

Having represented types, paths, and patterns of the
tensor fragment using event structures, we turn to terms.
To this end, we’ll need morphisms between event struc-
tures.

9.2 Terms as spans

Definition 9.5 Consider two event structuresX =

(E1;�1;`1) andP = (E2;�2;`2). A morphism� :

X! P is a function� : E1 ! E2 that for alle; e0 2 E1

satisfies�dee � d�ee ande a1 e
0 ) �e a2 �e

0.

Lemma 9.6 Let � : X ! P be a morphism of event
structures. Then� sends configurations ofX to config-
urations ofP and

8x 2 X: 8e; e0 2 x: �e = �e0 ) e = e0

i.e.,� is injective on configurations.

Definition 9.7 With the notation of Definition 9.5, the
morphism� : X ! P is synchronous, if for all e 2 E1,
�dee = d�ee.

Lemma 9.8 Let � : X ! P be a synchronous mor-
phism. Then for allx 2 X andp 2 P, we have

p � �x) 9!x0 2 X: x0 � x and�x0 = p ;

i.e., a smaller “output” configuration is obtained from
a unique smaller “input” configuration. We’ll writexjp
for the unique subconfigurationx0 of x.

A synchronous morphism� : X ! P induces a pre-
sheafX overP as follows:

X(p) = fx 2 X j �x = pg

If p � p0, X mapsx 2 X(p0) to xjp. Note thatX
is rooted becauseX(?) is the singleton consisting of
the empty configuration ofX . Further, the category of
elements ofX is isomorphic to the posetX .

Using synchronous morphisms and the constructions
on event structures above, we are able to interpret most
of the tensor fragment. But for pattern match, we need
to be able to interpret open terms, and so we need
an event structure representation of the maps ofA� ,
which up to isomorphism arerooted profunctorsF :

P �7! Q (recall thatP andQ are pointed!). We shall
make no distinction betweenF as a functorP! bQ and
F as a bifunctorP� Qop ! Set.

Let P andQ be path orders. We’ll consider spans
h�;X; �i of the form

X
�

����
� �

  @
@@

P Q

Here,X is an event structure and� is a synchronous
morphism, while� is a strict, monotone map of posets.
This is equivalent to requiring that� maps events ofX
to configurations ofP such that

e � e0 ) �e � �e0 and e a
`
e0 ) �e "P �e

0
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We writeSpn(P;Q) for the class of such spans. They
induce profunctorsF = F (�;X; �) : P �7! Q as fol-
lows:

F (p; q) = fx 2 X j �x � p and�x = qg :

If p � p0, thenF (p � p0; q) mapsx 2 F (p; q) to it-
self as an element ofF (p0; q), while for q0 � q in Q,
F (p; q0 � q) mapsx 2 F (p; q) to xjq0 . Note thatF
is rooted in the sense that for anyp 2 P, F (p;?) is
the singleton containing the empty configuration ofX .
A crucial observation is thatF is stable: as a functor
P ! bQ , it preserves pullbacks. SinceP has all pull-
backs, given by intersection of configurations, this in-
tuitively means that any output ofF is obtained from
a unique, minimal input. In detail, ifx 2 F (p; q) for
somep; q, then�x � p is the unique, minimal input
needed for this computation.

One can now show that the poset of configurations
of X is isomorphic to the category of elements ofR p2P

Fp. This fact can be interpreted as saying thatF

can be viewed as a process with computation paths inQ,
with needed input assigned to each computation state.

Being a morphism of event structures,� induces a
strict, monotone map of posetsX ! Q. So� and�
can be seen as two maps of the same kind, suggesting
how to compose spans. Leth�0; X0; �0i be a span in
Spn(P;Q) andh�1; X1; �1i a span inSpn(Q;R). We
can then form a pullback in the category of (pointed)
posets and (strict) monotone maps:

X
�0
}}

�1
!!

X0�0

~~~~
~ �0

!!B
BB

X1�1

}}||
| �1

  A
AA

P Q R

So, the posetX is (up to isomorphism) given by

f(x0; x1) 2 X0 �X1 j �0x0 = �1x1g

—with componentwise order, and�0; �1 the obvious
projections. The non-? elements ofX will be written
(x0; x1) with x0 2 X0 andx1 2 X1. In fact, X is
isomorphic to the poset of configurations of an event
structureX = (E;�;`) with

events:f(x0; e1) 2 X0 �E1 j �0x0 = �1e1g

causality:(x0; e1) � (x00; e
0
1) iff x0 � x00 ande1 �1 e

0
1

conflict: (x0; e1) ` (x00; e
0
1) iff x0 6 "0 x00 or e1 `1 e

0
1

This is an event structure and the map�1 : E ! E1

taking (x0; e1) to e1 is synchronous. Since strict mor-
phisms compose we have

h�0 Æ �0; X; �1 Æ �1i 2 Spn(P;R) :

As is to be expected from defining composition via pull-
backs, associativity holds only up to isomorphism, sug-
gesting a bicategory with objectsP;Q; : : : and spans
as arrows. In fact, we expect spans to arise as some
sub-bicategory ofProf , the bicategory of profunctors.
However, the exact relationship is yet to be determined.

In any case, the spans can be used to provide an al-
ternative denotational semantics to the tensor fragment.
Below, we’ll write PJ�K;SJ�K for the interpretations
as (rooted) profunctors and spans, respectively. We have

Proposition 9.9 Let t be any term of the tensor frag-
ment. ThenPJtK is isomorphic to the profunctor in-
duced bySJtK.

PROOF: By structural induction on (the typing deriva-
tion) of t. 2

9.3 Stable operational semantics

The event structure semantics may be exploited to ob-
tain a new, simpler operational semantics. Rather than
working with closed terms, we may derive both output
and the corresponding minimal input foropen terms,
using judgements of the form

x1 : p1; : : : ; xk : pk ` t
q
�! t0 :

Here, we havex1 : P1; : : : ; xk : Pk ` t : Q and
p1; : : : ; pk are paths of typeP1; : : : ;Pk, respectively,
while q is a path of typeQ. The operational rules are
shown in Figure 23. We can show that the rules are
type-correct in the sense that for a derived transition as
above, we have

x1 : p
�
1P1; : : : ; xk : p

�
kPk ` t

0 : q�Q :

Intuitively, this says thatt0 has the type of a process
obtained by lettingt use some input and produce some
output. Semantically, there is a 1-1 correspondence be-
tween derivations with conclusion of the above form
and configurationsx 2 JtK with �x = p1 � � � � � pk
and�x = q. Except for recursion, this can be proved
by structural induction ont, and so we avoid the use
of a size measure. Further, we can show the diamond
property for this semantics.
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(i)
x : p ` x

p
�! x

(w)

 ` t

q
�! t0


; x : ? ` t
q
�! t0

(e)

; x : p; y : q; Æ ` t

r
�! t0


; y : q; x : p; Æ ` t
r
�! t0

(r)

 ` t[rec x:t=x]

p
�! t0


 ` rec x:t
p
�! t0

(s)

 ` tj

p
�! t0


 ` �i2Iti
p
�! t0

j 2 I (a)

 ` t

p
�! t0


 ` �:t
�:p
���! t0

(t)

 ` t

p
�! t0 Æ ` u

q
�! u0


; Æ ` t� u
p� q
����! t0 � u0

(m)
Æ ` u

p(~p)
���! u0 
; ~x : ~p ` t

q
�! t0


; Æ ` [u > p(~x)) t]
q
�! [u0 > ~x) t0]

(b)
~x : ~? ` t

?
��! t

Figure 23: ALLAN stable operational semantics

The event structure semantics suggests a stable func-
tion space, for which we seem to be able to provide an
operational counterpart by refining the above rules. On
the down side, at higher order the profunctors induced
by spans (most probably) don’t coincide with those ob-
tained from the function space of the presheaf seman-
tics. The difference is analogous to that between the do-
main theory of Dana Scott and the stable domain theory
of Gérard Berry.
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[2] T. Braüner. An Axiomatic Approach to Adequacy. BRICS Dis-
sertation Series DS-96-4, 1996.

[3] G. L. Cattani. Presheaf Models for Concurrency. BRICS Dis-
sertation Series DS-99-1, 1999.

[4] G. L. Cattani, M. P. Fiore, and G. Winskel. A theory of recursive
domains with applications to concurrency. InProc. LICS’98.

[5] G. L. Cattani, A. J. Power, and G. Winskel. A categorical
axiomatics for bisimulation. InProc. of CONCUR’98, LNCS
1466, 1998.

[6] G. L. Cattani, I. Stark, and G. Winskel. Presheaf models for the
�-calculus. InProc. CTCS’97, LNCS 1290.

[7] M. P. Fiore, G. L. Cattani, and G. Winskel. Weak bisimulation
and open maps. InProc. LICS’99.

[8] T. T. Hildebrandt. A fully abstract presheaf semantics for SCCS
with finite delay. InProc. CTCS’99, ENTCS 29.

[9] T. T. Hildebrandt. Categorical Models for Concurrency: Inde-
pendence, Fairness and Dataflow. BRICS Dissertation Series
DS-00-1, 2000.

[10] T. T. Hildebrandt, P. Panangaden, and G. Winskel. Relational
semantics of non-deterministic dataflow. InProc. CONCUR’98,
LNCS 1466.

[11] C. A. R. Hoare. Communicating sequential processes.Commu-
nications of the ACM, 21:666–677, 1978.

[12] D. J. Howe. Proving congruence of bisimulation in func-
tional programming languages.Information and Computation,
124(2):103–112, 1996.

[13] B. Jacobs. Semantics of weakening and contraction.Annals of
Pure and Applied Logic, 69:73–106, 1994.

[14] A. Joyal, M. Nielsen, and G. Winskel. Bisimulation from open
maps.Information and Computation, 127:164–185, 1996.

[15] A. Joyal and I. Moerdijk. A completeness theorem for open
maps.Annals of Pure and Applied Logic, 70:51–86, 1994.

[16] G. Kahn. The semantics of a simple language for parallel pro-
gramming.Information Processing, 74:471–475, 1974.

[17] G. M. Kelly. Basic concepts of enriched category theory. Lon-
don Math. Soc. Lecture Note Series 64, CUP, 1982.

[18] A. Levy. Basic Set Theory. Springer-Verlag, 1979.

[19] S. Mac Lane and I. Moerdijk.Sheaves in Geometry and Logic.
Springer-Verlag, 1992.

[20] M. Nygaard. Towards an Operational Understanding of Pre-
sheaf Models. Progress report, University of Aarhus, 2001.

[21] M. Nygaard and G. Winskel. Linearity in process languages. In
Proc. LICS’02.

[22] M. Nygaard and G. Winskel. A higher-order process language.
In Proc. CONCUR’02.

[23] D. Park. Concurrency and automata on infinite sequences. In
Proc. 5th GI Conference, LNCS 104, 1981.

[24] R. Milner. A Calculus of Communicating Systems. LNCS 92,
1980.

[25] R. Milner. Communication and Concurrency. Prentice Hall,
1989.

[26] G. Winskel. Event structures. LNCS 255, 1987.

[27] G. Winskel. A presheaf semantics of value-passing processes.
In Proc. CONCUR’96, LNCS 1119.

[28] G. Winskel and M. Nielsen. Models for concurrency. InHand-
book of Logic in Computer Science, vol 4, OUP, 1995.

27


