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Abstract

The ordering on terms used in the equivalence proof of Section 3.4
of the progress report is not well-founded and the operational semantics
suffers from a confusion between terms considered as terms and terms
considered as terms-in-context. We address both issues below.

1 Patterns

General patterns are given by the grammar

pgu=1lz|ap|(p,-) (a0 |[p®q

The associated judgments have the form z1 : Py, ..., 2z, : P, IF p: P where
the variables of p are exactly the x; with no repetitions. Such a judgment is
interpreted as a functor (P1 ® - -- ® P,,) | £ P, according to the following
formation rules with interpretations:

F1:P 0, Lt=Ll.p,
z:Plkz:P P, P,
HIFp: P,y I, 2-P,
II I+ a.p:@a]?al HLM}@Q]}DGLJ;J_)(@QPQL)L
iFp: P m, -1,
I I- (p,-) : PRQ Hli_)lem_lL)(P&@)l
OIFp:P AlFg:Q o, 2P, A Q)

ILAFp®q:PQQ (MeA), 2, xA; 2X9P, xQ, 2 (P®Q).

— where |—| : P — P, maps P to | P| and where for any functor F': P — Q,
we define the strict extension F| : P, — Q, by F1 = 1 and F|P| =
| FP]. Given a well-formed pattern IT I p : P, we may construct the map
p*:1I; — P, of Cocont to be

Yoneda

p*X = Ii(YHJ_(p_)’X) = X(p—)



and then
[[t >p=ul] = [T (p* o [t))P . uP

for'Ft:Pand II,LAFu: Q.

1.1 Strict patterns

The pattern sublanguage obtained by omitting a.p is interpreted by strict
functors F'| : P, — Q according to the above. Of course, we may simplify
such interpretations to just F' : P — Q and doing so allows us to define a
map s*: II — P of Cocont and obtain

[[[t > 5= u]]] = fPeHJ‘ {3* o tJP . uP = uoconn (3* OCocont t)

for any strict pattern s :== 1| x | (s,-) | (-,7) | s®r — and t and u as above.

2 Environments

Let e range over finite lists — called environments — of the form
t1 > S1,...,tp > Sp

The empty environment will be written €. For convenience, we’ll assume that
the variables occuring in the si,...,s, are distinct. This restriction is not
essential, but makes the notation simpler. An environment exports variables
bound to presheaves. This can be formalised using a judgment like

e :x1:P,...,x, P,

which is interpreted by a presheaf over P; ® - -- ® P,. The formation rules
and denotational semantics of environments are as follows:

e

e : O
e : x:P
e : T
e : Nax:Py:QA
e : Ny:Quaz:PA

(viaP 2> Qand T® 0 = T)

vViaPQ=Q®P)

e :T,A TFHt:P TIFs:P ecT®A TP TSP
e,t>s : ILA ((s*ot)®1A)(e)€m

A term t in environment e will be written e = ¢t. Fore : ' Aand ' ¢ : P,
we give the judgment - e = ¢ : P; A the denotation [e = t] = ([t] ® 1a)][e]
so that [e = t] = [[e = t ® Z]] where & are the variables exported by e but
not free in ¢ (and where [¢ = t] =1).



el =t sip/zib et

e1,t > s(@),ea =5 x; Lo €t > T ea = 1

e=t; L5 =t .
el:>§]i€1ti1—>e’|:>t’j ez at 225 et

et 25 =t et 25 =t
eb(t,u)%e’@t’ e=t@u 229 =t Qu

et s et et >r=u £ =d
e [t>ar=>u £ ¢ =

et>seu L= et > =
et>s=u L5 et >s =]

Figure 1: Operational rules

3 Operational rules — atomic steps

In the operational semantics it is inconvenient to allow general patterns.
Fortunately, the full generality is not needed since we have the following
isomorphisms

t>1=u] =
[t>ap=u = [t>a:c:>[ac>p:>u]] x fresh
[t>(p,-)=ul = [t>(x,-)=[z>p=ul x fresh
[t>p®q:>u] = [t>x®y:>[:c>p:>[y>q:>u]]] z,y fresh

— effectively reducing the necessery patterns to a.x and

se=z|(z,-) | (y) e ®y

Consider the set of operational rules in Figure 1. The metavariables p, ¢
range over atomic patterns,

pgu=azx|(p-)| (9 |[p®Y|z®q

In the first rule, the variable z; is not bound by es. The vector Z is either x;
or x1 @ w2 with j being 1 or 2. Notice that x; may well change its type going
from left to right. The last rule says that the “point of control” of a term is
found by moving strict patterns into the environment. In other words, the
point of control is the match body to the far right looking through strict
matches. It can be proven by rule induction that if e =t £— €' = ¢’ then
e and ¢’ are lists of the same length, so the last rule is general enough.



4 Type correctness

Proposition 4.1 Assumete=t:P;A. Ifet 2> ¢ =t thenpisa
path with IT I- p : P for some 11, and & ¢’ =t : II; A.
Proof: By rule induction. We look at each rule in turn:

Variable The rule is

e =t SRl oy

e1,t > s(@),ea =5 x; Lo et > T ea = 1

with the variables of p and s disjoint. Assume that - e1,¢ > s,e2 & x; : P; A.
Then ke = t: QA" and Ay, z; : P, Ay IF s : Q for some Q,A’, A1, As. By
the induction hypothesis, A I- s{p/z;} : Q for some A, but this means that
II'IF p: P for some IT and A = Aq,II, Ay. By further use of the induction
hypothesis, - ¢} = t' : A; A’ and so, if we change the type of z; to II, we
get Ay, xj I, Ao IF & : A, so that - €], t' > &, ex = x; : II; A as wanted.
Sum The rule is
e=t; Lo =t
e Yiert; £ =t

jel

Assume F e B Yiert; : P; AL Then for each j € I, we have F e = t; : P; A,
and so by the induction hypothesis, IT I p : P for some IT and + ¢ = t' :
II; A, as wanted.

Prefix The rule is:

e=at 225 et

Assume e at: @ Po ;A Thent e = t: Py; A and since a.x has type
z:Pylkax: @, Py we are done.

Pair The left rule is:
et 25 =t

e (tu) 2 ot

Assume F e & (t,u) : P&Q; A. Then F e = ¢ : P; A and so by the induction
hypothesis, IT IF p : P for some IT and - ¢’ = ¢’ : II; A. Since IT I (p,-) : P&Q
we are done. The proof for the right rule is symmetric.

Tensor The left rule is:

et 25 =t

estou L2Y, o=t eu

Assume F e t®u: P® Q;A. Then for some I' we have I' -« : Q and
Fee=t:P;T,A. By the induction hypothesis, IT I p : P for some II and
Feest :ILT,A ButthenIl,y : QI p®y :PQand ke =t/ Qu:
II® Q; A as wanted. The proof for the right rule is symmetric.



Prefix match The rule is:

et 2 et et >r=u £ =d
e=t>ar=u L5 =0

Assume Fe = [t > ax = ul : P;A. Then Tz : Py Fu:Pand et
B Par;T, A for some I' P Po, A. By the induction hypothesis for the
left premise, we have ¢ =t/ : Pg;T,A and so b€ = [t/ >z = u] : P} A.
The induction hypothesis for the right premise now yields II I p : P and
Fe” = o 1I; A as wanted.

Strict match The rule is:

et>se=u L5 et >
e t>s=u L5 e[t > s =]

Assume F e [t > s = u] : P;A. Then - e,t > s & u : P,A and so by
the induction hypothesis, IT Ik p: P and F €/,¢ > s = «' : II; A. But then
Fe' = [t >s =] 1A as wanted.

By rule induction, the proof is complete. O

5 The size of terms

To enable an equivalence proof based on a well-founded relation > on terms,
we define an ordinal |¢|, measuring the size of the raw term ¢, by structural
induction on t:

x| = 1
[Bierti] = (superlti]) @1
lat] = |t|@1
[(t,u)] = [t @ |ul
t@ul = [t|® u
t>p=ull = [t|®|p|® |u|

— where the size of a pattern, |p|, is the number of variables in p and @ is
the natural addition of ordinals [Levy: Basic Set Theory, 1979]. The need
for ordinals arises because of the possibly infinite sum. The operation & is
associative, has identity 0 and is strictly monotone in each argument. Notice
that for all ¢, [t| > 0. We extend the definition to environments and terms
in environments:

el =0
et >s] = le[@ ]t @ ]s]
et = le[@ [t
Then for all e and ¢ we have |e = t| = |[e = t||. We can now prove



Lemma 5.1 Supposee =t 22— ¢ = t'. Then e =t| > |¢/ = 1/].

Proof: By rule induction. We consider each rule in turn.
Variable The rule is
et ek, oy

e1,t > s(@),ea = x; L €t > Fea =1

Notice that |s| = |Z]. By IH, we have |e; & t| > |} = t'|, and so

|€1,t > S,e9 = SC]'|
= ler =t ®s|®lea B 1
> lef =t ®|s|®lea] @1 strict monotonicity
= e}, t' > @ ex =
as wanted.
Sum The rule is
ety L et
e = Yiert; L et

jel

By IH, we have |e = t;| > |¢/ = t/], and so

e B Zierti
= |le| ®sup;er|ti| @1
> |e| @ sup;er [ti] strict monotonicity, identity zero
> el @ |t property of sup, monotonicity
= le 1
> e/ =t
as wanted.

Prefix The rule is

e=at 22 et

We have
le = a.t|
= lel@t|®1l
> el & |t strict monotonicity, identity zero
= le=t
as wanted.



Pair The rule is

et 25 =t

e (tu) 2 o

By IH, we have |e = t| > |¢/ = t|, and so

e = (t,u)|
= lel@t| @ |u|
> el @ |t strict monotonicity, identity zero
= le=t
> e/ =t
as wanted.

Tensor The rule is

et 25 =t

esteu L2Y, o= teu

By IH, we have |e = t| > |¢/ = t/|, and so

le =t ® ul
= le=t| & |u|
> | = t'|®|u| strict monotonicity
= =ty
as wanted.

Prefix match The rule is

et = =t del>r=u B el
e t>ar=u X5 =0

By IH, we have |e = t| > |¢/ = t/| and € = [t > z = u]| > |/ & /|, and
S0

le = [t > a.x = ul
= le=tlol® |y

> =t |®1@|ul strict monotonicity
= |l [t/ >z=u
> e = |

as wanted.

Strict match The rule is

e,t>seu Lo et >
e t>s=u L5 e[t > s =]




By IH, we have |e,t > s = u| > |¢/, ¢ > ¢’ & /|, and so

le = [t > s = ul|
= le,t > s u
> |t > B
= |t > =

as wanted.

The proof is complete. U

6 A well-founded relation

So transitions are accompained by a decrease in size. But for the equivalence
proof, we really need some ordering on terms in environments that decreases
from conclusion to premise, ie. we want a well-founded order > such that
for each rule

eutf,,u q—> e’/ut:>u/...

=t Lo e =t

we have e; = t = e, = u. An obvious first choice would be
et-cdB=t < leet >t
but that is not good enough for the last rule

e,t>seu 2o et >

e t>s=u 5 [t >s =]

where the sizes are the same. But here, the term part ([t > s = u]) in the
conclusion is strictly larger than the term part (u) in the premise, and so
defining > to be the lexicographic order

ettt — |lest >tV
et =l = t'|At] > ||

is sufficient:

Lemma 6.1 For each rule

ey u s e s

et Lo et

we have e; 5t = e, B u.

Proof: We look at the two interesting cases.



Prefix match The rule is

et s et et >r=u L5 =d
e t>ar=u X5 =0

We have

le = [t > a.x = ul

= le=tlol® |y

> et strict monotonicity, identity zero
le = [t > a.x = ul

= le=tlol® |y

> €=t |eo1e|ul Lemmabs.1

= |l [t/ >z=u

as wanted.
Strict match The rule is

e,t>seu L= &t > =

e t>s=u 5 [t > s =]

We have |e = [t > s = u]| = |e,t > s = u| and

[t > s = u
= |l @ls[@u|
> ul strict monotonicity, identity zero
as wanted.

The rule for prefix has no premises and so the wanted property holds vacu-
ously. The remaining rules are handled as in Lemma 5.1. (|

7 Equivalence proof

Theorem 7.1 Assumett: P and let ITIF p : P be an atomic path. Then,
summing over all derivations d with conclusion of the form = t - = t/,
for some t', we have p*|t] = Xy|t'].

Proof: By well-founded induction on > using the induction hypothesis

QF et=t:P;A): Let II IF p : P be an atomic path and let
Z be any subset of the variables in A. Then, summing over all
derivations d with conclusion of the form e & t £ ¢ & ¢,
for some ¢, t', we have (p® 2)*[[e = t ® Z]| = X4|[¢/ = ' ® Z]].

Because of Proposition 4.1, we need not concern ourselves with questions of
well-formedness in what follows. We proceed by case analysis on t:



Variable There is one possible last rule:

e1,t > s(@),ea = x; L €t > Fea = 1

Let 4/ be the variables exported by e; but not free in t. By the IH we have

(s{p/z;} ®§)"|ler = t @ 4]] = X, |[er = ' @ 4]].

Therefore,
(p®2)*|[e1,t > s,e2 = x; ® 7]
= (p®2)|le1,t >s=x; Q lea = 7]
= lent>s=p*la;] <o [lea = Z]]
= et >s = [z;> p(a’) = [27]] x1[[e2 = ]]]
= e, t>s=[x; > plx ) [e2 jlx’@é’ﬂ]]
> [e=t0f>s@§= [z;>p’) = [e= [/ © 2]
> [ler =t@9) > s{p(@)/z;} @ § = [ea = |2/ @ 7]
= Yullel =ty >TQy= e = [x; @ Z]]]
= Edt[ell,t/>f:> [62:> L.%]@EJH
= Y llet > 7 e =107
— as wanted.

Sum There is one possible last rule:

e=t; o =t
e Yierti = =t/

jel

If 7 are exported by e and not free in Y;crt;, they are not free en t; for any
1 and so by IH we have

p@ ) |fe= @] =Tyl =t @),
for each ¢ € I. Therefore,

(p®2)"|[e = Yiert; ® 7]

[e =D LzzeltzJ X1 LZJ]
le = (Bierp™|ti]) <1 [Z]]
le = Zicr(p*[t:) 1 |Z])]
Sierle = p*|t:] %1 |Z]]
Yierlp® 2)*|[e = t; ® 7]
YierXg; |l = t' ® Z]]

i)
R 1R IR IR R IR &
Ny

|
o
n
=
S
=4
@
a

10



Prefix There is one possible last rule:

e at 225 et

We have

(bx®2)*|[e = at®Z]]

= Jle= (bx)*lat] x |Z]]
e=[t] x  |Z]] ifa=b
e=@x, |Z]] ifa#bd
lle=t®Zz]] ifa=b
I} ifaZb

o~

12

— as wanted.

Pair There are two possible last rules, one of which is:

et L5 =t

e = (t,u) ), o s

If 2 are exported by e and not free in (¢,u), they are not free in ¢ either and
so by TH we have

(pR2)*|le=t®7]] 2Tyl =t &7
Therefore,

((p,-) ® 2)*[[e = (t,u) ® 7]

[e = (p,-)"[(t,u)] >0 [Z]]
[e = p*[t] > |Z]]
(p®2)"[[e =t ® Z]]

Edt L[e’ =t ® 2”

e 1R 1R~

— as wanted. The case with the rule involving (-, ¢) is symmetric.

Tensor There are two possible last rules, one of which is:

et 25 =t

estou L2Y o= teu

Let ¢ be the free variables of u. If 2’ are exported by e and not free in t ® u,
then the variables 4z’ are not free in ¢ and so by IH we have

(p®72)"|[e = t ® §Z]] = X, |[¢' = t' ® FZ]).

11



Let C,, be a suitable map 1 x; (|u] x; 1) of Cocont. Then,

(r®y)®2)[e= (t®uU)® 7]

[e = (p*[t] x1 [u]) xo [Z]]

le = p*[t] x1 (lu) x1 [Z])]
Cu(le = p*[t] x1 (LyJ x1 [Z])])
Cul(p® ¥2)"[[e = t ® ¥Z]])
Cu(3q, [ = t' @ §7]])

Sa " = Cu([t'] x1 ([7] x1 Z]))]
Sa e’ = [t'] x1 (lu] x1 [2])]

Sa " = ([t'] x1 [u]) xo [Z]]

S e = (t'®u) &)

— as wanted. The case with the rule involving z ® ¢ is symmetric.

1 (o | P P P | P [ P

Prefix match There is one possible last rule:
et 22 et et >r=u L5 =d
e t>ar=u X5 =0

Let 4/ be the variables exported by e but not free in ¢. By IH we have
(a.x ®§)"[[e = t @ 7]] = T, |[e" = ' @ ]

If 2 are exported by e and not free in [t > a.z = u], then Z are also not free
in [t/ > 2 = u] and so by IH we have

(PR 2| = [t' >z =ul®Z] = Xq,[[e" = v & 7]
Now,
[t>az=ulQZ

t>y=vyl >axr=u®?7
e=t>y=[y>axr=u]]®7
e=>[t>y=[y>ar=u®7]
=ty >y®y=[y>ar=>u®7

R IR IR IR iL

e =
[
[
[

and so, assuming — possibly by renaming — that x is not among Z,

(

2)*le=[t > ax = ul Q7|

@) |[le=t®y >y®7=[y >ar=u|® 7|
le=t®y>y®@y=p*lly>ar=ul] xL [7]]
le=t®y>y®@y=[y>ar=p|ul x 7]
fe=t®y]>ar®@y=plu] x . [Z]]
[e=t®y]>ax®y= (p®2)"|u® Z|]

Yyl =ty >z7= (p®2)*|lu® 7|

S p@2) € =t®f >r0j=>u® 7]
Y,(p@2) | =t >r=u® ]|

Lo(p@2) [ = [t' >z = u®Z]

Y4, B, e = v ® 7]

i)
R 1R R R MR R R R R R &
Ny

I
®
n
=
S
=]
t+
@
=9
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Strict match There is one possible last rule:

e,t>seu Lo et >
e=t>s=u L5 [t > =]

We may assume — possibly by renaming — that if " are exported by e and
not free in [t > s = u], then these variables do not occur in s and so are
also not free in u. By the IH we have

P2 le=t>s=>u]| 23yl =t > = 7))
Therefore,

p@D)*le=[t>s=u®7]
(p®2)[[e=[t>s=>u®Z]|
Ya,llef =t > =d @7
Yol =t > =u]® 7]

1R 1R

— as wanted.

The proof is complete. O
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