Approximate k-edit-distance

Approximative (k-distance) matching, now for edit distance

Given string x=abbacbbbababacabbbba and
pattern p=bbba find all “almost”-occurrences of p ind x

o y
x=§bba bbba babba

Character \ Gap

Mismatch




Edit distance

The edit-distance between strings x and y is
the minimal number of

- Insertions

- deletions

- substitutions
needed to translate x into y

d(abab,acc) = 3. abab -> aba -> aca -> acc
d(abab,aac) = 2: abab -> aab -> aac



Calculating the edit-distance

Basis cases:
- string vs empty string:

d(x’"”) — d("",X) — |X|
- two single characters:

d(a,b) =1 1f al!=b
0 1f a==



Calculating the edit-distance

Recursion:
- two non-empty strings:
| | \
d(x[l..1],y[1l..3]) = S—
d(x[l..1-1],y[1l..3])+1 4 i
: \
min d(x[1l..i],y[1..]J-1]1)+1 —
A
d(X[l..i—l],Y[l..j—l])+d(X[i],Y[j])j

;

A




Dynamic programming algorithm
Use table c]i,j] = d(x[1..i],y[1..]])

Initialize:
c[0,0] = O

for i=1..|x|: c[1i,0]

i
. -

for j=1..|p|: <c[0,7] o .
C[l_llj_l] C[l_llj]

Main algorithm: cli,j-11 # c[i,3]
for i=1..|x|:

for j=1..|p|:

c[i-1,3] + 1
c[i,]J] = min c[i,7-1] + 1

c(i-1,3-1] + d(x[1],¥[J])



c[0,0] = O
for i=1..|x|: c[i,0] = 1
for j=1..|p|: c[0,3] = 7
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Example

for i=1..|x]|:
for j=1..|p|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-1] + d(x[1],¥[]])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-1] + d(x[i],¥[3])

abaacbococ

123456 78 2+0 3+1
101 2 \*
| 1+17™> 2

o I o N o il ¢ I © i)
oON U1 > W DN - O




Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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for i=1..|x]|:
for j=1..|p|:

c[i,J] = min

Example

c[i-1,3] + 1
c[i,7-1] + 1
c[i-1,3-1] + d(x[1i],y[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-1] + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-1] + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-1] + d(x[i],¥[3])
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Example

for i=1..|x]|:
for j=1..|p]|:
c[i-1,3] + 1
c[i,J] = min c[i,7-1] + 1
c[i-1,3-11 + d(x[i],¥[3])
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for i=1..|x]|:
for j=1..|p|:

c[i,J] = min

Example

c[i-1,3] + 1
c[i,7-1] + 1
c[i-1,3-1] + d(x[1i],y[3])
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-1,J-11 + d(x[1],¥[3]])

Example
1,j-1] + 1
abaacbococ

[i-1,7] + 1

for i=1..|x]|:
for j=1..|p|:
C
cl[i,7] min c[1i
c[i
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Dynamic programming algorithm

After filling out c, d(x,y)=c[|x/,|y]]

Time and space complexity: O(|x||y|)



Approximate pattern matching

Edit distance
pattern matching
cl[i,j] = d(x[1l..i]1,¥[1..3]) c[i,J] = min __ d(x[1'..1],y[1..]])

Edit distance
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Approximate pattern matching
Use table c]i,j] = mini,sid(x[1 LY[..])

Initialize: Makes it free to g.Fart
c[0,0] = O ///f at any index |
for i=1..|x|: c[i,0] = O

for j=1..|p|: c[0,3] = ]

Main algorithm:
for i=1..|x]|:
for j=1..|p]|:

c[i-1,3] + 1
c[i,J] = min c[i,j-1] + 1

c[i-1,3-1] + d(x[1],¥[]])



Approximate pattern matching

After filling out, in time and space O(|x||p])
all indices i, where c]i,|p|] = k, correspond
to one or more approximate matches.

Some backtracking is needed to find the
corresponding /' indices ... we can find one /' for

each i in time O(|p|) per /, for a total time of O(|x||p|).
(Theorem 10.1.1)

(More complicated to get all matches...)



Wu-Manber

We define a matrix s — the state of matching
so far — by:

s[qy] = 0 iff d(x[iy+7../],p[1.J]) = q
for j=0..|p|, and g=0..k

'

D
}
J



Wu-Manber

As before, we use a pre-calculated bit-matrix:

t(h,J] = 0 1if p[J] == h
1 1f p[]J] != h

with rows indexed by the alphabet and
columns indexed by indices in p



Wu-Manber

The recursion:

c[i-1,7] + 1
c[i,]J] = min c[i,j-1]1 + 1
C[i_llj_l] + d(x[i]IY[j])

becomes:
s''[g-1, 3]

s'[q,3]1 = & < s [g-1,3-1] |
s '[g-1,3-11 & (s*'[q,j-11 | t[x[i1,3])



Wu-Manber

The expression:

s%_l[q_ll j]

s'[qg,j] = & s’ [g-1,3-1] |
s '[g-1,3-1]1 & (s*'[q,j-11 | t[x[i1,3])

can be computed as:

old = s

s[0] = (0ld[0] >> 1) | t[x[i]1] // SHIFT-and-OR
for g=1..k:

sl = old[g-1] // s1[j] = s''[g-1, j]
s2 = s[g-1] > 1 // s2[j] = s [q-1,7-1]
s3 = s1 > 1 // s3[j] = s''[qg-1,7-1]
s4 = old[q] > 1 // s4[j] = s*'[ q,j-1]

s[g] = sl & s2 & s3 & (s4 | t[x[1i]1])



Wu-Manber

Special case:
-Initial matrix: s[q] = 01"

Match when s[k,|p|] ==



s’[0]:
s’[1]:
s’[2]:

I
o

i

e
I 1=

01234
01111
01111
01111

Example



Example

X
=pb old = s
D b

ngb =(0] = (oLd[0] > 1) | €[x[i]]
p= R
p=bbba 2 - sia-11 > 1

s3 = sl1 > 1

s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[i]])

01234 01234
s’[0]: 01111 s'[0]: 00111 = 00111 | 00001
s’[1]: 01111 s'[1]:
s’[2]: 01111 s'[2]:



Example

O edit distance

nfff:\ ==Z)
P

X
=b old = s
D b

=D s[0] = (old[0] >> 1) | t[x[i]]
t)l)l) forlq:l.izz B
p=bbba 2 - sig-i) > 1
s3 = sl1 >> 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[i]])

01234 01234
s’[0]: 01111 s'[0]: 00111 = 00111 | 00001
s’[1]: 01111 s'[1]:
s’[2]: 01111 s'[2]:



Not O edit Example

| i=1
distance
match t)
X=
‘):=:t) old = s
p=bb s[0] = (old[0] >> 1) | t[x[i]]
p_bbb for g=1..k:
R sl = old[g-1]
p=bbba s2 = s[g-1] >> 1
s3 = sl1 > 1
s4 = old[qg] > 1
s[g] = sl & s2 & s3 & (s4 | t[x[i]])
01234 01234

s’[0]: 01111 s'[0]: 00111 = 00111 | 00001
s’[1]: 01111 s'[1]:
s’[2]: 01111 s'[2]:



s’[0]:
s’[1]:
s’[2]:

01234
01111
01111
01111

Example

old = s
s[0] = (old[0] >> 1) | t[x[i]]
for g=1..k:

sl = old[g-1]

s2 = s[g-1] > 1

s3 = sl > 1

s4 = old[qgq] > 1

s'[0]:
s'[1]:
s'[2]:

s[g] = sl & s2 & s3 & (s4 | t[x[1]])

01234
00111
00011

= 01111 & 00011
& 00111 & (00111|00001)



Example

1 edit distance

match t)

=b old = s
b

l) s[0] = (old[0] >> 1) | t[x[i]]
p_ bb for g=1..k:
R sl = old[g-1]
P= ba s2 = s[g-1] >> 1
s3 = sl1 > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1]])

01234 01234
s’[0]: 01111 s'[0]: 00111
s’[1]: 01111 s'[1]: 00011 = 01111 & 00011
s’[2]: 01111 s'[2]: & 00111 & (00111|00001)



Not 1 edit Example

distance e
match t)
X =
P=b old = s
p=bb s[0] = (old[0] >> 1) | t[x[i]]
— f =1..k:
p_bbb °:1q= old[g-1]
P= bba s2 = s[g-1] >> 1
s3 = sl1 > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1]])

01234 01234
s’[0]: 01111 s'[0]: 00111
s’[1]: 01111 s'[1]: 00011 = 01111 & 00011
s’[2]: 01111 s'[2]: & 00111 & (00111|00001)



s’[0]:
s’[1]:
s’[2]:

01234
01111
01111
01111

Example

old

s'[0]:
s'[1]:
s'[2]:

S

= (old[0] >> 1) | t[x[i]]

for g=1..k:
old[g-1]

s[g-1] > 1

sl > 1

old[g] >> 1

s[g] = sl & s2 & s3 & (s4 | t[x[1]])

01234
00111
00011
00001

= 01111 & 00001
& 00111 & (00111|00001)



Example

2 edit distance

match t)

=b old = s
b

l) s[0] = (old[0] >> 1) | t[x[i]]
p_ bb for g=1..k:
R sl = old[g-1]
P= ba s2 = s[g-1] >> 1
s3 = sl1 > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1]])

01234 01234
s’[0]: 01111 s'[0]: 00111
s’[1]: 01111 s'[1]: 00011
s’[2]: 01111 s'[2]: 00001 = 01111 & 00001
& 00111 & (00111|00001)



Not 2 edit Example

distance e
match t)
X =
P=b old = s
p=bb s[0] = (old[0] >> 1) | t[x[i]]
. f =1..k:
p_bbb °:1q= old[g-1]
P= bba s2 = s[g-1] >> 1
s3 = sl1 > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1]])

01234 01234
s’[0]: 01111 s'[0]: 00111
s’[1]: 01111 s'[1]: 00011
s’[2]: 01111 s'[2]: 00001 = 01111 & 00001
& 00111 & (00111|00001)



Example

‘):=:t) old = s
— s[0] = (old[0] >> 1) t[x[1]]
Cppba” e
_— or g=1..k:
P— sl = old[g-1]
p=bbba s2 = s[g-1] >> 1
s3 = sl > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[i]])

01234 01234
s'[0]: 00111 s’[0]: 00011 = 00011 | 00001
s'[1]: 00011 s’[1]:
s'[2]: 00001 s’[2]:



Example

O edit distance 122

match
x=bt

‘):=:t) old = s
— s[0] = (old[0] >> 1) t[x[1]]
Spbba” 4 e s
— or g=1..k:
P— sl = old[g-1]
p=bbba s2 = s[q-1] >> 1
s3 = sl > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[i]])

01234 01234
s'[0]: 00111 s’[0]: 00011 = 00011 | 00001
s'[1]: 00011 s’[1]:
s'[2]: 00001 s’[2]:



Not O edit Example

distance
match i}
X=D

‘):=:t) old = s
— s[0] = (old[0] >> 1) t[x[1]]
N pBEDa e
_— or g=1..k:
P— sl = old[g-1]
p=bbba s2 = s[g-1] > 1
s3 = sl > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[i]])

01234 01234
s'[0]: 00111 s’[0]: 00011 = 00011 | 00001
s'[1]: 00011 s’[1]:
s'[2]: 00001 s’[2]:



01234
00111
00011
00001

Example

old = s
s[0] = (old[0] >> 1) | t[x[i]]
for g=1..k:

sl = old[g-1]

s2 = s[g-1] > 1

s3 = sl > 1

s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234
s’[0]: 00011
s’[1]: 00001
s’[2]:

= 00111 & 00001
& 00011 & (00001|00001)



Example

1 edit distance

match
x=bL

P
p:bb :[0] =1(oid[0] >> 1) | t[x[1i]]
_— or g=1..k:
p_bbb s1q= old[g-1]
p= bba s2 = s[g-1] > 1
s3 = sl1 > 1
s4 = old[qg] >> 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234
s'[0]: 00111 s’[0]: 00011

s'[1]: 00011 s’[1]: 00001 = 00111 & 00001

s'[2]: 00001 s’[2]: & 00011 & (00001|00001)



Not 1 edit Example

distance
match i)
X=D

P
pztt))g :[0] il(oicfl[O] >> 1) | t[x[i]]
p= o
p=bbba 2 - sia-11 > 1
s3 = sl > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234
s'[0]: 00111 s’[0]: 00011
s'[1]: 00011 s’[1]: 00001 = 00111 & 00001
s'[2]: 00001 s’[2]: & 00011 & (00001|00001)



p=b
P=bDb
p=bbb
p=bbba
01234
s'[0]: 00111
s'[1] 00011
s'[2]: 00001

Example

old = s
s[0] = (old[0] >> 1) | t[x[i]]
for g=1..k:

sl = old[g-1]

s2 = s[g-1] > 1

s3 = sl > 1

s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234
s’[0]: 00011
s’[1]: 00001
s’[2]: 00000

= 00011 & 0000OC
& 00001 & (00000|00001)



2 edit distance

match
x=bL

01234
s'[0]: 00111
s'[1]: 00011
s'[2]: 00001

Example

old = s
s[0] = (old[0] >> 1) | t[x[i]]
for g=1..k:

sl = old[g-1]

s2 = s[g-1] > 1

s3 = sl > 1

s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234
s’[0]: 00011
s’[1]: 00001
s’[2]: 00000

= 00011 & 0000OC
& 00001 & (00000|00001)



Example

2 edit distance

match
\
x=bL

P
* pzé}é} :[0] fl(oicfl[O] >> 1) | t[x[i]]
p= o
p=bbba 2 - sig-1] > 1
s3 = sl > 1
s4 = old[q] >> 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234 2-distance

) , match
s [0]: 00111 s‘[0]: 00011
s'[1]: 00011 s’[1]: 00001

s'[2]: 00001 s’[2]: 00000 = 00011 & 00000
& 00001 & (00000|00001)




Example

‘):=: old = s
P=bb S[0] = (old[0] >> 1) | t[x[i]]
— for g=1..k:
p=bbb 1 g
p=bbba 2 = sia-1) > 1
s3 = sl > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[i]])

01234 01234
s’[0]: 00011 s°[0]: 01111 = 00001 | 01110
s’[1]: 00001 s’[1]:
s’[2]: 00000 s’[2]:



Not O edit Example

distance

MatC *
<" x=bba
b

‘):=: old = s
P=bb S[0] = (old[0] >> 1) | t[x[i]]
— for g=1..k:
p=bbb 1 g
p=bbba 2 = sia-1) > 1
s3 = sl > 1
s4 = old[qg] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[i]])

01234 01234
s’[0]: 00011 s°[0]: 01111 = 00001 | 01110
s’[1]: 00001 s’[1]:
s’[2]: 00000 s’[2]:



Example

P= old = s
P=Dbb S[0] = (old[0] >> 1) | t[x[i]]
— for g=1..k:
P—bbb 1 = old[g-1
p=bbba 2 - sla-1) > 1
s3 = sl > 1
s4 = old[qg] >> 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234
s’[0]: 00011 s’[0]: 01111
s’[1]: 00001 s’[1]: 00000 = 00001 & 00111
s’[2]: 00000 s’[2]: & 00000 & (00000|01110)



Example

Il
w

i

1 edit distance

match
X=Dbba

=b old = s
r):::[)l) s[0]

(old[0] >> 1) | t[x[i]]

—_ for g=1..k:
p_bbb 1 = old[g-1
p=bbba 2 - sia-11 > 1

s3 = sl1 > 1
s4 = old[q] > 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234
s’[0]: 00011 s’[0]: 01111
s’[1]: 00001 s’[1]: 00000 = 00001 & 00111
s’[2]: 00000 s’[2]: & 00000 & (00000|01110)



Example

i=3
X=bba
p=b old = s
P=Dbb S[0] = (old[0] >> 1) | t[x[i]]
_— for g=1..k:
p—bbb 1 = old[g-1
p=bbba 2 - sla-1) > 1
s3 = sl > 1
s4 = old[gq] >> 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234
s’[0]: 00011 s’[0]: 01111
s’[1]: 00001 s’[1]: 00000
s’[2]: 00000 s’[2]: 00000 = 00001 & 00000

&

00000 & (00000|00001)



Example

Il
w

i

2 edit distance

match
X=Dbba
p=b old = s
P=Dbb S[0] = (old[0] >> 1) | t[x[i]]
_— for g=1..k:
p—bbb 1 = old[g-1
p=bbba 2 - sla-1) > 1
s3 = sl > 1
s4 = old[qg] >> 1

s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234
s’[0]: 00011 s’[0]: 01111
s’[1]: 00001 s’[1]: 00000
s’[2]: 00000 s’[2]: 00000 = 00001 & 00000
& 00000 & (00000[00001)



Example

2 edit distance
match

=b old = s

P

P=Dbb S[0] = (old[0] >> 1) | t[x[i]]
i~ for g=1..k:

=bbb °:1q 0ld[g-1]

bbba 52 = s[g-1] >> 1

s3 sl > 1
s4 = old[q] >> 1
s[g] = sl & s2 & s3 & (s4 | t[x[1i]])

01234 01234 2-distance

, ; match
s’[0]: 00011 s’[0]: 01111
s’[1]: 00001 s’[1]: 00000

s’[2]: 00000 s’[2]: 00000 = 00001 & 00000
& 00000 & (00000|00001)




Exercise:

Complete the example...



