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Abstract

We derive a quadratic time and space algorithm for
computing the quartet distance between a pair of general
trees, i.e. trees where inner nodes can have any degree > 3.
The time and space complexity of our algorithm is quadratic
in the number of leaves and does not depend on the degree
of the inner nodes. This makes it the fastest algorithm
for computing the quartet distance between general trees
independent of the degree of the inner nodes.

1. Introduction

The evolutionary relationship between a set of species is
conveniently described as a tree, where the leaves represent
the species and the inner nodes speciation events. Using dif-
ferent inference methods to infer such trees from biological
data, or using different biological data from the same set of
species, often yield slightly different trees. To study such
differences in a systematic manner, one must be able to
quantify differences between evolutionary trees using well-
defined and efficient methods. One approach for this is to
define a distance measure between trees and compare two
trees by computing this distance. Several distance measures
have been proposed, e.g. the symmetric difference metric [7],
the nearest-neighbour interchange metric [11], the subtree
transfer distance [1], the Robinson and Foulds distance [§],
and the quartet distance [6]. Each distance measure has
different properties and reflects different aspects of biology.

In this paper, we derive an O(n?) time and space al-
gorithm for computing the quartet distance between a pair
of trees. For an evolutionary tree, the quartet topology
of four species is determined by the minimal topological
subtree containing the four species. The four possible quartet
topologies of four species are shown in Fig. 1. Given two
evolutionary trees on the same set of n species, the quartet
distance between them is the number of sets of four species
for which the quartet topologies differ in the two trees.

Most of previous work has focused on comparing binary
trees and therefore avoided star quartets. Steel and Penny
in [9] developed an algorithm for computing the quartet
distance in time O(n?). Bryant et al. in [3] improved this
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Figure 1. The four possible quartet topologies of
species a, b, ¢, and d. Topologies (a): ab|cd, (b): ac|bd,
and (c): ad|bc are butterfly quartets, while topology (d):

¥ x§,is a star quartet. For binary trees, only the butterfly
quartets are possible.

result with an algorithm that computes the quartet distance
in time O(n?). Brodal et al., in [2], presented the currently
best known algorithm that computes the quartet distance in
time O(nlogn).

Recently, we have developed algorithms for computing
the quartet distance between two trees of arbitrary degrees,
i.e. trees that can contain star quartets. In [4] we developed
two algorithms: the first algorithm runs in time O(n®) and
space O(n?)—and is thus independent of the degree of the
inner nodes—the second in time O(n%d?) and space O(n?),
where d is the maximal degree of inner nodes in the trees—
and thus depend on the degree of the nodes. The O(n?d?)
was later improved to O(n?d) [5] and by taking an approach
similar to the Brodal et al. [2] O(nlogn) we developed a
sub-quadratic algorithm in terms of n but at a significant
cost in terms of d: O(dnlogn) [10].

In this paper we develop an O(n?) time and space
algorithm, where the running time is independent of the
degrees of the inner nodes of the input trees.

2. Background

The quartet distance between two trees is the number of
quartets where the quartet topology differ between the two
trees, i.e. the number of quartets where one tree has the start
topology and the other a butterfly topology, plus the number
of quartets where both trees have a butterfly topology, but



different ones. As observed in [4], the former—where one
tree has the star topology and the other a butterfly—can be
expressed in terms of the total number of butterflies in the
two trees, the number of shared butterflies and the number
of different butterflies: For trees T and 7", the number of
different topologies due to one being a star and the other a
quartet, diffg(7,7"), is given by

diffs(T,T") = B+ B’
—2 (sharedg (T, T") + diffg (T, T")) ,

ey
where B is the number of butterflies in 7', B’ the number of
butterflies in 7", sharedp (T, T") the number of quartets with
the same butterfly topology in T and T” and diffg(T,T")
the number of quartets with different butterfly topologies in
T and T'. Thus the quartet distance between T and T is
given by the expression

qdist(T,7") = B+ B’

—2shared(T, T") — diffp(T, 7). @

Since, B = sharedg(7T,T) and B’ = sharedg(7”,T"), an
algorithm for computing sharedp(7,7”) and diffg(T,T")
gives an algorithm for computing the quartet distance be-
tween T and T".

Our approach to counting the shared and different quar-
tets is based on directed quartets and claims [2], [4]. An
(undirected) butterfly quartet topology, ablcd induces two
directed quartet topologies ab — cd and ab «— cd, by the
orientation of the middle edge of the topology, as shown
in Fig. 2. There are twice as many directed butterflies as
undirected, and the number of shared (different) butterflies
can be counted as half the number of shared (different)
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Figure 2. An undirected quartet topology, (a), and the
two directed quartet topologies, (b) and (c), induced by
it.

Figure 3. A claim A % (C, D). The claim A % (C, D)
claims all ordered butterflies ab — c¢d where a,b € A and
ce C,d e D where C and D are two different subtrees
in front of e.

directed butterflies. To each directed quartet, ab — cd, we
can uniquely associate a directed edge, e such that a and b
are leaves in the tree behind e, and such that ¢ and d are
leaves in different subtrees of the root of the tree in front
of e, see Fig. 3. We call such a tree substructure, consisting
of a directed edge e with a subtree, A behind e and two
distinct subtrees, C' and D, in front of e a claim, written
A 5 (C, D), and say that the edge e claims the directed
quartet ab — cd and we also say that an edge e claims
an undirected quartet ab|cd if it claims one of its directed
quartets. Each (undirected) butterfly quartet defines exactly
two directed butterfly quartets, and each directed quartet
is claimed by exactly one directed edge; considering each
claim and implicitly each directed butterfly claimed by the
claim, we can examine each directed butterfly in a tree, or
each undirected butterfly twice.

The crux of the algorithm is to consider each pair of
claims, one from each tree, and for each such pair count the
number of shared and different directed butterflies claimed
in the two trees. Dividing these counts by two gives us
shared (T, 7") and diffg (T, T").

3. A Quadratic Time and Space Algorithm

For a tree with n leaves, there are m < n inner nodes and
n +m — 1 edges. Assume we are given two nodes v € T,
v' € T’ of degrees d, and d, respectively. Spending time
O(dyd,) on each pair of inner nodes v,v’, one from each
tree, thus result in a total running time of
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since ), .pdy and Y, dy both are O(n).

3.1. Preprocessing

Before counting shared and different butterflies, we calcu-
late a number of matrices in two preprocessing steps. First,
we calculate a matrix that for each pair of subtrees F' € T
and G € T' stores the number of leaves in both trees,
|FF N G|.This can be achieved in time and space O(n?) [3].

Next, for each pair of inner nodes, v € T,v' € T with
sub-trees F;,¢ = 1,...,d, and G;,j = 1,...,d,, respec-
tively, we calculate a matrix, I, such that [z, j| = |F; NG|
We also calculate vectors of row and column sums and the
total matrix sum:

R[] =Y I[i,j] . )
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(a) Edge e in T and the claim
Fi = (Fg, Fm).

E e A
(b) Edge €’ in T' and the claim
G; == (Gy,Gn).

Figure 4. A pair of inner edges, e € T, ¢/ € T’, where F; (G;) is the sub-tree behind e (¢’) and Fy, k # i (G, # j)
the remaining subtrees of the node pointed to by e (¢/). Highlighted are two claims, one from each tree.

dy dyr
M=> 3 "1[i,j] . (6)

i=1 j=1

Calculating these values is done in time O(d,d,) for each
pair of inner nodes, giving a total preprocessing time of
O(n?).

3.2. Counting shared butterfly topologies

For each pair of inner edges, e € T and ¢’ € T, see
Fig. 4, we count the directed butterflies claimed by both e
and e’. These are all on the form ab — cd where a,b €
F,nNGj, ce Fr,NG; and d € F,,, N G, for some claims,
F; % (Fy, Fy,) and G, < (G1,Gy), of e and €’. The total
number of directed butterflies common for both e and €’ is
therefore given by the expression
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or the sum of %(I[é’j]) -I[k,1]- I[m,n] for all distinct entries
in I but fixed (¢, 7), see Fig. 5(a). We divide by four since
we count each quartet four times, due to symmetry between
m and k and between n and [.

Notice, however, that the inner sum is simply the total
sum of entries, M, except for the rows 7 and k£ and columns
j and [, see Fig. 5(b). Using

Z Z |meGn|: (8)

m#i,k n#j,l
M= 3" Rlg =Y cll+ >N 1(g,r]
q=1i,k r=j,l q=1i,k r=j,l

we can thus, given the preprocessing, compute the inner sum
in time O(1). The entire expression in eq. (7) can then be
computed in time O(d,d, ), and thus we can compute all
shared directed butterflies in total time O(n?). Dividing by
two, we get the number of shared undirected butterflies.

3.3. Counting different butterfly topologies

Counting the number of different butterflies in the two
trees is done similar to counting the number of shared
butterflies. As before, we consider a pair of inner edges,
e € T and €' € T'. The quartets claimed by both e and
¢’, but with different butterfly topology, are on the form
aEFz‘ﬂGj, be ;NG ce FkﬂGj and d € F,, NG,

for some claims F; < (F}, F,,,) and G; = (G, Gy,). The
number of butterflies claimed by both e and e’ but with
different topology is therefore given by

|FiﬂGj| ZZ|FZHG1||F}CQG3‘ Z Z |FmﬂGn|
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or the sum of I[i,j] - I[i,1] - I[k,j] - I[m,n] for all distinct
entries in I but fixed (i, j), see Fig. 6(a). Note that in this
case we do not need to divide by any normalizing constant,
since there are no symmetries between k and m or between
[ and n.

As before, the inner sum can be expressed as in eq. (8)
and thus eq. (9) can be computed in time O(d,d,) giving a
total time of O(n?) to compute different directed, and thus
different undirected, butterfly topologies in the two trees.

4. Conclusions

We have presented an algorithm that computes the quartet
distance between two general trees in time O(n?), i.e. where
the running time is independent of the degree of inner nodes,
unlike previous algorithms for general trees.

The algorithm computes a set of matrices and values
associated with these—total sum, row and column sums—in
a preprocessing step, which enable it to compute the number
of shared and different directed butterfly quartets claimed by
a pair of inner edges. The algorithm uses time O(d,d,,) for
each pair of nodes v € T and v € T’, where d,, and d, is
the degree of nodes v and v'. Since the sums over d, and
d, are O(n), this leads to a total running time of O(n?).
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(a) The choices of entries in I summed
over in eq. (7).
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(b) Implicit representation of the inner
sum in eq. (7).

Figure 5. Graphical illustration of the shared quartet expression, eq. (7). On the left, the matrix entries summed over
are explicitly shown. On the right, the inner sum is implicitly shown. The sum of the greyed entries can be computed
in constant time.
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(a) The choices of entries in I summed
over in eq. (9).
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(b) Implicit representation of the inner
sum in eq. (9).

Figure 6. Graphical illustration of the different quartet expression, eqg. (9). On the left, the matrix entries summed
over are explicitly shown. On the right, the inner sum is implicitly shown. The sum of the greyed entries can be
computed in constant time.
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