How good is the Shor Code?
Remark: If one qubit is affected by both a phase and a bit flip then

the error gets also corrected by the previous method.
= Shor code allows to recover from X;, Z; and Y; = X, Z,.

Assume the noise is modelled by a quantum operation:

() (L)) ZEwL ) (WLl E].

Remember: Such a quantum operation replaces |1r)(¢ | by
By )(r|E] with probability Tr(E; |y, ) (¥r|EY).

Assume: E; acts only upon the first qubit of |y ). It is easy to
verify that X;,Y; = X147 and Z; form a basis for all operator acting
upon the first qubit:

Ei =eiol+e,1X1+e221 +e; 311

. ]2
for some complex numbers e€; ; s.t. . | e;; |*< 1.
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Shor code is a |9, 1, 3]-QECC

Assume w.l.g that F; happened to be the operation performed by the

environment. The resulting un-normalized state E;|ir) can be

written:

Eilvr) = (eiol+ei1X1+ei221+4e3Y1)|Yn)
= eiolYr) +ei 1 Xi|Yr) +eioZi|vL) + ei 3 X1 Z1|vr).

Therefore, measuring the syndrome results in:
e Fixing the error to be either Xy, Y7, Z7 or I,

e Since we know wich one occured (property of the syndrome

measurement) we can fix the error!

= Any error acting upon anyone qubit can be fixed
= Shor code is a |9, 1, 3]-QECC!
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An Error-Correcting Condition

Theorem:Suppose C' is a quantum error-correcting code and R is an
operation allowing to recover from noise process £ = {E;};. Suppose

F ={Fj;}; is another noise process that satisfies for all i,j:
Fj = Z mi,jEZ-
i

for complex numbers m; ;. Then R also allows to recover from F.

= If a code C recovers from errors through the depolarizing channel:
p
E(p) = (1 —p)p+ S (XpX +YpY + ZpZ)

provided no more than ¢t qubits were disturbed then C' recovers from

any noise operation acting upon t qubits!
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CSS codes

We now find codes allowing to correct many errors. Let:
C1: be a [n, ki]-linear error-correcting code,
C5: be a [n, ka]-linear error-correcting code,

such that

Cy C (7 and (7, C’j correct both ¢ errors.

For z € (1, we define the quantum codeword:

lz+Cs) =

[z D y).
ViAPy

e Each codeword corresponds to a coset in C/Cs,
o (Vx #a')[(x+ Colz’ + C2) € {0,1}],

e The number of different codewords is 2¥17%2 =| C; /Cy |= €1

- |Ce”
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Encoding Information in CSS codes

Let C be a [n, k1]-code and C5 a [n, ko|-code s.t. Cy C Cf.
Remember that C;/Cy ={c+ Cy:ce C}.

e Observe that if c® ¢ € C5 then
‘C—I— CQ> = |C/ -+ Cz>

since c+ Ca=c+ ((cd )+ C2) = + Ca.

e Cosets are either disjoint or coincide: Let d € (¢ + C2) N (¢ + C). Tt
follows that d = ¢ @ c2 = ¢’ @ ¢ for some ca,ch € Cy. This means that
c®c = co @ ch € Cy which we have seen imply that ¢+ Cy = ¢’ + Cs.

e Fach ¢ € ('; is in some coset in C1/Cy and since each pair of cosets is

either disjoint or coincide it follows:

#C = #(different cosets)-#(any coset) = #(different cosets) = 21 7*2,

e All these cosets can be numbered in binary and the basis state |x) for
z € {0,1}*17%2 can be encoded with the coset labelled with z.
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Noisy CSS Codewords

H: parity check matrix for 1,
Hy: parity check matrix for Cy,
e1 € {0,1}"™: the blit-flip error pattern,

eo € {0,1}": the phase-flip error pattern.

ST (-)EE ez 4y tey).

1
V ‘ CQ ‘ y€C2

Given H; there exists a unitary transform that maps

npise

lz+ Cs) =

z+y+e)®|0) = |z +y+e)®Hi(z+y+e)) =[z+y+e)®|Hier).

Applied to a codeword,

S (CDEP2 gt e) @0y B ST (CHEPR s 4y o) ® [Hren).
yeCs yeCo
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Correcting Bit-Flips

After measuring the bit-flip error-syndrome sx = Hie;, we can use

the error-correcting capability of C to recover given w(e;) < t:
Error Locations: sx allows to find for what positions i, (e1); = 1.

Error-Correction: Applying X in positions where (e1); = 1 allows

to recover from bit-flips.

The resulting state is:

ch > () ),
yeCa

It remains to recover from phase-flips.

= We do that using the error-correction capability of C3 .
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Correcting Phase-Flips

As for the the Shor code, we shall correct phase-flips after rotating in
the Hadamard basis:

e ®n
(_1)(93@?;) Q\x—l—y} H

1 1
\/|Cg|y;2 = /2”‘02‘2y§2

Setting -’ = 2z @ ey, we get:

SN (DE @) =S (D) Y ()Y | o)

yelClo z/ yeCo

_1)($€By)'(€2@z) ‘Z}

Since » | cc, (—1)¥" =[Cq | if =" € Cy and 0 otherwise. We get:

| Cs |
V27 [ Ca | Z e

The phase-flips have now been converted to bit-flips!
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Correcting Phase-Flips (II)

We have,
Gl 5 e 212D 5
€Cs €C5
correctlon/ | CQ Z
€Cy
o > lz+y),
y€C2
since,

o Ho(2' + ey) = Hyeo by definition of Ho,

e Since H®" is it self-inverse and

r+y) = \/WZ

y€C2 €Cy
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A [7,1,3]-QECC

Consider the |7, 4, 3]-Hamming code defined by:

(1 0
000 1 1 1 1
0 1
H=|l0 1100 1 1 |andG=
0 0
1 0101 0 1
\ 0 0

Let C; be the [7, 4, 3]-Hamming code and let Cy = Ci- be its dual:

= (5 is the parity check matrix for C5,
= (5 is a [7, 3]-code,

= (5 C (' since Cy = RowSpace(H ) C RowSpace(G) = (1,
= (O3 = (Ci)+ = C} corrects 1 error,
= The CSS(C1,Cs) is a [7,1, 3]-QECC!

0
0
1
0

0
0
0
1
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A Class of CSS codes

Consider the following CSS code indexed by parameters v and v,

\/\TZ(—l)“'ylw@y@>
2 1 yeCy

This is as good as a normal CSS code. Let e¢; and e; be the bit-flip

x4 Co) =

and phase-flip error patterns respectively.

iz + Cs) noise Z (x@y@ )-eg@u.y‘x Dydvd €1>.

v ‘CQ yeCs

This CSS code is denoted by CSS,, ;. We now proceed the same way
as for the CSS code in order to correct bit- and phase-flips.
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Recovering from Bit-Flips

The bit-flip error syndrom is computed and measured.

> npise

|iC—|‘CQ

Z (x@y@ )‘62@U'y‘x@y@ @61>.

v ‘CQ yeCs

It follows that
sy =Hi(zDydvder)=Hi(vDey).
Since v is known so is 5, = Hyv:

sx @ s, = Hyeq,

which we know how to correct for.
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Recovering from Phase-Flips
We have,

phase-error 1 . oD
0pf) :: Z(_l)( Dydv)-e2d Yz ®yd o).
C

"|C2|y€ 2

We now apply H®" upon |p,f):

—n/2
Hgpp) = e 30 3 (e tenea)
|C2 z yels

We now make the change of variable 2z’ := 2z @ es ® u:

—n/2 Z (SCEByEB )(2' ®u)Bu-y {Z/ D ud 62>

\% z! yelsy

2—?’2,/2 ,
_ ( 1)(3369 ) (udz") (_1)
V | C2 | ; ygg
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Recovering from Phase-Flips (II)

2_n/2 x u Z/ -Z/
e NN 3 (T su g )
2|

yeCsa

Since »  cc, (—1)Y v2' —=| Cy | when 2’ € C3 and 0 otherwise, we get

V| C ,
2‘—n/22‘ Y (F)EEINEEY © oy 6 ey).
z’EC’QL

It follows that
sy =Hy(Z ®udey) = Hy(udes).
Since u is known so is s, = Hju:

Sz @ s, = Haoes,

which we know how to correct for.
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Properties of CSS,, , codes

We now look at which paramers u and v correspond to different

CSS,,,, codes:

o CSS,,, generates the same code as CSS, , if
— Hl = H1 , and
— HQU — HQ’LL/.

— In other words, If v and v belong to the same coset of C'; and

u and v’ belong to the same coset of C3- then

CSS.,, ., =CSS..
e Moreover, if Hiv # Hyv' or Hou # Hou' then

€SS, L CSS,.
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Noisy EPR-pairs

1. Suppose Alice prepares:

272y o) e )

xe{0,1}m
2. Alice now sends the F-register to Bob,

3. Unfortunately some bit flips e; € {0,1}" and phase-flips
eo € {0,1}"™ occurred. The state is now

272 ST~y @ @ e).

xe{0,1}"

How can Alice and Bob correct for e; and e using only classical

communication assuming w(e;) <t and w(es) < t7
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CSS, ., Codes Against Noisy EPR-pairs

Y

Since for Hiv # Hqiv' or Hou # Hou':
CSS... L CSSyr .,
and

e Fach codes has dimension 2’“1_’“2,

e There are 2"~ %1 different syndroms in H; and 2%2 different
syndroms in Hy (remember H is the parity check matrix of Cy ),

e The dimension spans by all these CSS,, ., codes is therefore the
whole space of n qubits:

2k‘1 —kg 2n—k:1 2k2 — 2%'
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EPR-pairs in the {CSS,  },.. basis

Let
1

|€’Uk:;u; > — \/@

N (1) o, By @ o)

yeCsa

It can be shown that,

2—n/2 Z ‘ZE> 024 ‘517> — 2—n/2 Z |€Uk,u, > ® |€’Uk;,u; >

z€{0,1}n Vi,

e n EPR pairs can be expressed as a superposition of pairs of

identical orthonormal CSS codewords taken from all codes in

{CSSu, }u,o!

e Alice could measure syndroms u and v and announce them to
Bob.

e Bob then know he received a codeword in CSS,, , before the

noise occured....
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Fixing Noisy EPR-pairs

1. Alice prepares:
—n A _n A

2 /2 Za’;E{O,l}n |x> ® ‘ > — 2 /2 vak,u, |§’Uk7u7 > ® |§’Uk7u7 > Y

2. Alice now sends the S-register to Bob:

272N ) ®

Vi ,uw,

gvk,u, > 9

3. Alice measures syndroms u and v and announces them to Bob,

4. Bob knowing CSS,,, ., can fix the errors:

2(1@2—1@1)/22‘&)]9,% >A® ‘gvk,% > 7

Vi

5. If Alice and Bob perform decoding they finally obtain:

ko—k A
2(2 1)/2 Z |x> ®‘ > .

xc{0,1}k1—F2
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