Back to the Partial Trace

The partial trace over 'H 4 of a system in H 4 ® Hp can be written

given an orthonormal basis {|e;)}; for H 4 as,
tra (Joi)(za] ® |y1){ya]) = Z (eil (|z1) (2| @ |y1)(y2l) |ei)
Z (eilw1)(w2leq) y) (ye]

= yn) (el tr (Jz1)(22]) ,

which is the definition we have already seen. In general, for
U= lzalei)yil{yil,

we write

(erlUler) = Y Cexlaa) (yiled|2]) (yil.

1

which is not necessarily a unitary operator!
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Quantum Operations

Suppose system p € Hp does not evolve in a closed system:

p = trp (U(p ® |eo) (eo)UT)

for some unitary U and state |eg) for the environment Hp. This
mapping is called a E(p). Let {|ex)}x, be an

orthonormal basis for 'H g,

E(p) = Y {exlU(p®leo)(eo)UT|er)

k
= Y EwpE]
k

where,
Er = (ex|Uleg).

The set {Ex }i is called the representation of £(p).
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Properties of the Operator-Sum

e [, is an operator acting only in the space Hr containing p,

e Since

L=tr(p) = tr(E(p)="tr (Z Ekﬂﬂi)

= tr (Z E;Ekp> for all p,

k

= Y E[E,=L
k

e Composition has also an operator-sum representation,

Gp)=F0&Ep) = Y F( EwE)F

= N (RE)p(FE) =Y GGl

1,k
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Physical Interpretation

e Let U be applied on target-environment in state p ® |eg){eg|, and

o A {ler){ex|}x is applied on F
= It does not change the state of I’ (if the outcome remains unknown),
=

pr o tri () (ex|U(p ® leo)(eo)UT[ex) {ex])
= {exlU(p® [e){eaUTlex) = EipE].

T
OREEL gives that the probability p(k) for outcome k

Normalizing pr =
is:

p(k) = tr (lex)er|U(p @ Jeo) (o) U ex{ex]) = tr (EwpE])
Thus,

E(p) =Y plk)pr =Y _ ErpEy.
k k
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An Example

Suppose the environment applies a U = CNOT:

CNOT[e)[t) = [e)|c D 1), ¢, t € {0, 1},

with the environement E starting in state |0). We determine the

operator-sum representation:
CNOT = [00){00| + [01){01| + [10){11| + |[11){10|.
Thus,

Bo = (0lonoT|o) = 0)(0)
By = (1lcnot|o) = 1)(1],

and therefore for Py = |0)(0| and P, = |1)(1],

E(p) = PopPo + PrpPr.
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Freedom in Operator-Sum

Consider,

Observe that,
Fy = (El —|—E2>/\/§ and Fy = (El — EQ)/\/§

It follows that,

Fo) = 5 (B + BBl + BY) + (B: — Ba)o(B] - E}))

= EipE] + ExpE] = £(p).

Theorem: The operator-sum representations {E;}; and {F;};
define the same quantum operation if and only if

Ei = Zui,ij with {ui,j}i,j um’tary.
J
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Reminder: Freedom for Density Operators

Let {|1)5)}s be an ensemble that produces % with probability

<@Ex|@2x> We need the following Theorem that we have seen last time:

Theorem 2.6: Ensembles {|1;)}; and {\@]}j generate the same
density matrix if and only if

%Ez> = Zuzg‘ﬁgg>a
J

where (u; ;)i ; s unitary over the complex numbers for indices i, and

7, and where we pad whichever set of vectors is smaller with

additional vectors 0 so that the two sets have the same number of

elements.
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Proof of the Theorem (digression)

Assume the following not-normalized state shared among systems IR

and Q:
) = Y lin)liq).

Now, assume we execute quantum operation £ acting only in Q):

o= (Ir ® &)(|a){al).

We want to recover £ from o. Let us associate to |¢) € @ the
following |1)) € R:

0) = Y wilie) = |4) = 3 uslin)
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Proof of the Theorem (digression)

Remember that,
= alli)(
,J

Notice that,

(le1%)

(4] (ZzR (nl @ (liq) Gl )w}

2V

= Y vawiE(io)lial) = E()WD).

Assume the of o:
0 = Z ‘Sl><81‘7
i

where |s;) need not be normalized.
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Proof of the Theorem (digression)

Define the following mapping:

E¢3‘¢>'_><

<

Observe that:

> El)WIE! = > (v

(1) ().

A single “state” o allows for recovering £ and an operator-sum

representation for it!

==BRICS

On Quantum Information Theory

10



The Proof

Suppose {E;}; and {F}}; are two sets of operation elements such that
D Ei,OEJ = Zj Fj,onT for all p. We show that for unitary {u;;}; ;:

Ez' — Zuiij.
J

Let lei) = X0, ki) ® (Bilk)) and [fs) = X ) @ (Filkg)).
By definition of o, it follows that o =} ; [e;)(eil = >, [/;)(/ 5]

From Theorem 2.6, we get:

i) = ) uislf),
j

where {u;;}, ; is unitary.
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The proof(final)

For arbitrary |¢)) we have,

E;|Y)

it follows that:
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Noisy Quantum Channels
Bit flip: ko =+/1 —pl and E; = ,/pX is the operator-sum representation
of a bit flip |b) — |1 — b) with probability p.

Phase flip: Eg = /T —pl and E1 = \/pZ flips the phase |b) — (—1)°|b)
with probability p. When p = 1/2 we get,

E(p) = PopPo + Prphr,
this is equivalent to apply secretly measurement { Py, Py }.

Depolarizing channel: Applies the quantum operator

£0) =2 +(1-pp.

Using the fact that for all p, % = p+XpX+ZpY+ZpZ, the operator-sum

representation is,

3
E(p) = (1 — f) P+ g(XpX—I—YpY—I— ZpZ)

: : 3
which has operation elements: {4/1 — 31, \/TI_DX, gY, @X}.
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Digression:Shannon Entropy

o Z={((xi,yj),pi,;)}i  is a joint probability distribution for random
variables (X,Y),

o X ={(xi,pi)}i and Y ={(y;,q;)},; are the marginal disributions for X

and Y resp.
Basics:
H(X) = - § pilogp; and H(Y) = — § q; log g,
() J
H(X,)Y) = - E pi,; log pi ;.
1,7

Relative Entropy: H(X |Y)=—>_, ipijlogPr(X =z | Y =y;).
Chain Rule:

H(X,Y) = HX)+HY |X)=H(Y)+H(X|Y),
H(X,Y|Z) = HX|2)+H(Y|X,Z2).

==BRICS
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Shannon Mutual Information

The provided by Y about X is,

szglog<

Mutual information and entropy satisfy the following identities:

%) — H(X) - H(X |Y)

s
=
||

H(X) - H(X | V),
X; V)= H(Y) = H(Y | X),

(

(
I(X;Y)=HX)+H(Y)-HX.,Y),

(
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Von Neumann Entropy

Let p be any mixed state. From the theorem

p= Z Aileq) (el

where {|e;)}; is an orthonormal basis and {\;}; is the set of

we can write,

eigenvalues (i.e. \; > 0). This is equivalent to the classical
probability distribution {(e;, A;)},.
This suggests to define the associated to p as,

S(p) = —tr(plogp) = Z)\ log ;.

Notice that,

e Any pure state |¢) (1| is such that S(|)(¢)|) = 0 since it has an
eigenvalue A = 1.
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Basic Properties of S(p)
1. For any p, S(p) > 0,

2. Any p =1 3" Je;)(e;| = = is such that S(p) = logn,

3. Let {(p;, pi)}: be a probability distribution over mixtures with

support in then,

4. Let {p;}; be a probability distribution, let {|e;)}; be an
orthonormal basis, and let {p;}; be any set of mixed states,

S(Zpi\€i><€i|®/0i): (P1, .-+ Pn +sz 0i),

5. For any p and o, S(p® o) = S(p) + S(0).
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Quantum Mutual Information

Let p*P € H4 ® Hp be any composite system. We define,

S(A,B) = —tr(p AB Jog pAB)
S(A) = S(p*) where p” =trp (pAB)
S(B) = S(pP) where p? =try (pAB) :

As for classical information:
conditional entropy: S(A | B) = S(A, B) — S(B),

mutual information:

S(A; B) = S(A)+S(B)—S(A,B)=5(A)—-S(A| B)
= S(A,B)-5(B|A)-5(A]|B)
= S(A[B)+5(B)-5(B[A)-5(A]B)
(

— S(B)—S(B|A)=S(B; A).
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Interpretation of S(A | B)

Classically, H(X | Y) is the amount of (bit of) information missing to
re-construct X from Y. What about S(A | B)?

Suppose A is classical:

pap= Y, Px(@)lz)z|® ps.

Then,
S(A| B) =S5(X | B) = The amount of additional classical

information sufficient in order to re-construct X from quantum
system B [Winter99(Ph.D. thesis),Devetak-Winter03].

Notice: We have:
S(X | B) > H(X) - S(B),

with equality iff p, is pure for all z and where p” =3 Px(2)p..
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In the Twilight Zone

Consider the maximally entangled state:

ap 1
)" = ﬂ(\00>+\11>)-

We know that,
1
A B
= —I[ =
P 92 P
This means that

S(A,B) =0 and S(A) = S(B) = 1,

e This shows that

S(4, B) < S(A) H(X) < H(X,Y),
e It also shows that,

S(B| A) = S(A, B) — S(A) = -1 H(X|Y)>o0.
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More Properties

Theorem:Let A, B, be a composite quantum system. Then,

Conditionning reduces entropy: S(A| B,C) < S(A | B).
Discarding never increases information: S(A; B) < S(A4; B, ().

Quantum operation never increases information: Let £ be a

quantum operation acting on B alone. Then,

S(A'; B') < S(A; B).

Proof of 3:We have seen that £(p*8) = tr(U(p ® [0)(0])UT) for U
acting only upon B and

S(A; B) = S(4; B,() = S(A’; B',(") > S(A'; B,

where the second equality comes from the fact that unitary

transforms do not change the eigenvalues. The last inequality comes

after discarding
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Holevo Bound

The gives the amount of classical information that can

be extracted from a quantum state.

Theorem: Suppose Alice prepares p, with probability p,.. Let X be a
r.v. for this choice. Suppose the reveiver Bob performs a generalized

measurement with measurement operators { M, }, providing classical
outcome Y. Then,

I(X;Y) pr Px)
where p =Y Pzpa-

The expression

) p2S(pa)

is called the in p.
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Proof of the Holevo Bound

Consider the following tri-partite state:

(1)

Let {Ey}, = {M]} My}, be the POVM with operators {M,}, implemented

as,

E(o @ [0)(0)) = > Myo My ® [y)(y]
y
The measurement operators applies the following transformation:

ol @ me\a: "® Mypg M) @ |y) (y]

I
U

S(P; Q)

P; @, M) since is initially in pure state,

Vv
N

/ / . . . .
P Q' ) since quantum operations don’t increase inf.,

Vv
N

/ . . . . .
P ) since discarding don’t increase inf.
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Proof of the Holevo Bound
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S(P; Q) is the Accessible Information

pr\:v " @ pF @10)(0)

Observe that,

e S(P; Q)=S(P)+ 5(Q) — S(P,Q) by definition,
e S(P)= H(pg,...,pn) by a property of S(-).
(

e 5(Q) = S(p) by construction, and

e S(P,Q)=H(po,...,pn)+>.,Ps5(pz) by a property of S(-).

In other words, we have shown:

S(P; Q) = pr Pa)-

==BRICS
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S(P, M) = I(X; Y)

,OP/ R (pP/Q/ )
- prPr =y | X = a)la)al” @ ly)ly
T,y

By definition, we have that S(P’; M) = S(P") + S(M") — S(P’", M").
Moreover,
o S(P') =83, palx)(z]) = H(X),
o S(M') =S, pylv)ul) = H(Y),

e S(P',M")=H(X,Y), since
pe Pr(Y =y | X=2)=Pr(X=zxzAY =y).

Which results in S(P', M) =H(X)+ HY)—-H(Y,X)=I(X; Y).
=BRICS
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A Corollary

Corollary:Suppose P and () are sharing a quantum state |¢>PQ. Suppose
P does a measurement defined by the operators {My}» (acting only on his
part of the system). @ wants to determine as much information as possible
about P’s random variable X containing the outcome of the measurement.
In order to do that, Q applies a measurement {My}, on her part of the

system. Then,
I(X; Y) < 8(p") = S(p%) (3)

where p” = trq([) (¥]"?) and p@ = trp(J9)(w]"9).
Application to QKD: Suppose Alice and Bob share a state p”*? such that,

,OAB ~ Qic1|VeErpr)(YEPR| = <\PEPR|®m,0AB|‘I’EPR>®m >1—-27""

° can only get negligible information about measurement on p“*Z,

e Alice and Bob share a random m-bit string by measuring each pair of

pAB with measurement {Po ® Py, Po ® P1, P1 ® Py, P1 @ P1}.
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Proof of the Corollary

We show that: I(X; Y) < S(p) where p = trp(|¢)(¢]) and (X,Y)
correspond to the outcome of P’s and ()’s measurements.

P’s measurement as a trace-preserving quantum operation:

E(0@[0)(0) =D Moo M ® |2)(z].

Consider for p, = tr ((Mx ® ) (My ® H)T|¢><¢|)a

t
e = pr| >< |®trp((Mw®H>|¢><¢|(Mw®H> )

Px

X

— me| (7] ® p> where p =) p.p. by construction.

x

This corresponds to the mixture () must distinguish in order to get

information about X. Using the Holevo bound we get,

I(X; Y) < 8(p) = > peS(pa) < S(p).
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