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(â, b̂)
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� kJ�+��kA�d�_t,e>c+f Y k = δc,c + 3 · λ + δa,t + δc,c + γ + 9 · 0 + γ + δc,g + δt,t + δc,c
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7oHM; Ð HJS�=:9UÈNHMTVÔå;:ÇOSL5�=:5E?�=�D�9VÄ (α, β)

9<;´Ä3?AÛK9VÄ39 � HMI$C��OÆN7RHMÇ8Ó�?A7oÔNÆN=:9<S
WNHM@8HM;Ï H±?NTU;:Æ Ï ?N@d=l=:Æ
ãO@EI|=:58HM9V76H.ÛKÆN@�;>=:7oÇOS�=oÇ87:HJ;+C �8ÆN7)HM?N;:H"ÆAË Ð 7oHM;:H+@d=L?�=:9UÆN@%Ñ�=:58HRÄ|H+=:58ÆKI8;9V@w=:589<;l;:HMS�=o9VÆ_@|I8Æ´@8ÆN=�=o?AÓ_H69U@d=:Æ
?NSMS.Æ_Ç8@d=�=o5O?�=l9U@�ËÙ7L?AÄ3Ha;i=oÆ Ð S.ÆKIKÆN@E;�ÄwÇO;>=�@OÆA=lÆKS+S.ÇO79V@àH.ÛKÆ_@O;+Ñ­=o5O?�=
=o58H·S.Æ_Ä�×89U@8HMIÅTUH+@8WN=:5¨ÆAË6H+ÛKÆN@O;
ÄwÇO;i=�×­H�?�Ä�Ç8TV=:9 Ð TUH�ÆAË�=:587oH+H_ÑF=:5O?A=?ØS.ÆKIKÆ_@ÉS+?A@¶×­H(; Ð TU9¯=w×dÔà?A@¶9U@d=:7oÆN@$Ñ�ÆN7�=:5O?A=�=:58H(H.ÛKÆN@E;
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P%Æ·IKH+ãO@8H�D�9UÄ

(α, β)
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ÇO;:H�?�S+ÆNTUÇ8Ä3@�×E?N;:HMI�?ATU9VW_@8Ä3H+@d=R;oS.ÆN7oH Ï 589<SL5�?NTVTUÆ Ï ;aÇO;
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=:58H
?ATU9UWN@8Ä3H+@d=JCdPa58H
?_;:;:Ç8Ä Ð =:9UÆN@ÃÆAË�S+Æ�I89V@8W|7oH+WN9UÆN@E;)×­H+9U@8W Ï HMTVTVÝµS+ÆN@O;:H+7oÈNHJI�?A@OIÃ@8ÆN@8ÝS.ÆKIK9U@8W
7:HMWN9UÆN@O;�×­H+9U@8W�I89VÈ_H+7oWNH+@d=,S+?N@3×EH±H+Û Ð 7:HJ;:;:HMIw9U@3= Ï Æ Ð 7oÆN×O?N×89UTV9<;i=o9USaÄ3ÆKIKHMTU;MÑAÆN@OHËÙÆN7wS+ÆKIK9V@OWÅ?ATU9UWN@8Ä3H+@d=wS+ÆNTUÇ8Ä3@O;
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S.ÆNTUÇ8Ä3@O;
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y
) = qxqy

Ñ Ï 58H+7oH
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IKH Ð HM@OI8;aÆ_@Ã=o58H
×O?NSLÓ�W_7:Æ_Ç8@OI3ËÙ7oHMÕdÇ8HM@OS.Ô·ÆNË%=o58H
@�ÇOS.TUH+ÆN=:9<IKH
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px− = p−x = σqx

Ñ�ËÙÆN7±;:ÆNÄ3H
S.Æ_@O;>=o?A@d=
σ
C� ¨H
ËÙÆN7oÄ�Ç8T<?�=oHR=o58HM;:H
Ä|ÆKIKHMTU;

9V@�=:HM7:Ä�;aÆNË�=o58H+9U7"TVÆ_WAÝµÆKI8I8;�7o?A=:9UÆOÑ8?N@OIÃÇE;>H
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 ÅH´ÆN×O;:H+7oÈNH"=o5O?�=6=:58HªTUÆNWAÝµÆKI8I8;)7o?A=:9UÆ�ÆAË%?�@8ÆN@KÝgS.ÆKIK9U@8W�S+ÆNTUÇ8Ä3@·9<;

− log
qxqy

qxqy
= 0
C

Pa58H,TUÆNWAÝµÆKI8I8;�7L?�=o9VÆ_@ªËÙÆN7�?RS.ÆKIK9U@8WRS.Æ_TVÇOÄ|@�S+ÆN@O;:9<;i=o9V@8W"ÆNË�= Ï Æ±@�ÇOS+TVHMÆA=o9UIKHJ;�9<;%IKHJ;:S+7:9U×EHJI
×dÔ

δx,y = − log
pxy

qxqy

ÑE?A@OI�?�S.Æ_TVÇ8Ä3@�9V@ES.TUÇOIK9U@8W·?|W_? Ð ×�Ô λ = − log σ
q−
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δx,y

?N@OI3?ªW_? Ð S.Æd;i= λ ÑN?N@OI=:58H
S.Æd;i=�ÆAË%?w@8ÆN@KÝgS.ÆKIK9U@8W�S+ÆNTUÇ8Ä3@Ã9<; � H+7oÆOC�D Ï 9¯=LSL589U@8Ww×­H.= Ï H+HM@�=:5OHªS+Æ�I89V@8W|?A@OIÃ@8ÆN@8ÝS.ÆKIK9U@8W´Ä3ÆKIKHMTU;�9<; Ð HM@O?ATU9 � HMIw×�Ô γ
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(â, b̂)

?N@OI³?ÅÓ�@8Æ Ï @ WNHM@8Hå;i=o7:ÇOS.=:Ç87oHNÑ�9V=o;3TUÆNWNÝ�ÆKI8I8;
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 58H+@ Ï ÆN7oÓ�9V@OW Ï 9¯=o5 Ð 7oÆNÓ�?A7oÔNÆN=:9<S�;:HMÕdÇ8HM@OS.HJ; a ?A@OI b
Ñ Ï HRÓd@OÆ Ï =o5O?�=�TVHMW_?NT8WNHM@8HM;6?A7oH

;>Ç8×E;i=o7:9U@8W_;´ÆAË�S.ÆKIK9U@8W(@�ÇOS+TVHMÆA=o9UIKHJ;+C 
±HM@OS.H_Ñ Ï H|ÆN@8TUÔ�5O?~ÈNH�=:Æ�ÇO;:H�=o58H|S+ÆKIK9V@OW(Ä3ÆKIKH+T
Ï 58H+@åS.Æ_Ä Ð ÇK=:9U@8W|=:5OH�;>9UÄ39VT<?A7o9¯=iÔÃ×EH+= Ï HMH+@ Ð Æd;:;:9V×OTVH Ð ?N9V7L;aÆAË*WNH+@OHM;MC
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A = (â, b̂)
×­H
?A@Ã?NTV9UWN@KÝ
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=:58H
;>ÇO×O;i=o7:9U@8Wd;
âi · · · âj

?N@OI
b̂i · · · b̂j

Ï 9V=:5(W_? Ð ;)7oH+Ä3Æ�È_HMI�C  ÅH
IKHM@8ÆA=oHR=o58HM;:Hª?NTV9UWN@OHMI;>Ç8×E;i=o7:9U@8W_;
α = aa(i) · · · aa(j)

?A@OI
β = bb(i) · · · bb(j)

7oHM; Ð HJS�=o9VÈ_H+TUÔNÑ Ï 58HM7:H a(·)
?A@EI

b(·)
?A7oH"ËÙÇ8@OS.=:9UÆN@O; Ï 589<SL5·=:7L?A@E;>T<?�=oH´S.Æ_TVÇOÄ|@Ã9V@OI89US+HM;�9V@

A
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a
?A@OI

b
7:HJ; Ð HMS.=:9UÈNH+TUÔNC	 ÅHª;:?~Ô�=:5O?A= Ai,j

9U;�?
TVHMW_?NTE;:Ç8×KÝg?ATU9VW_@8Ä3H+@d=,9¯Ë�=o58HR?NTV9UWN@8HJI�;>ÇO×O;i=o7:9U@8Wd;
α
?N@OI

β
?A7oH·TUH+W_?NT6W_H+@8HJ;+Ñ*9�C H_C*9VË

Gstart
a(i)−1,b(i)−1

?N@OI
Gstop

a(j)+1,b(j)+1

?A7oH�=:7oÇ8H_C�Pa5OH
;:S+ÆN7oHRD�9VÄ

(âi · · · âj , b̂i · · · b̂j)
ÆAË

Ai,j

9<;l=o58HR;:Ç8Ä ÆAËF=:58Hª;:S+ÆN7oH"ÆAË�HM?_SL53ÆAË�=:5OH
j− i+1S.ÆNTUÇ8Ä3@O;MC� ÅH Ï ?A@d=a=:Æ3ãE@OI�?wTUH+Wd?AT�;:Ç8×KÝg?ATU9VW_@8Ä3H+@d="ÆAË�Ä3?AÛK9VÄwÇ8Ä ;oS.ÆN7oHNC

 ÅHRI8H.ãO@8H
S(i) = maxh<i

D�9UÄ
(âh · · · âi, b̂h · · · b̂i)

Ï 58H+7oH
Gstart

a(h)−1,b(h)−1

9U;,=:7oÇ8HNÑ
9vC HNC

S(i)
9U;%=:5OH6Ä�?�ÛK9UÄ�Ç8Ä ;oS.Æ_7:H)ÆAËE?´;>Ç8×E?ATU9VW_@8Ä3H+@d=*HM@OIK9U@8WR9U@wS+ÆNTUÇ8Ä3@

i
ÆAË­;>Ç8×E;i=o7:9U@8W_;

;i=L?A7:=:9U@8W�?�=)TUH+Wd?ATEWNH+@OH±;i=L?A7:= Ð Æd;>9V=:9UÆN@E;+C_DK9V@OS+HRÆ_Ç87)?ATU9UWN@8Ä3H+@d=6;oS.Æ_7:Ha9<;)S+ÆNTUÇ8Ä3@·×O?N;:HMI$ÑÏ H
S+?N@�S+ÆNÄ Ð ÇK=oH S(i)
ÇO;:9V@OW3I8Ôd@E?AÄ39US Ð 7oÆNW_7o?NÄ3Ä|9U@8Ww×O?N;:HMI(ÆN@�=:5OH
7:HJS.Ç87L;>9UÆN@ �

S(i) = max

{
S(i − 1) + δâi,b̂i

0 if Gstart
a(i),b(i)

i′′ = argmax
i

{
S(i) | G

stop

a(i)+1,b(i)+1

}
ìµé ï

Ï 58H+7oH
i′′
9<;�=:58H(9V@OI8H.Û¶ÆAË"=o58H(T<?N;>=wS+ÆNTUÇ8Ä3@É9V@³?åTUH+W_?NT�;:Ç8×KÝg?ATU9UWN@8Ä3H+@d=�ÆNË±Ä�?�ÛK9VÄ�?NT

;:S+ÆN7oHNC���Ô¨ãO@OI89V@8WÊ=:58H(Ä�?�ÛK9VÄwÇ8Ä
i′ < i′′

Ï 58H+7oH
Si′ = 0

?A@OI
Gstart

a(i′),b(i′)

9U;�=:7oÇ8HNÑ
Ï H�5O?~È_H|=:5O?A=

Ai′+1,i′′
9<;�?�TVHMW_?NT,;>Ç8×8Ýµ?NTV9UWN@8Ä3HM@_=
ÆNË�Ä�?�ÛK9UÄ�?AT);oS.Æ_7:H_ÑF?N@OIÅ=:5O?A=�=:5OH

S.ÆN7o7oHM; Ð Æ_@OIK9U@8W Ð ?A9U7±ÆAË,;:Ç8×O;>=:7o9V@OW_;"9<;R? Ð ?N9V7RÆAËlTVHMW_?NT$WNHM@8HM;"ÆNËlÄ3?AÛK9VÄwÇ8Ä ;:9UÄ|9UT<?A7o9¯=iÔ_C46ÆNÄ Ð ÇK=o9V@8W S(i)
?N@OI(ãO@OIK9U@8W

i′
?N@OI

i′′
=L?AÓNHJ;�=:9UÄ3H Ð 7:Æ Ð Æ_7>=o9VÆ_@O?AT­=oÆ3=:58H
@�Ç8Äw×EHM7"ÆAËS.ÆNTUÇ8Ä3@O;a9U@

A
Ñ89�C H_CK=:58H
=oÆA=L?AT�7:ÇO@8@89U@8W|=:9UÄ|H
9<;

O(n + m)
C
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�76 �0)(8��!'*9:, � � '! �������$ � ��> 9�� 9���91# � ��� ��) �0�1�$4-� % %(9	� � � � � #5�;4��!91) %  ¨H|IKH+ãO@8H|=:5OH
;>9UÄ39VT<?A7o9¯=iÔ D�9UÄ

(α, β)
×­H.= Ï H+HM@³TUH+Wd?AT±W_H+@8HJ;

α
?N@OI

β
?N;3=o58HÊ;oS.Æ_7:H�ÆAË�?N@³Æ Ð =:9UÄ�?AT?ATU9VW_@8Ä3H+@d=$ÆAË

α
?N@OI

β
ÇO;:9V@OWa=:58H)S+ÆNTUÇ8Ä3@
×O?N;:HMI
?NTV9UWN@8Ä3HM@_=%;oS.Æ_7:H*ËÙÇ8@ES�=:9UÆN@
9U@d=:7oÆKIKÇOS.HJI

?A×­Æ�ÈNHNC��*9U@OIK9U@8W�? Ð ?A9U7lÆAË�TVHMW_?NT8WNHM@8HM;lÆNË­Ä�?AÛ�9UÄ�ÇOÄ�;:9VÄ39UTU?N7:9V=iÔ�9<;,;:9VÄ39UTU?N7l=:Æ�=:58H±TUÆKS+?NT?ATU9VW_@8Ä3H+@d= Ð 7oÆN×8TUH+Ä ��
�
�� Ï 9V=:5�=o58HR?_I8IK9V=:9UÆN@O?NTOS.Æ_@OIK9V=:9UÆN@|=:5O?A= Ï H"ÆN@8TUÔ�Ä�?AÛ�9UÄ39 � H"=:5OH;>9UÄ39VT<?A7o9¯=iÔÃÆ�ÈNH+7 Ð ?N9V7L;aÆAËl;>ÇO×O;i=o7:9U@8Wd; Ï 5O9USL5å?A7oHªTVHMW_?AT�W_H+@8HJ;+C
 ÅHÉIKH+ãO@8H

S(i, j) = maxh<i,k<j

DK9VÄ
(ah · · · ai, bk · · · bj)

Ï 58HM7:H
Gstart

h−1,k−1

9U;
=:7oÇ8HNÑ69vC HNC

S(i, j)
9<;Ã=:58HÅÄ3?AÛK9VÄwÇ8Ä�;:9UÄ|9UT<?A7o9¯=iÔ ÆAË�? Ð ?N9V7(ÆAË�;:Ç8×O;>=:7o9V@8Wd;�H+@EIK9V@OWÌ9U@

Ð Æd;>9V=:9UÆN@O; i
?N@OI

j
?A@OIà;>=o?A7:=:9U@8WÊ?A=�TUH+W_?NT,WNHM@8H·;>=o?A7:= Ð Æ_;:9¯=o9VÆ_@O;MC*D�9U@OS.HÃÆNÇ87�;:9UÄ|9UT<?A7:Ý9¯=iÔàÄ3HM?_;>Ç87oH·9<;w?ÅS.Æ_TVÇ8Ä3@É×E?N;:HMI¶?ATU9UWN@8Ä3H+@d=3;:S+ÆN7oHNÑ Ï H(SM?A@ÉS+ÆNÄ Ð ÇK=oH S(i, j)

ÇO;:9V@8W
IKÔ�@O?AÄ39<S Ð 7:Æ_WN7L?AÄ3Ä39V@8W|×O?_;>HJIÃÆ_@Ã=o58H
7:HJS.Ç87L;:9VÆ_@ �

S(i, j) = max





S(i − 1, j − 1) + δai,bj

S(i − 1, j) + λ

S(i, j − 1) + λ

0 if Gstart
i,j

(i′′, j′′) = argmax
i,j

{
S(i, j) | G

stop

i+1,j+1

}

ì	� ï

Ï 58H+7oH
(i′′, j′′)

?A7oHl=:58H)TU?_;i= Ð Æd;>9V=:9UÆN@O;$9V@�? Ð ?A9U7%ÆNË�TUH+Wd?AT_WNH+@OHM;�ÆNË8Ä3?AÛK9VÄwÇ8Ä ;:9UÄ|9UT<?A7o9¯=iÔ_C
 ÅH¨S+?A@³ãO@EI =:58H¨;i=L?A7:= Ð Æd;>9V=:9UÆN@E;·ÆAË
=o58HM;:HØWNHM@8HM;Ã×�Ô ×O?_SLÓdÝv=o7o?_SLÓd9U@8WÅ=:587oÆNÇOWN5 =:5OH



7:HJS.Ç87L;>9UÈNH·S+ÆNÄ Ð ÇK=L?�=o9VÆ_@ÉÆAË S(i′′, j′′)
;:HM?N7oSL589U@8W�ËÙÆ_7�=o58HÃÄ�?�ÛK9UÄ�Ç8Ä 9U@OIK9<S.HJ;

i′ < i′′?A@OI
j′ < j′′

Ï 58H+7oH
S(i′, j′) = 0

?A@EI
Gstart

i′,j′
9U;ª=o7:ÇOHNC%Pa58H�;:Ç8×O;>=:7o9V@OW_;

ai′+1 · · · ai′′?A@OI
bj′+1 · · · bj′′

9U;�×�Ô´S.Æ_@O;>=:7oÇOS�=o9VÆ_@
TVHMW_?ATNWNH+@OHM;$ÆNËKÄ3?AÛK9VÄwÇ8Ä ;:9UÄ|9UT<?A7o9¯=iÔ_CJ46ÆNÄ Ð ÇK=o9V@OW
S(i, j)

?A@OI�ãO@OI89V@8W
(i′′, j′′)

=o?NÓNHM;�=o9VÄ3H
O(nm)

ÇO;:9V@8W
IKÔ�@O?NÄ39US Ð 7oÆNW_7o?NÄ|Ä39U@8WOÑJ×O?_SLÓ_Ý=:7L?NSLÓ�9V@OW�=:5O7:Æ_Ç8WN5�=o58H
7:HJS.Ç87L;:9VÈ_HRS.Æ_Ä Ð ÇK=o?A=:9UÆN@·=oÆ�ãE@OI (i′, j′)
=o?NÓNHM;)=:9UÄ3H

O(n + m)
Ñ

9vC HNCK=o58H
=:ÆN=o?NT�7:Ç8@O@89V@OWw=o9VÄ3H
9<;
O(nm)

CEPa5OH
; Ð ?_S.H
S.Æ_@O;>ÇOÄ Ð =:9UÆN@�9U; O(nm)
×8Ç8=RS+?A@

×EH
7oHMIKÇES.HMIÃ=:Æ
O(n + m)

ÇE;>9U@8W|=:58H
=oHMSL58@O9UÕdÇ8H
9U@ �%
�����C

�����	�
���
�'��� ����� � � � ����� ���
���

 58H+@ Ï ÆN7oÓ�9V@8W Ï 9V=:5¶H+ÇOÓ~?N7:Ô_ÆA=o9US|;>HJÕdÇ8H+@OS+HM;
a
?A@OI

b
Ñ Ï H3@8ÆA=wÆN@8TUÔ Ï ?A@d=
=:Æ�ãO@EI¨?

Ð ?A9U7"ÆAË�TVHMW_?NT�WNH+@OHM; α ?N@OI β
ÆAË�589VW_58HM;>=±;>9UÄ39VT<?A7o9V=iÔNÑK×8ÇK=ª?AT<;>Æ|=:5OH+9U7±Ä3Æ_;>=aTU9UÓNH+TUÔÃH+ÛKÆN@

;i=o7:ÇOS.=:Ç87oHM;MC� ÅH�;:ÆNTUÈNH�=o589<; Ð 7:Æ_×8TVHMÄá×�Ô�Ä�?NÓd9U@8W�9¯= Ð Æ_;o;>9U×8TUH�=oÆ�; Ï 9¯=LSL5Ê×­H.= Ï H+HM@Ø=:5OHS.ÆKIK9U@8W
?A@OIw@8ÆN@8ÝµS+Æ�I89V@8W
;oS.Æ_7:H�Ä3Æ�I8H+T8?�=); Ð TU9US+H.Ýg;>9V=:HJ; Ï 58H+@�S.Æ_Ä Ð ÇK=:9U@8Wª=:5OH±;>9UÄ39VT<?A7o9¯=iÔ×EH+= Ï HMH+@ Ð Æd;:;:9U×8TVH Ð ?N9V7L;�ÆAË�WNHM@8HM;MC

� + 6��!)(8��0'=9:, ����'! ���� "#$ &�%(91# � �0# �/> 93%('*91#?� �!� 9 �!# � ��#-' � H.=
A = (â, b̂)

×­H�?A@å?NTV9UWN@KÝ
Ä|HM@d=RÆAË

a
?A@OI

b
C Â TVHMW_?AT�;>Ç8×8Ýµ?NTV9UWN@8Ä3HM@_=

Ai,j

9<;±IKH+ãO@8HJIØ?N;±?N×EÆ�È_HNC8Pa58Hw;:S+ÆN7oH
ÆAËl?
S.ÆNTUÇ8Ä3@¨9V@

Ai,j

9U;
S+ÆNÄ Ð ÇK=oHMIÅ×�Ô�=:58H�S.ÆKIK9U@8W�ÆN7
@8Æ_@KÝµS+ÆKIK9V@OW(;oS.ÆN7oH�Ä3ÆKIKHMT,S�ËiCF=:5OHM;:H7:Ç8TUHM;��FÚ 
JÜ,=:5OH´;oS.ÆN7oHRÆNË�=:58H´ãO7L;i=aS.Æ_TVÇ8Ä3@$Ñ�9�C H_CdS+ÆNTUÇ8Ä3@
i
Ñ�S+?A@Ã×EH
S.Æ_Ä Ð ÇK=:HJI·ÇO;:9V@OW�=:5OHS.ÆKIK9U@8W�Ä3ÆKIKH+T�CFÚ*�NÜ,=:5OHª;oS.Æ_7:H±ÆNË%S.Æ_TVÇ8Ä3@

k
S+?A@Ã×EH
S.Æ_Ä Ð ÇK=:HJI�ÇO;>9U@8W�=:58H
;:S+ÆN7oH±Ä3ÆKIKH+TÇO;>HJI¨=:ÆØS+ÆNÄ Ð ÇK=oH�=:58H·;oS.Æ_7:H�ÆNËaS+ÆNTUÇ8Ä3@ k − 1
C)Ú �_Üª=o58HÃ;oS.ÆN7oH3ÆAË"S.Æ_TVÇ8Ä3@

k
S+?N@¶×EH

S.ÆNÄ Ð Ç8=:HMI�9U@�=:5OH�@8ÆN@8ÝµS+Æ�I89V@8W�Ä3ÆKIKHMT%9VË Da
a(k)

?N@OI
Db

b(k)

?N7:H
=o7:Ç8H_Ñ89�C H_CO9VË Ï H�?N7:H�?A=
?�IKÆN@8Æ_7±;>9V=:H_C%Ú ��Ü�=:5OH�;:S+ÆN7oHªÆNË�S+ÆNTUÇ8Ä3@

k
S+?A@�×­H�S.Æ_Ä Ð ÇK=:HJI(9U@�=:5OH
S+ÆKIK9V@OW�Ä|ÆKIKHMT%9VË

Aa
a(k)−1

?A@OI
Ab

b(k)−1

?A7oHª=:7oÇ8HNÑ89�C HNCK9VË Ï H
5O?~ÈNH6QiÇO;>= Ð ?N;o;:HMI�?A@�?NS+S+H Ð =oÆN7";:9¯=oHNC
Pa58H�;:S+ÆN7oH�D�9VÄ

(âi · · · âj , b̂i · · · b̂j)
ÆAË

Ai,j

9<;±IKH+ãO@8HJIå?N;�=:5OH�;>ÇOÄ ÆAË�=o58H�;:S+ÆN7oH
ÆAË
HM?NSL5åÆNË�=:58H

j + i − 1
S.ÆNTUÇ8Ä3@O;RÄ3?AÛK9VÄ39 � HMI�Æ�È_H+7R?NTVT Ð Æd;:;:9U×8TVHwIK9VÈ�9<;>9UÆN@E;±9U@_=oÆÃS.ÆKIK9U@8W?A@OI|@8Æ_@KÝµS+ÆKIK9V@OWªS+ÆNTUÇ8Ä3@O;+C_Pa58H"IK9VÈ�9<;>9UÆN@|ÆAË

Ai,j

9U@d=:Æ�S+Æ�I89V@8W
Æ_7l@8ÆN@KÝgS.ÆKIK9U@8W
S.Æ_TVÇ8Ä3@O;
Ï 589USL5¨Ô�9VHMTUIO;R=o58H3Ä�?�ÛK9VÄwÇ8Ä ;oS.Æ_7:H|?AT<;>Æ�Ô�9VHMTUI8;´=o58H3H.ÛKÆN@¨;i=o7:ÇOS.=:Ç87oHM;ªÆNË)=:5OH3?NTV9UWN@OHMI
;>Ç8×E;i=o7:9U@8W_;MC  ¨H Ï ?A@d=�=oÆåãO@OIÌ?åTVHMW_?NT6;:Ç8×KÝg?ATU9VW_@8Ä3H+@d=�ÆAË±Ä�?AÛ�9UÄ�ÇOÄ ;oS.Æ_7:H·?N@OIà=:5OH
S.ÆN7o7oHM; Ð Æ_@OIK9U@8W�I89VÈ�9<;>9UÆN@¨9V@d=oÆ�S+ÆKIK9V@OW�?N@OI¨@8ÆN@8ÝµS+Æ�I89V@8WåS+ÆNTUÇ8Ä3@O;+C� ¨H·IKH+ãO@8H S(i) =

maxh<i

D�9UÄ
(âh · · · âi, b̂h · · · b̂i)

Ï 58H+7oH
Gstart

a(h)−1,b(h)−1

9U;F=o7:ÇOHNÑM?N@OI
S.Æ_TVÇ8Ä3@
i
9U;�HM9¯=o58H+7

?wS+Æ�I89V@8W|S.Æ_TVÇ8Ä3@(ÆN7�=:58HªT<?N;>=aS+ÆNTUÇ8Ä3@Ã9U@(?A@(9V@d=o7:Æ_@$Ñ�9vC HNC
S(i)
9U;6=o58H
Ä3?AÛK9VÄwÇ8Ä1;:S+ÆN7oH

ÆAË,?�;>ÇO×KÝµ?NTV9UWN@OÄ|HM@d=±H+@OIK9U@8W·9U@ØS.Æ_TVÇOÄ|@
i
ÆAË,;:Ç8×O;>=:7o9V@8Wd;±;>=o?A7:=:9U@8W·?A=±TVHMW_?AT%WNH+@OH�;i=L?A7:=

Ð Æd;>9V=:9UÆN@O;�?A@OIàHM@OIK9U@8WØ9U@É?A@¶H.ÛKÆ_@¨Æ_7�?�=|?A@É?NSMS.H Ð =:Æ_7�;>9V=:H_C  ¨H(S+?N@¶S.ÆNÄ Ð Ç8=:H S(i)ÇO;>9U@8W�IKÔ�@O?NÄ|9<S Ð 7oÆNW_7o?NÄ|Ä39U@8W�×E?N;:HMI(ÆN@(=:58H
7oHMS+Ç87o;:9UÆN@O;��

I(i) = max

{
I : I(i − 1

I : S(i − 1) + γ if Da
a(i) ∧ Db

b(i)

S(i) = max





E : S(i − 1) + δâi,b̂i

I : I(i − 1) + γ if Aa
a(i) ∧ Ab

b(i)

0 if Gstart
a(i),b(i)

i′′ = argmax
i

{
S(i) | G

stop

a(i)+1,b(i)+1

}

ì�� ï



Ï 58H+7oH
i′′
9<;�=:5OH,9V@EIKH.Û
ÆAË�=o58H,T<?N;>=�S.Æ_TVÇ8Ä3@
9U@�?aTUH+W_?NT_;:Ç8×KÝg?ATU9VW_@8Ä3H+@d=$ÆAËKÄ�?�ÛK9UÄ�?ATN;oS.Æ_7:H_C

Ò"HMSM?ATUTa=:5O?A=�=:58HØS+ÆN@O;>=o?N@_=
γ
9<;|=:58H Ð 7:Æ_×O?A×89UTU9¯=iÔÍÚ�9V@ TUÆNWAÝµÆKI8I8;37L?�=o9VÆ�Ü�ÆNËªÆN×E;>HM7:È�9U@8W?¶; Ð TU9<S.H.Ýg;:9¯=oHNC  ¨HÊS+?N@ÌãO@EI³=:58HØ;>=o?N7>= Ð Æ_;:9¯=o9VÆ_@O;�ÆAËª=:5OHM;:HåWNH+@OHM;3×�ÔÌ×O?_SLÓdÝv=o7o?_SLÓd9U@8W=:587oÆNÇ8W_5¨=:58H(7:HJS.Ç87L;>9UÈNH�S+ÆNÄ Ð ÇK=L?�=:9UÆN@¶ÆNË S(i′′)

;>HJ?A7LSL589V@OW(ËÙÆ_7�=o58H·Ä�?�ÛK9UÄ�Ç8Ä 9V@EIKH.Û
i′ < i′′

Ï 58H+7oH
S(i′) = 0

?N@OI
Gstart

a(i′),b(j′)

9<;�=:7oÇ8HNC ��Ô�S.Æ_@O;i=o7:ÇES�=:9UÆN@�=:58H";:Ç8×KÝg?ATU9VW_@8Ä3H+@d=
Ai′+1,i′′

9<;,?ªTVHMW_?NT8;>Ç8×8Ýµ?NTV9UWN@8Ä3HM@_=lÆNË­Ä�?�ÛK9UÄ�?ATO;oS.Æ_7:H_ÑA?A@OI�=:58H´S.ÆN7o7oHM; Ð Æ_@OIK9U@8W Ð ?A9U7lÆAË;>Ç8×E;i=o7:9U@8W_;)9U;�? Ð ?N9V76ÆAË$TUH+Wd?ATOW_H+@8HJ;,ÆNË$Ä3?AÛK9VÄwÇ8Ä1;>9UÄ39VT<?A7o9¯=iÔ_C_Pa58H´H.ÛKÆN@·;>=:7oÇOS.=:Ç87oHM;)ÆAË=:58HJ;>H
W_H+@8HJ;69<;±IKH+=:HM7:Ä39U@8HMI Ï 589UTVH
×O?_SLÓdÝv=o7o?_SLÓd9U@8WEÑ Ï 58HM7:Hª=:5OH�?A@8@8ÆN=o?A=:9UÆN@$Ñ
E
ÆN7

I
Ñ8ÆNË

HM?NSL5w? Ð8Ð TU9UHMI�7oHMS+Ç87L;>9UÆN@�9U@OIK9<S+?A=:HJ;�9VËO=o58HaS.ÆN7o7oHM; Ð Æ_@OIK9U@8WRS.Æ_TVÇOÄ|@w9V@ Ai′+1,i′′
9<;*S+ÆKIK9V@OW

ÆN7a@8ÆN@8ÝµS+Æ�I89V@8WECO46ÆNÄ Ð ÇK=o9V@8W S(i)
?A@EI�ãO@OI89V@8W

i′
?N@OI

i′′
=o?NÓNHM;6=o9VÄ3H Ð 7oÆ Ð ÆN7:=:9UÆN@O?NTO=oÆ=:58H
@�Ç8Äw×EHM7"ÆAËlS.ÆNTUÇ8Ä3@O;a9U@

A
Ñ89�C HNC8=:58H
=oÆA=o?NT�7:ÇO@8@89U@8W|=:9UÄ|H
9<;

O(n + m)
C

� + 6��!)(8��0'=9:,@����'! ���� � $ � �7>�9�� 9���91# � � �0��) �0�1� 4��0%/%(9	����� � � #5��4-�091) %  ¨HÃIKH.ãE@8H�=:5OH
;>9UÄ39VT<?A7o9¯=iÔ�D�9UÄ

(α, β)
×­H.= Ï H+HM@wTUH+Wd?ATdWNH+@OHM;

α
?A@OI

β
?_;%=o58H";:S+ÆN7oH)ÆNËE?A@wÆ Ð =o9VÄ�?ATK?NTV9UWN@KÝÄ|HM@d=%ÆAË

α
?A@OI

β
Ñ Ï 58H+7oH Ï H,ÇO;:H�=:58H�S.ÆKIK9U@8W±?A@OI
@OÆN@KÝgS.ÆKIK9U@8W±;oS.ÆN7oH�Ä3Æ�I8H+T<;+ÑJ?A@OI
Ä�?AÓ_H

9¯= Ð Æd;:;:9U×8TVH�=:Æ�; Ï 9V=oSL5Ø×­H.= Ï H+HM@å=:5OH+Ä ?�=
IKÆ_@8ÆN7ª?A@OIØ?_S+S+H Ð =oÆN7´;:9V=:HM;MC�D�9V@ES.Hw=:58H|@8ÆN@8ÝS.ÆKIK9U@8Ww;oS.Æ_7:H±Ä3ÆKIKHMTF;:H.=L;,=o58H
;:S+ÆN7oH±ÆAË�?�@8ÆN@8ÝµS+Æ�I89V@8W|S.Æ_TVÇ8Ä3@�=oÆ � H+7oÆOÑ Ï HªS+?A@Ã9VW_@8ÆN7oH=:58H Ð Æd;:;:9V×O9VTU9¯=iÔ�ÆAË,@OÆN@KÝgS.ÆKIK9U@8W·;:Ç8×O;>=:9V=:ÇK=o9VÆ_@ÊS.Æ_TVÇ8Ä3@O; Ï 58HM@ÊS.Æ_Ä Ð ÇK=:9U@8WÃ?N@åÆ Ð =o9VÄ�?AT?ATU9VW_@8Ä3H+@d=MC 
±HM@OS.H_Ñ Ï H�ÆN@8TUÔà5O?~ÈNH�=oÆ¨S+ÆN@O;:9<IKH+73?ATU9VW_@8Ä3H+@d=o; Ï 58H+7oH�@8ÆN@KÝgS.ÆKIK9U@8WØ@�ÇKÝ
S.TUH+ÆA=o9UI8HM;�?A7oH)9U@wWd? Ð S+ÆNTUÇ8Ä3@O;�S�ËiC~=o58H"?ATU9VW_@8Ä3H+@d=�9U@#�*9UWOC��8C ß @d=:ÇO9¯=o9VÈ_H+TUÔNÑJ=:589<;l? ÐOÐ 7:Æd?NSL5Ä3?NÓNHJ;$9V= Ð Æ_;o;>9U×8TUH,=oÆ´;:Ód9 Ð 9U@d=:7oÆN@O;�×�Ô
?NTVTUÆ Ï 9U@8W"ËÙ7oH+H)Wd? Ð ;�;i=L?A7:=:9U@8WR?A=�?´IKÆN@8Æ_7�;:9¯=oH6?N@OIH+@OIK9U@8W
?�=�?A@�?_S+S.H Ð =:Æ_7*;:9V=:HNC  ¨H�IKH+ãO@8H S(i, j) = maxh<i,k<j

D�9UÄ
(ah · · · ai, bk · · · bj)Ï 58H+7oH

Gstart
h−1,k−1

9<;
=:7oÇ8H�?A@OI
ai

?A@OI
bj

?A7oHwHM9¯=o58H+7�S+ÆKIK9V@OWåÆN7ª=:58H�T<?N;>=�;>Ô�Äw×EÆ_TU;
9U@
9V@d=:7oÆN@E;+C�
RH+@OS+HNÑ

S(i, j)
9<;a=:58H�Ä3?AÛK9VÄwÇ8Ä ;:9VÄ39UTU?N7:9V=iÔÃÆNË�? Ð ?A9U7±ÆAË,;:Ç8×O;>=:7o9V@8Wd;aH+@OI89V@8W9V@ Ð Æd;>9V=:9UÆN@O; i

?A@EI
j
?A@EIØ;i=L?A7:=:9U@8W(?A=ªTUH+Wd?AT*WNHM@8Hw;>=o?N7>= Ð Æd;>9V=:9UÆN@O;MÑ­=:5O?A= Ï ÆNÇOTUIå×­H3?

Ð ?A9U7±ÆAËlTUH+Wd?AT%W_H+@8HJ;"9VË Gstop

i+1,j+1

Ï ?_;a=:7oÇ8HNC  ÅH|S+?N@ØS.ÆNÄ Ð Ç8=:H S(i, j)
ÇO;:9V@8W·I8Ôd@E?AÄ39US

Ð 7:Æ_WN7L?AÄ3Ä39V@OW�×O?_;>HJIÃÆ_@(=o58H
7oHMS.ÇO7o;:9VÆ_@O;��

Ia(i, j) = max

{
I : Ia(i − 1, j)

I : S(i − 1, j) + γ if Da
i

Ib(i, j) = max

{
I : Ia(i, j − 1)

I : S(i, j − 1) + γ if Db
j

S(i, j) = max





E : S(i − 1, j − 1) + δai,bj

E : S(i − 1, j) + λ

E : S(i, j − 1) + λ

I : Ia(i − 1, j) + γ if Aa
i

I : Ib(i, j − 1) + γ if Ab
j

0 if Gstart
i,j

(i′′, j′′) = argmax
i,j

{
S(i, j) | G

stop

i+1,j+1

}

ì�� ï

Ï 58H+7oH
Ia(i, j)

?N@OI
Ib(i, j)

9<;·=o58HÊÄ�?AÛ�9UÄ�ÇOÄ�;:9UÄ|9UT<?A7o9¯=iÔ³ÆAË�? Ð ?A9U7ÃÆNË�;>Ç8×E;i=o7:9U@8W_;H+@OIK9U@8W�9U@ Ð Æ_;:9¯=o9VÆ_@O; i ?A@OI j
9V@E;>9<IKH´?N@39V@d=:7oÆN@�9U@·;:HMÕdÇ8H+@ES.H

a
?N@OI

b
7oHM; Ð HJS�=:9UÈNHMTVÔ_ÑN?A@EI;i=L?A7:=:9U@8W�?�=aTUH+W_?NTOW_H+@8Hª;i=L?A7:= Ð Æd;>9V=:9UÆN@E;+C�Pa58H Ð ?A9U7 (i′′, j′′) ?A7oH±=o58HRT<?N;>= Ð Æ_;:9V=:9UÆN@O;69V@(?



Ð ?A9U7�ÆNË8TVHMW_?NT_W_H+@8HJ;%ÆNË8Ä3?AÛK9VÄwÇ8Ä ;>9UÄ39VT<?A7o9V=iÔNC� ¨HaS+?A@�ãO@OI�=:58H�;i=L?A7:= Ð Æ_;:9¯=o9VÆ_@O;%ÆNË8=:5OHM;:HWNH+@OHM;,×�Ô|×O?NSLÓdÝ�=:7L?NSLÓ�9U@8Wª=:587oÆNÇ8W_53=:58H´7:HJS.Ç87L;:9VÈ_H±S.ÆNÄ Ð Ç8=o?�=o9VÆ_@�ÆAË S(i′′, j′′)
;:HM?A7LSL589U@8W

ËÙÆN7
=:5OH|Ä�?AÛ�9UÄ�ÇOÄ 9V@EIK9US+HM;
i′ < i′′

?A@OI
j′ < j′′

Ï 58HM7:H
S(i′, j′) = 0

?N@OI
Gstart

i′ ,j′
9U;

=:7oÇ8HNC­Pa58H�;:Ç8×O;>=:7o9V@8Wd;
ai′+1 · · · ai′′

?A@OI
bj′+1 · · · bj′′

9U;"×�Ô�S.Æ_@O;i=o7:ÇES�=:9UÆN@�TUH+Wd?AT$W_H+@8HJ;
ÆAË,Ä�?�ÛK9UÄ�Ç8Ä ;>9UÄ39VT<?A7o9V=iÔNCEPa5OH�H.ÛKÆ_@Ø;i=o7:ÇOS.=:Ç87oHM;RÆAËl=o58HM;:H�WNHM@8HM;R9U;ªIKH+=:H+7oÄ39V@OHMI Ï 58HM@
×O?NSLÓdÝ�=:7L?NSLÓ�9V@OW Ï 58HM7:H
=o58H�?N@8@8ÆA=L?�=o9VÆ_@$Ñ

E
ÆN7

I
ÑEÆAË�HM?_SL5�? Ð8Ð TU9VHJI�7:HJS.Ç87L;>9UÆN@�9U@OIK9<S+?�=oHM;9¯Ë�=o58H´;:Ô�Ä�×­ÆNT<;,9U@3=:58HªS.ÆN7o7oHM; Ð Æ_@OIK9U@8W�S.Æ_TVÇ8Ä3@·?N7:HRS+ÆKIK9V@OW�ÆN7,@OÆN@KÝgS.ÆKIK9U@8WOCdPa58H±×O?_SLÓdÝ=:7L?NSLÓ�9V@OW3?NTU;:Æ�Ô�9VHMTUIO;±?A@�Æ Ð =:9UÄ3?NT�?NTV9UWN@8Ä3HM@_=±ÆNË�=o58H�9<IKH+@d=o9¯ãOHJI�WNHM@8H Ð ?A9U7JCED�9UÄ|9UT<?A7"=oÆ

� )
�76 �0)(8��!'*9:, ����'! ���� � Ñ8=:5OH
=:9UÄ3H�?A@OIå; Ð ?_S.H
S.Æ_Ä Ð TVH+Û�9V=iÔÃÆNË�=:58H�Ä3H+=:58ÆKI�9<; O(nm)
Ñ

Ï 58H+7oHª=:58H�; Ð ?NS+H
S.ÆN@E;>Ç8Ä Ð =o9VÆ_@�SM?A@�×EH
9UÄ Ð 7oÆ�ÈNHMI·=:Æ O(n + m)
C

� ���a».�%º ��Ái½6º �
Pa58H3Ä|ÆKIKHMTlÆAË�TVHMW_?AT*WNHM@8H�;i=o7:ÇES�=:ÇO7:HJ;ª?N@OIå=o58H·S.ÆKIK9U@8W�?A@OIÅ@8Æ_@KÝµS+ÆKIK9V@OW(;oS.ÆN7oHwËÙÇ8@OS�Ý
=:9UÆN@O; Ð 7:HJ;>HM@_=oHMI(9V@�=o58H Ð 7oH+È�9VÆ_ÇO;";:HMS�=o9VÆ_@O;"?A7oH
IKH+TU9U×EHM7o?A=:H+TUÔ·Ä�?NI8H�;>9UÄ Ð TVH_C�
±Æ Ï H+È_H+7JÑ=:58HM7:Ha?A7oH6;:ÆNÄ3H)Æ_×�Èd9UÆNÇE;%H+Ûd=oH+@O;:9UÆN@O;%=:Æª×EÆN=:5|ÆAË8=o58H+Ä�C�Pa58HaS.ÆKIKÆ_@w;>=:7oÇOS�=oÇ87:H69U;�?N@�9UÄwÝ
Ð Æ_7>=L?A@d=lËÙHM?A=:Ç87oH±ÆAËFWNHM@8HR;>=:7oÇOS�=oÇ87oHM;MCNPa58HRS+Æ�I89V@8W Ð ?A7:=o;lÆNË�?
W_H+@8H´S+?A@3×­HRS.Æ_Ä Ð TVH+=:HMTVÔIK9VÈ�9<IKHMIØ9V@d=:Æ(;>Ç8×E;>HJÕ_ÇOH+@d="=:7o9 Ð TVH+=o;´ÆAËl@�ÇOS.TUH+ÆN=:9<IKHM;´IKH+@8ÆN=:HJIåS.ÆKIKÆN@E;+C8Þ6?NSL5ØS.ÆKIKÆ_@åH+@KÝS.ÆKIKHM;
?N@Å?NÄ|9U@8Æå?NS+9UI Ï 589<SL5ÅHMÈNÆNTUÈNHJ;´;:TUÆ Ï HM7R=o5O?A@¨9¯=L;
Ç8@OIKHM7:TUÔ�9V@OW�@�ÇOS+TVHMÆA=o9UIKHJ;+C ß Ëa?
S.ÆKIKÆN@Ê9U;ª?Ã;>=:Æ Ð S.ÆKIKÆN@Ø=:58Hw=:7L?A@O;:T<?�=:9UÆN@%ÑE?A@EI�=:5�ÇO;R=:58HwWNHM@8HNÑ­Ä�ÇO;>=´HM@OI�C�äåÆ_7:HMÆ�ÈNH+7JÑ=:58HªS.ÆKIKÆN@·;>=:7oÇOS.=:Ç87oH±9UÄ Ð TV9UHM;)=:5O?A=�IKHMTVH+=:9U@8Ww?�@dÇOÄ�×­H+7�ÆAË�@�ÇOS.TUH+ÆN=:9<IKHM; Ï 589<SL5�9U;6@8ÆA=�?Ä�Ç8TV=:9VÝ Ð TVÇ8Ä�ÆAËF=o587:HMH±SL5O?A@OWNHM;l?NTVTEH+@OS+ÆKIKHMI3?AÄ39U@8Æ�?NS+9UIO;,IKÆ Ï @O;>=:7oHM?NÄ ÆAËF=:5OHRIKH+TUH.=o9VÆ_@Ú�S+?NTVTUHMI(?�ËÙ7L?AÄ3H
;>5O9¯Ë�=�Ü�C8Pa589<;�9U;a×­H+TU9VHMÈNHJI�=:Æ|×­H
?wÈNHM7:Ô37L?A7oH±H+È_H+@d=MCKPa58H
S+Æ�I89V@8W|;:S+ÆN7oH
ËÙÇ8@OS�=o9VÆ_@¨;:58Æ_Ç8TUI¨IKHJ;:S+7:9U×EH�?(Ä3ÆN7oHwHMÈNÆNTUÈNHJIå=o7:HJ?�=:Ä3HM@_=
ÆAË�H+È_ÆNTUÇK=:9UÆN@O?N7:Ô�HMÈNH+@d=L;+ÑFHNC WOC
=o?AÓ_H�SL5O?A@8W_HM;´ÆN@Å=:58H�HM@OS.ÆKIKHJIÅ?NÄ39V@8Æå?_S.9<I8;ª9V@d=:Æå?_S+S.Æ_Ç8@d= Ï 58H+@à;:S+ÆN7o9V@OW�?N@ÅHMÈNH+@d=JÑ
?A@OI�?ATUTVÆ Ï 9V@E;>HM7>=o9VÆ_@���IKHMTVH+=:9UÆN@(ÆAËlS.ÆN@E;>HJS.ÇK=o9VÈ_H´@�ÇOS+TVHMÆA=:9<IKHJ;+C
�-��6091#?� '! �� ��#$, ����� � � � 91#$��� , 9:�0% 91#"'�� � , ,/�!+.#-' Pa58H3?ATU9VW_@8Ä3H+@d=ª;oS.Æ_7:H�ËÙÇ8@OS.=:9UÆN@Ê×�Ô

±H+9U@³9V@ ��
 
��"9<;|?¨7oHM?_;>Æ_@O?A×8TUHÃ?N@OIÉË�?N9V7oTUÔÉ;>9UÄ Ð TVH Ï ?~Ô¶ÆAË±=L?AÓ�9V@OWÊ=o58H Ð 7:ÆN=:HM9V@³TVHMÈNHMT9V@d=:Æ3?NSMS.Æ_Ç8@d=MC�Pa58H´9<IKHJ?�9<;6=:Æw=:589U@8Ó·ÆNË�?A@�?AÄ39V@OÆ|?_S.9<I·H+@ES.ÆKIKHMI(?N;6×EHM9V@OW��:?�=:=o?NSL5OHMI
	
=:Æ·=o58H|Ä|9<I8IKTUH|@dÇES.TUH+ÆA=o9UI8H�ÆAË,=o58HwS+ÆKIKÆN@ØHM@OS.ÆKIK9U@8W(9¯=JC� 5OH+@ØÄ�?�=LSL589U@8W·= Ï ÆÃÄ39<I8IKTUH
@dÇES.TUH+ÆA=o9UI8HM;

a2
?N@OI

b2
ÑA9�C HNCN@�ÇOS+TVHMÆA=o9UIKHJ;l9U@ Ð Æd;>9V=:9UÆN@|= Ï Æ
9V@ Ð 7oHMIK9<S�=oHMI�S+Æ�I8ÆN@O; a1a2a3?A@OI

b1b2b3
ÑF=o58H�;>9UÄ39VT<?A7o9V=iÔ�×­H.= Ï H+HM@Ê=o58H3?AÄ39V@OÆ�?_S.9<I8;

A
?N@OI

B
H+@ES.ÆKIKHMIÅ×�Ô�=:58HJ;>H

S.ÆKIKÆN@E;±9<;±=L?AÓNHM@å9V@d=oÆÃ?NSMS.ÆNÇO@_=JC �OÆN7RH+Û8?AÄ Ð TUHNÑO9VË δa,b

9<;±=o58Hw;:9UÄ|9UT<?A7o9¯=iÔ(×EH+= Ï HMH+@å= Ï Æ
@dÇES.TUH+ÆA=o9UI8HM;ª?A@OI

∆A,B

9<;R=o58H�;>9UÄ39VT<?A7o9V=iÔ�×­H.= Ï H+HM@Ø= Ï Æ(?NÄ|9U@8Æ�?NS.9<I8;MÑ­=:58HM@Ø=:5OH3S+Æ_;>=
ÆAË�Ä�?�=oSL5O9V@8W�= Ï Æ�Ä39<I8IKTUHR@�ÇOS+TVHMÆA=:9<IKHJ;

a2
?N@OI

b2
9U@ÃS.ÆKIKÆ_@O;,HM@OS.ÆKIK9U@8W�?NÄ39V@8Æw?NS.9<I8;

A?A@OI
B
9<;

δa2,b2 + ∆A,B

Ñ Ï 5O9VTUHå=:5OHÅS.Æd;i=·ÆNË
Ä3?A=oSL589U@8WÉ?N@dÔÌ= Ï ÆÌ@8ÆN@KÝµÄ39UIOIKTVHå@�ÇKÝ
S.TUH+ÆA=o9UI8HM;

ai

?N@OI
bj

9U;
δai,bj

C �6ÔåÓ_H+H Ð 9V@OW·=:7L?NSLÓ�ÆNË,=:58H3S.ÆKIKÆ_@KÝ Ð Æd;>9V=:9UÆN@ØÆNË,=:5OH3S+Ç87:Ý7:HM@_=�@�ÇOS+TVHMÆA=o9UIKHJ;+Ñ Ï H·SM?A@ÉIK9<;>=:9U@8WNÇ89<;:5à=:58H·Ä39<I8IKTUH·@�ÇOS.TUH+ÆN=:9<IKH�ËÙ7oÆNÄ =:58H(ÆA=:5OH+7
= Ï Æ
?A@OIÃ=:5�ÇO;"9U@OS+ÆN7 Ð Æ_7o?A=:H ∆

C
� � �!9:�091# � %('�� 4 , �7� �0#-% �!#$� � �/��8091# � ����# ��'  )/�
��+.91)
� � ��#-'*%�� H+H Ð 9U@8W³=:7L?NSLÓ ÆAË|=:5OHS.ÆKIKÆN@8Ý Ð Æ_;:9¯=o9VÆ_@Ã?N;6H.Û Ð T<?A9U@8HJIÃ?A×­Æ�ÈNH´?AT<;>ÆwH+@O?N×8TVHJ;�ÇO;6=:Æ|9UIKHM@d=:9VËÙÔ·?A@OIÃH.Û8S.TUÇOIKH Ð Æd;:;:9VÝ×8TVHw;i=oÆ Ð S.ÆKIKÆ_@O;+C��OÇ87:=:58HM7:Ä3ÆN7oH
×�ÔÃÆ_@8TVÔ�?ATUTVÆ Ï 9U@8W3WNHM@8HM;�=oÆ·H+@EI(9U@å@�ÇOS.TUH+ÆN=:9<IKHM;"=:5O?A=?A7oH�9U@·S.ÆKIKÆ_@ Ð Æd;>9V=:9UÆN@|=:5O7:HMHNÑ Ï H"H+@O;:Ç87oH�=:5O?A=,=:58H±=:ÆA=L?AT8TUH+@OWA=:53ÆNËE=o58HRS.ÆKIK9U@8W
7oH+W_9VÆ_@O;9U;±?|ÄwÇ8T¯=o9¯Ý Ð TUÇ8Ä ÆNË%=o587:HMHNC



� � �!9:�091# ��� )
� � � %  ?9 � '*% �O7o?NÄ3HR;>5O9¯Ë�=L;6SM?A@�×­H´?~ÈNÆ_9UI8HMI|9¯Ë Ï HRÆ_@8TVÔ3?ATUTUÆ Ï Wd? Ð ;�=oÆ�S.Æ_Ä3H9V@�=:7o9 Ð TVH+=o;MCOPa5O?A=±9U;a=oÆ�S.ÆN@E;>9<IKH+7a=o587oH+H�S.Æ_TVÇOÄ|@E;a9V@Ø?N@�?NTV9UWN@8Ä3HM@_=R?A=a=:58H
=o9VÄ3H Ï 58HM@
Ð 7:ÆKIKÇES.9U@8WàW_? Ð ;w9U@ S.ÆKIK9U@8Wà7:HMWN9UÆN@O;MC  58H+@ Ï ÆN7oÓ�9V@8W¨ÆN@ ?¨WN9UÈNHM@ ?ATU9UWN@8Ä3H+@d=3=:5OH+7oH9U;358Æ Ï H+È_H+7w=:58H Ð 7oÆN×OTVHMÄ =:5O?A=3ËÙ7o?NÄ|H�;:589¯Ë�=L;�Ä�?~Ô¶×EHå9U@d=:7oÆKIKÇOS.HJ;|×dÔÌH+7o7:Æ_7o;�9V@³=:5OH
Ð 7:HJS.HJIK9V@OWÃ?ATU9VW_@8Ä3H+@d=´;>=:H Ð C ß Ë Ï H�ËÙÆ_7:×O9UI�=o58HM;:H�ËÙ7L?AÄ3H�;:589VË�=o;MÑ Ï H�Ä39UWN5d=ªIK9<;oS+?A7LI�=:5OH=:7oÇ8H´W_H+@8HJ;)×­HMSM?AÇO;:HRÆNË�?A@�?ATU9VW_@8Ä3H+@d=6HM7:7oÆN7JC ß @E;i=oHM?NI Ï H
S+?N@ Ð H+@O?NTV9 � H �gËÙ7L?AÄ3Hª;>589VË�=o; 	Ú�?ATU9UWN@8Ä3H+@d="H+7o7oÆN7L;oÜ Ï 9¯=o5å?A@�?NI8IK9V=:9UÆN@E?AT$S.Æd;i=

φ
C

� � #$� � �/4��
, � %('
ß @Ã=o58H Ð 7oÆN×O?N×89UTV9<;i=o9US´Ä3ÆKIKH+T�Ç8@EIKH+7oTVÔ�9U@8W3ÆNÇ87"S+Æ�I89V@8W�;oS.Æ_7:H´Ä|ÆKIKHMT$9V=Ï ?_;ª?_;:;:Ç8Ä3HMIØ=:5O?A=
W_? Ð Ýµ;:Ô�Ä�×­ÆNT<;+ÑE7:H+ÖOHMS.=:9U@8W(9U@O;:H+7:=:9UÆN@O;ªÆ_7
I8H+TUH.=:9UÆN@E;´ÆNË6@�ÇOS+TVHMÆA=:9<IKHJ;=:587oÆNÇ8W_5ØH+È_ÆNTUÇK=:9UÆN@%Ñ Ï H+7oH�9U@OIKH Ð HM@OIKH+@d=JC 
±Æ Ï H+ÈNHM7MÑO9¯=
9<;´? Ï HMTVTVÝµÓd@OÆ Ï @�Ë�?NS�=ª=:5E?�=
9V@KÝ;>HM7>=o9VÆ_@O;�?A@OIwIKH+TUH.=o9VÆ_@O;�ÆAË�=oH+@|9V@�ÈNÆ_TVÈ_H)×8TUÆKSLÓK;�ÆNËE@�ÇOS+TVHMÆA=:9<IKHJ;+ÑJ=:5�ÇO;�9UÄ Ð Æd;>9U@8W
?
IKH Ð H+@KÝIKH+@OS+Hw×­H.= Ï H+HM@Ê@8HM9VW_5�×EÆ_7:9U@8W·Wd? Ð ;MC ß @Ê=:58H3?ATU9UWN@8Ä3H+@d=
TV9V=:HM7o?A=:Ç87oHw?N@Ê?�â�@8H|W_? Ð ÝgS.Æ_;>=ËÙÇ8@OS�=o9VÆ_@Ê9<;RÆNË�=:HM@ØÇO;:HMI�=oÆÃÄ3ÆKIKH+T*=:5O9U;ª?N; Ð HJS�=ªÆAË,H+È_ÆNTUÇK=:9UÆN@%C Â â3@OH�W_? Ð S.Æd;i=ªÄ3HM?A@E;=:5O?A=
k
S+ÆN@O;:HMS+ÇK=:9UÈNHRW_? Ð ÝµS+ÆNTUÇ8Ä3@O;l5O?_;6;:9VÄ39UTU?N7:9V=iÔ µ + λ · k

9V@O;>=:HJ?NI�ÆNË
λ · k
Ñd9vC HNC Ð 7oÆN×KÝ?A×89UTV9V=iÔ

p ����� · (px,−)k
9V@O;>=:HJ?NI�ÆAË

(px,−)k
S�ËiC �
	 �µC ��Ô·ÇO;:9V@8W3=o58H
=:HJSL58@89<ÕdÇ8H
×dÔ �ªÆA=:Æ_5

9V@ � 
�� Ï HwSM?A@Ø9U@OS+ÆN7 Ð Æ_7o?A=:H�?Aâ3@OHwWd? Ð S+Æ_;>=´9U@Å?ATUT*ÆNÇ87ªÄ3H.=:5OÆ�IO; Ï 9V=:5OÆNÇK=
9U@OS.7oHM?_;>9U@8W=:58H�?_;>Ô�Ä Ð =:ÆN=:9<S+?NTF=:9UÄ|H�S+ÆNÄ Ð TUH.ÛK9V=iÔNC

� � � 4$91#?� '=)
��, 6��
� ,/�����!#�% ��,�)
� % % �
>?�!# � �0+.#$� �0)(9:� %Åß @à?ÃHMÇ8Ó�?A7oÔNÆN=:9<S�W_H+@8H_ÑF?�S+Æ�I8ÆN@
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stop
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