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Abstract The basic theory of hidden Markov models was developed
and applied to problems in speech recognition in the late 1960’s, and has
since then been applied to numerous problems, e.g. biological sequence
analysis. In this paper we consider the problem of computing the most
likely string generated by a given model, and its implications on the com-
plexity of comparing hidden Markov models. We show that computing
the most likely string, and approximating its probability within any con-
stant factor, is NP-hard, and establish the NP-hardness of comparing
two hidden Markov models under the Lo.- and Li-norms. We discuss the
applicability of the technique used to other measures of distance between
probability distributions. In particular we show that it cannot be used
to prove NP-hardness of determining the Kullback-Leibler distance be-
tween the probability distributions of two hidden Markov models, or of
comparing them under the Li-norm for any fixed even integer k.
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1 Introduction

A hidden Markov model (HMM) is a description of a probability distribution
over a set, of strings. It is convenient to consider a HMM as a generative model in
which a run generates a string with a certain probability. A run starts in a special
start-state, and continues by following a first order Markov chain of states, called
the path, until a special end-state is reached. A symbol from a finite alphabet is
emitted according to some probability distribution each time a non-silent state is
entered. The theory of HMMs was developed and applied to problems in speech
recognition in the late 1960’s and early 1970’s. Rabiner [14] gives a good overview
of the theory of HMMs and its applications to problems in speech recognition.
Hidden Markov models are also applied in other areas than speech recognition.
One prominent example is computational biology where they have found many
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applications, e.g. modeling of DNA sequences [5], protein secondary structure
prediction [2], gene finding [11], recognition of transmembrane proteins [16], and
characterization of biological sequence families [12].

Applications of HMMs are often based on two fundamental questions. Given
an HMM and a string we might want to determine the probability of the string
under the model, i.e. the probability that the model has generated the string.
This can be used for classification of the string as either belonging to the family
of strings represented by the model or not. Or we might want to determine the
most likely path of states through the model that generates the string. This
can be used for annotating the string with states from the model. Dynamic
programming algorithms solving these problems are described in e.g. [14].

In this paper we consider the problem of determining the most likely string
generated by a given HMM, i.e. of determining the consensus string of the model,
and its implications on the problem of comparing HMMs. We show that in
polynomial time we cannot for any ¢ > 0 approximate the probability of the
most likely string under an HMM with n states within a factor of n'/4~¢ unless
P = NP, and within a factor n'/?2=¢ unless ZPP = NP. The hardness results
hold even if we restrict the HMM to a model without silent states generating only
strings over a binary alphabet. The problem of determining the consensus string
of an HMM has not been addressed previously in the literature. However, it is
useful for studying the hardness of comparing the probability distributions given
by two HMMs. Comparing two HMMs is an interesting theoretical problem with
practical applications as well, for example by comparing two profile HMMs, e.g.
from the Pfam protein families database [3], we compare entire sequence families
instead of just individual members. In [13] we present methods for comparing
HMMs, and describe how to compute the Euclidean distance (the Lo-distance)
between two models in polynomial time.

Using the hardness of determining the consensus string, we show that com-
paring two HMMs under the L,,-norm is hard. Furthermore, we link the consen-
sus string probability for models constructed in the consensus string hardness
proof to the Li-norm between a pair of models for any k£ € R. We utilize this
link to prove the hardness of comparing two HMMs under the L;-norm but show
that it cannot be used to establish the hardness of comparing two HMMs under
the Log-norm for any k& € IN. The L;-distance is of special interest as it equals
twice the variation distance, i.e. the maximum numerical difference between the
probability of any set of events under the two distributions, see e.g. [6]. Com-
paring probability distributions by L-distances is a well-studied problem, see
e.g. [4,8,9] for algorithms for comparing probability distributions over finite sets.

The rest of the paper is organized as follows. In Sect. 2 we discuss HMMs
in more detail. In Sect. 3 we show that computing the most likely string, and
approximating its probability within any constant factor, is NP-hard. In Sect. 4
we consider the general problem of comparing HMMs, and show that comparison
under the L..- and Li-norms is NP-hard. In Sect. 5 we summarize the status
of the tractability of comparing HMMs by various well-known distances.



2 Hidden Markov Models

Let M be an HMM that generates strings over some finite alphabet X with
probability distribution Py, i.e. Pys(s) denotes the probability of s € X* under
model M. Like a classical Markov model, an HMM consists of a set of inter-
connected states. We use aé‘f{}, to denote the probability of a transition from
state ¢ to state ¢/ in model M. These probabilities are called state transition
probabilities. The transition structure of an HMM is often shown as a directed
graph with a node for each state, and an edge between two nodes if the cor-
responding state transition probability is non-zero. Unlike a classical Markov
model, a state in an HMM can emit a symbol according to a local probability
distribution over all possible symbols. We use efl\{a to denote the probability of
emitting symbol ¢ € Y in state ¢ in model M. These probabilities are called
symbol emission probabilities. A state without symbol emission probabilities is
called a silent state.

It is convenient to consider an HMM as a generative model in which a run
generates a string. A run of an HMM begins in a special start-state and continues
from state to state according to the state transition probabilities until a special
end-state is reached. Each time a non-silent state is entered, a symbol is emitted
according to the symbol emission probabilities of the state. We refer to the
Markovian sequence of states in a run as the path followed by the run. The
string generated by a run is the concatenation of the symbols emitted along its
path. The name “hidden Markov model” comes from the fact that the Markovian
sequence of states followed by a run, the path, is hidden while only the emitted
symbols, the generated string, is observable.

The probability Py (7) of following a path m = (7o, 71, ... ,7) in model M
is given by the state transition probabilities as

k
PM(T‘-) = Ha/%—lﬂ"'i' (1)

i=1
The probability Py (w,s) of following a path = = (mp,m1,... ,7x) in model M
and emitting string s depends on the subsequence (;,, 7;,, ... ,m;, ) of non-silent
states on the path m. If the length of string s = sys9---sp is different from
the number of non-silent states along path 7, the probability Pys(m,s) is zero.

Otherwise, the probability of following path 7w and emitting string s is

k l
Par(m,s) = Par(r) - Pars | 7) = [ a2, - T e (2)
i=1 j=1
Since a run r of an HMM M is identified by a path 7. through the model and an
emitted string s,, we can define the probability of a run as Py (1) = Pas(7r, Sy).
Finally, the probability Pys(s) of model M generating a string s is the probability
of following any path and emitting string s, that is

Py(s) =Y Pu(r,s). (3)



Figure 1. A graph, G = ({1,2,3,4}, {{1, 2}, {1, 3}, {1,4}, {2, 3}}), and the HMM M¢
constructed cf. Lemma 1. The square states are the non-silent states n.. with the
symbol they emit with probability 1 written inside. The large, hollow circular states
are the silent states s.,, while the small, black circular states are the silent states iv,.

3 Finding the Most Likely String

In this section we will establish the hardness of finding the most likely string
of an HMM, a question one might naturally ask about HMMs. We show that
computing the probability of the most likely string generated by an HMM is
NP-hard, but first we observe why there has to exist a most likely string: Let
M be an HMM in which a run r emits a string s, i.e. Pys(s) = d for some 6 > 0.
Since ) . 5« Pr(s) =1, there can be at most 1/§ strings s" where Py(s") > 0.
This implies that there cannot exist an infinte series of strings with increasing
probabilities all greater than d. Hence, there has to exist a most likely string.

We will show the hardness of computing the probability of the most likely
string by a reduction from MAXCLIQUE, the problem of computing the size of
the maximum clique in an undirected graph. The proposed reduction essentially
preserves approximations. Hence, the approximation hardness results of [7,10]
for MAXCLIQUE can be translated into approximation hardness results for com-
puting the probability of the most likely string. Since the probability of a given
string can be computed in polynomial time, cf. [14], the result also implies that
finding the most likely string, and not only its probability, is NP-hard. We
start with a lemma describing how to construct an HMM that by its probability
distribution over finite strings captures the clique sizes of a graph.

Lemma 1. For any graph G = (V, E) we can in polynomial time construct an
HMM Mg generating strings over the alphabet X =V such that for all integers
k > 1 it holds that 3s € X* : Py (s) = k/vq if and only if G has a clique of

size k, where v, = v 24¢e(v) gnd deg(v) is the degree of v in G.



Proof. For simplicity, we will assume that V' = {1,2,...,|V]|}. The basic idea
of the construction of Mg, illustrated in Fig. 1, is for each node v in G to
construct a submodel with 29°8(") possible paths of equal probability. Each of
these paths generate one of the 29¢2(*) ordered sequences of nodes where each
node occurs at most once, v occurs exactly once, and all other occurring nodes are
connected by an edge to v. We can construct these submodels simply by having
a state emitting each of the possible symbols that can occur in the sequence with
probability 1, and then choose to either enter or skip these states in turn with
equal probability 1/2. By choosing the submodel of v with probability 2deg(”)/'yc
in the aggregate model consisting of all the submodels, all paths in the aggregate
model will have probability 1/+.. Thus, the probability of a string will be &/~
where k is the number of submodels that can generate it. Hence, the probability
of a string “counts” the number of submodels that can generate it.

Formally, the model M¢ consists of a start-state start, an end-state end, a
set of silent states S (not essential for the construction but serves to make the
structure of the model clearer), and a set of non-silent states N, where

S ={suw | u,veViu#v}U{iyy|uecV,oeVuU{0}},
N ={ny. | u,veV,{u,v} € EVu=uv}.

The non-zero transition probabilities are

Ostart,iu,o = 298 /74
1 ifu=wv
iyt iy = 4§ 1/2 if {u,v} € F
undefined otherwise (n,, is not a state in Mg)

undefined if uw = v (s, is not a state in M)
@iy oy yy500 = § 1/2 if {u,v} € F
1 otherwise

where u,v € V and an, i, s Gsyyives Qi vend = 1 whenever they are well
defined, i.e. whenever both states are in M. The non-zero emission probabilities
are €, , o = 1 for all non-silent states n,,, € N. Note that though each state can
emit only one particular symbol, numerous states can emit identical symbols.
Thus the constructed model cannot be described as just a Markov model. The
model can evidently be constructed in polynomial time.

We still need to prove the connection between clique sizes in G and string
probabilities in M. We first observe that any run through Mg has probability
1/9¢, hence the probability of any string must be k/~,, for some k. Now assume
that there is a string s with Py (s) = k/7,. Hence, s can be generated by
the submodels of k£ nodes. Let {u;}1<i<x be the set of nodes whose submodels
can generate s. We claim that {u;}1<i<; must be a clique in G. First, all u;
for 1 < i < k must occur in s, as all sequences generated by the submodel of



node u; contains u;. Secondly, each u; must be connected by an edge to all nodes,
apart from itself, occurring in s. Hence, all pairs of nodes w,v € {u;}1<i<k are
connected by an edge.

Conversely, assume that C' = {u;}1<i<k, where i < j & u; < uy, is a
clique in G. We claim that P (uiuz ... uy) = k/v,. First, ujus ... up can be
generated by the submodel of any node u; € C as it contains u; and as w;
is connected by an edge to any other node occurring in wjus ... ug. Secondly,
uiUs . . . ug cannot be generated by the submodel of any node v ¢ C as it does
not contain v. Hence, ujus . .. u; can be generated by precisely £ submodels and
thus has probability /v, in Mg. O

The model Mg constructed in Lemma 1 satisfies that the end-state can be
reached from any other state with non-zero probability, i.e. there does not exist
a state p where a%ﬁ = 1. The next two lemmata simplify the model. More
precisely, we show that only non-silent states and a binary alphabet is necessary.

Lemma 2. Lemma 1 still holds if we restrict the alphabet to be binary.

Proof. In the proof of Lemma 1 we used an alphabet X' = V. We can encode this
alphabet in binary such that there to each o € X' corresponds a unique string in
{0,1} eVl Each non-silent n,, , state in Mg is now replaced with a sequence
of [log|V|] non-silent states, where the 7’th state emits the ¢’th bit in the binary
encoding of v and has probability 1 for the transition to the i + 1’st state. O

Lemma 3. Let M be an HMM where the end-state can be reached from any
other state with non-zero probability. We can construct an HMM M’ with no
silent states and Py = Pyyr.

Proof. We prove the lemma by describing the simple procedure of removing one
silent state, thus transforming M into a model M" with one less silent state.
This procedure can then be applied to all the silent states of M in turn. Let p
be a silent state, i.e. it does not emit any symbols. Hence, the only effect p has
is to allow going from one state ¢ via p to another state r» without emitting any
symbols on the way. But this might as well be done with a direct transition.
When eliminating p we thus have to update all other transition probabilities as
M M M M M
Qg = g+ g Oy /(L= ay )
if ai,v,[p < 1. Since the end-state by assumption can be reached from any state

with non-zero probability, we can ignore the case a%p = 1. Hence, the described
update yields a new model M" with Py, = Py but one less silent state. O

Corollary 1. Lemma 2 still holds with models not having any silent states.

We are now ready to present the main result of this section, that the proba-
bility of the most likely string of an HMM is hard to approximate.

Proposition 1. Let M be an HMM with n states generating strings over an
alphabet X, where |X| > 2. For any € > 0 we cannot in polynomial time



— approximate the probability of the most likely string under M within a factor
of n'/4=¢ unless P = NP

— approximate the probability of the most likely string under M within a factor
of n'/27¢ unless ZPP = NP

Proof. In [10] it is proved that we in polynomial time cannot approximate the
largest clique of a graph G = (V, E) within a factor of [V/|'/2~¢ unless P = NP
and cannot approximate it within [V|*~¢ unless ZPP = NP. By Lemma 3 and
an inspection of the proofs of Lemmata 1 and 3 we can construct a model Mg
with less than |E|[log|V|] states such that the most likely string in M¢ has
probability k/v, if and only if the largest clique of G is of size k. Assume we can
approximate max{ P, (s) | s € X*} within a factor of n® in polynomial time,
i.e. that we can find p < k/vg such that p-n® > max{ Py (s) | s € *} = k/v,.
As |E| - [log|V|] > n it follows that p - v, - (|E| - [log|V[])¢ > k. Furthermore,
|E| - [log |V|] = o(|V|**9) for any § > 0. Hence, we can approximate the size
of the largest clique in G within a factor |V/|?*+2%. The result now follows by
1

choosing ¢ = (1 — e — 26) and ¢ = (3 — € — 20), respectively. O

4 Comparing Hidden Markov Models

What the most probable string of an HMM is, is a very natural question to ask.
However, it does not seem to be of high practical importance. At least, it does not
appear that any previous work has been concerned with this problem. Indeed, our
main motivation for studying the problem of finding the most probable string
was that we can use the hardness of this problem — and some specific details
from the reduction proving the hardness — as basis for proving the results of this
section, developing hardness results for comparing the probability distributions
of two HMMSs under Lj-norms.

Usually, HMMs are considered tools for analyzing data. But we may also
view them as a compact representation of a probability distribution over finite
sequences. E.g. in computational biology, an HMM for classifying sequences can
be viewed as a representation of the family of sequences belonging to the class.
Hence, the HMM itself can be considered data. Since comparing data is a com-
mon task in computational biology, it is interesting, both from a theoretical and
a practical viewpoint, to investigate how to compare two HMMs, i.e. how to
compare the probability distributions described by the two models.

The Lji-norm between two models M and M’ over the same alphabet X
is |Par = Parrllie = Y yeso- V/(1Par(s) — Parr(s)[F), and the Log-norm is [Py —
P llco = maxge s+ |Par(s)— P (s)]. That Li-norms are well-defined for HMMs,
even over infinite countable sets, follows from the comparison criteria for se-
ries. For the L.,-norm the well-definedness can be argued similar to the well-
definedness of a most likely string. In [13] we describe how to compute the
Lo-distance between two models in polynomial time. In this section we will ex-
tend this result by proving that if P # NP then neither the L.,-norm nor the
Li-norm can be computed in polynomial time, but that the Li-norm can be




computed in polynomial time for k£ any fixed even integer. We conjecture these
to be the only efficiently computable Li-norms, i.e. the Li-norm between the
probability distributions of two HMMSs can be computed in polynomial time if
and only if £ is fixed and an even integer. We start with the Lo,-norm. This is
closely linked to the probability of the most likely string by the following lemma.

Lemma 4. Let M be an HMM that generates finite strings over an alphabet X
We can construct another HMM M’ that generates finite strings over an alphabet
Y U {8} such that

max{ Py (s) | s € X} = || P — Pl oo-

Proof. The model M’ we construct will be an almost exact copy of M. The
only difference is an extra state that emits a special symbol $ ¢ X' just prior
to entering the end-state. Hence, we add a new state q to M’, as compared
to M, with eé‘f{; =§(0,$) and aé‘ffl; = 6(p,end). The transition p]rwgbabi}\i/;cies are

upMcllated to go to the new state ¢ instead of to the end-state, i.e. a, , = a,,,q and

Apendg =0 for all p # q, end; otherwise emission as well as transition probabilities
are the same for M and M’. With this construction the sets of sequences emitted

by M and M’ are disjoint and Pys(s) = P (s$) for all s. Hence,

1Par = Parlloo = max {[Par(s) — Parr(s)] | s € (KU {$})"}
=max{Puy(s)|se X*}.

O

Corollary 2. The hardness results of Proposition 1 for determining the most
likely string of an HMM transfers directly to the problem of comparing the prob-
ability distributions of two HMMs M and M’ under the L..-norm.

In general, the L.,-norm between two probability distributions, P and @,
defined on the same set, 2, is defined as ||P — Q|lcc = maxseq |[P(s) — Q(s)].
Hence, it measures the largest difference in probabilities we can obtain for any
possible single observation. Another, seemingly similar, way to compare two
probability distributions P and @ is by the variation distance, see e.g. [6], defined
as ||P — Q|| = maxacqn |P(A) — Q(A)|. This measures the largest difference
in probabilities we can obtain for any subset of observations. It is well-known
that the variation distance between two probability distributions is half the L;-
distance between the two probability distributions, i.e. |[P— Q| = 3 - [P — Q.

Proposition 2. Comparing two HMMs under the Li-norm is NP-hard.

Proof. The proof is again by a reduction from MAXCLIQUE. Or rather a re-
duction from the consensus string problem for the HMM Mg constructed from
a graph G = (V, E) in the previous section to establish the hardness of the
consensus string problem. Recall that every string generated by Mg is a subse-
quence of 12...[V] and have probability i/v, for some i € {0,1,...,|V|[}, where
Yo =D per 298" Let a; denote the number of subsequences of 12... V| which



the HMM Mg generates with probability /7. If we know the maximum £ such
that ax # 0, we can conclude that the probability of the most likely string un-
der Mg is k/7, and by the result of the previous section, that the maximum
clique in G has size k.

To clarify our proof technique, we initially ignore the fact that the proba-
bilities of all sequences generated by a model has to sum to 1. For any x € R
we can construct a model M"ﬁ/l that assigns a uniform probability of x to all
subsequences of 12...|V| and probability 0 to all other sequences. Comparing

MG ¢ Mg under the Li-norm we get

V]
il
1P g = Prcli = 30| P (9) = Pug(9)| = 3 a, =2l )
Vi 5 Vi =0 Ta
Hence, comparing Mg with M‘i‘qc under the Li-norm for all i = 0,1,...,|V]|
we obtain a system of linear equations
Ma=1 (5)

for determining the a;, where M is the (|[V]|+ 1) x (|V|+ 1) matrix with entries
M;; = |i—j|,and lis the (|[V|4+1) x1 vector with entries [; = 'yG||PM,;/7G — Pl
VI

The matrix M is invertible with inverse

(I—|v])/2V] ifi=j=1lori=j=|V]|+L1

-1 ifl<i=j<|V|
(M) = 1/2 ifj=i41. (6)
1/2|V| ifi=1,j=|V|+lori=|V|+1,j=1.
0 otherwise.

Thus, knowing [ we can compute a in time polynomial in the size of G, which
in turn allows us to determine the size of the largest clique in G.

Let us now extend the above technique when keeping in mind that the prob-
abilities of all sequences generated by a model have to sum to 1. When the
probabilities of all sequences generated by a model are required to sum to 1, the
only model M)y with a uniform probability distribution over all suk)‘sve‘quences
of 12...]V] and all other strings having probability 0 is M| = M|2V\

However, if we embed a model M as a submodel of an aggregate model M’
that chooses model M with probability x and chooses another submodel that
always generates a string with a single symbol $ ¢ X' with probability 1 — z, we
have scaled down the probabilities of all sequences originally generated by M
by a factor x. Hence, for any i = 0,1,...,[V| we can make My generate all
subsequences of 01 ... |V| with probability equal to the probability of a string in
Mg that can be generated by exactly i different paths in M. Either by rescaling

M,y by a factor ;/_—"YVG‘ ifi/vg < 2-1VI or by rescaling Mg by a factor 21/7—1/2 if



i/ > 21Vl Denoting the rescaled models Mg, and M|y ; we get

1= ‘PM\V\,{,($) - PMG,i($)‘ + Z |PM\V\,7Z(S) - PMG,¢(3)|
s#$

||PM\V\,7', - PMG,i

[V

= (1=b)+ei Y ayli —j| (7)
=0

where b; = min{;/_—"yvcﬂ, %} and ¢; = min{%, 2*1“"‘ } By comparing Mg ;
and My|; under the Li-norm for i = 0,1,...,[V] we thus obtain a system

of linear equations identical to (5), except for the vector [. In the system of
linear equations based on comparing rescaled models, one observes from (4)
that the entries of I are I; = & (||Pas,y,, — Pug 1 +bi — 1). But the system
being solvable does not depend on the value of [, only on the matrix M. Hence,
if we can compare two HMMs under the Li-norm in polynomial time, we can
determine a and thus the size of the largest clique in polynomial time. O

In the proof of Proposition 2 we do not directly relate the L;-distance between
two models to the most likely string of one (or both) of the models. Hence, the
approximation hardness is not preserved by the reduction, and the hardness
result obtained is only for the computation of the exact L;-distance. In the rest
of the paper we examine the proof technique of Proposition 2 in more details.

Let P and @ be two probability distributions defined on a set {2, and D
be a distance between probability distributions defined as a sum of point-wise
comparisons, i.e. D(P,Q) = > ., d(P(s),Q(s)). One can consider using the
same technique as in the proof of Proposition 2 to prove it hard to compare two
HMMs under the measure D. We can set up a system of linear equations similar
to (5), as the distance between My, and Mg, under D is

V]
D (Pasyy, > Prg ) = (1 —bi) + Zaj ~d(ci-t,6- 7). (8)
=0

Whether this allows us to deduce anything about the hardness of comparing
two HMMs under D depends on whether the resulting system of linear equation
system, with matrix M defined by M;; = d(c; - i,¢; - ), can be solved with
sufficient precision to determine the maximum clique size of G in time polynomial
in the size of G.

As an example we can consider the Li-norm for an even integer k. In general,
for the L,-norm we have

V]
W =0 =b)+ Y ajleici—ci "
=0

14
=1 -b)+a" > ajli—j".
=0

(”PM\V\,HPMG,i




Hence, when considering the Li-norm for an even integer k, the matrix M of
the resulting system of linear equations has entries M;; = |i — j|¥ = (i — j)*.
Since any m x m matrix A defined by A;; = (z; — y;)* is singular if m > k + 1
(a fact which can be proved e.g. using the fact that a polynomial of degree k is
uniquely determined by its value in k + 1 points, hence we can choose a set of
values in m > k+ 1 points that does not agree with any polynomial of degree k),
the system of linear equations defined by M = (i — j)*, for an even integer k,
cannot be solved for a unique solution if |V| > k, and we fail to prove the NP-
hardness of comparing two HMMs under the Li-norm for an even integer k.
This failure is no surprise because the algorithmic technique for comparing two
HMMs under the Lo-norm described in [13] can easily be extended to compare
two HMMs under the Li-norm, k a fixed even integer, in time O(n3F) where
n is the number of states in the two models. The algorithmic technique of [13]
cannot be applied to the computation of any other L,-norm than those where r
is an even integer.

Based on the NNP-hardness of comparing two models under the L;-norm
proved above, and that the L,-norms where r is an even integer stands out as
the only ones where the absolute value operation can be ignored, we conjecture
that it is NP-hard to compare two models under any L.,-norm where r is not
an even integer. This claim immediately follows, if we for a fixed  not an even
integer can solve a linear equation system as in (5) with an m x m matrix M
with entries M;; = |i — j|” in time polynomial in m.

Similarly to the Li-norm for k£ an even integer, we can rule out the Kullback-
Leibler divergence, or relative entropy, as a case where the technique used in the
proof of Proposition 2 is useful. Here the matrix M of the linear equation system
can be defined by M;; = ilogji = i(logi—logyj). Setting z; = logi and y; = log j,
by the above discussion the m x m matrix M’ defined by M/, = logi —log j is
singular if m > 2. Hence, so is any matrix obtained by multiplying one or more
rows of M’ by scalars.

5 Conclusion

When choosing how to compare two probability distributions, one important
consideration is how efficiently a given distance can be computed. In [1] a num-
ber of commonly used distance measures between probability distributions are
listed: the Y2, variation, quadratic, Hellinger and Kullback-Leibler distances.
In [13] we show how to compute the quadratic distance between the probabil-
ity distributions of two HMMs in polynomial time. The Hellinger distance, i.e.
the distance in Euclidean space between two probability distributions after they
have been normalized to 1, can also be computed in polynomial time cf. [13],
where we show how to compute the angle in Euclidean space between the two
probability distributions when interpreted as infinite dimensional vectors.

In this paper we have proved that the variation distance is NP-hard to
compute, and furthermore that the L..-distance is hard even to approximate.
Furthermore, we briefly mentioned that the distance based on the Li-norm can



be computed in polynomial time if k is an even integer. To our knowledge, the
complexity of comparing the probability distributions of two HMMs under the
x? distance, the Kullback-Leibler distance and the distance based on the L,.-
norm for any r not 1, co, or an even integer remains an open problem, though a
heuristic for approximating the Kullback-Leibler distance was proposed in [15].
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