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to a probability distribution of each state (transition 
probabilities) and emits the states visited ...
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Hidden Markov models

Developed in speech recognition in the late 1960s ...

A HMM M (with start- and end-states) defines a regular language LM 

of all the strings that M can generate, i.e.

LM = {S | PM(S) > 0}

A run in model M follows a Markovian path 
of states and generates a string S over a 
finite alphabet with probability PM(S) 
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most probable path through M that generates/outputs S

The Viterbi algorithm. Running time O(|M||S|)
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Typical HMM problems

Annotation: Given a model M and an observed string S, what is the 
most probable path through M that generates/outputs S

The Viterbi algorithm. Running time O(|M||S|)

Classification: Given a model M and an observed string S, what is the 
total probability PM(S) of M generating S

The forward algorithm. Running time O(|M||S|)

Training: Given a set of training strings and a model structure, find 
transition and emission probabilities that make the training set probable

Hard! Use Baum-Welch or Viterbi iterative training methods ...
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DNA sequences
The human genome:

About 100·1015 cells, each containing 
23 pairs of chromosomes, DNA mole-
cules, storing genetic information ...

GGCCTAAAGGCGCCGGTCTTTCGTACCCCAAAATCTC
GGCATTTTAAGATAAGTGAGTGTTGCGTTACACTAGC
GATCTACCGCGTCTTATACTTAAGCGTATGCCCAGAT
CTGACTAATCGTGCCCCCGGATTAGACGGGCTTGATG
GGAAAGAACAGCTCGTCTGTTTACGTATAAACAGAAT
CGCCTGGGTTA...

In total: 3.100.000.000 ACGT's

Bioinformatics is about developing and applying models, methods, and 
tools, for accessing and analyzing biological data, e.g. sequences ... 
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Silent states, i.e. emit
no symbols when visited
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A profile HMM [Krogh et al, 1994



HMMs in bioinformatics

Sequence family modeling

Gene finding

RNA 2nd structure prediction

Transmembrane helix prediction

... 

Classification: Given a string S, find the probability that it is related to 
the modeled sequence family ...

Annotation: Given a string S, find (the probability of) the most likely 
way it relates to the other sequence family members ...

A profile HMM [Krogh et al, 1994
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Annotation – Viterbi algorithm

Yields the Viterbi algorithm that computes (the probability of) the 

most likely path that generates a string S in 

time O(|S| · #transitions) and space O(|S| · #states) 



Classification – Forward algorithm

Yield the forward algorithm that computes the total probability of 

generating string S in 

time O(|S| · #transitions) and space O(|S| · #states) 



Other HMM problems

Comparison: Given two models, what is a measure of their likeliness

Compare entire sequence families

Consensus: Given a model M, find the string S that have the highest 
probability under the model

Extract a short description of a sequence family

Pfam is a large collection of sequence 
alignments and profile HMMs for many 
common protein sequence families 
(Dec 2005, 8183 families)

http://www.sanger.ac.uk/Software/Pfam
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Comparing two HMMs

A basic measure of similarity between 
two probability distributions is the 
collision probability ...

If we view models M1 and M2 as vectors in the 
infinite dimensional vector space spanned by 
all finite strings, then the collision probability is 
the standard inner product ...
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Computing the collision probability
Silent states make it somewhat more complicated ...
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The collision probability is not by itself 
a good similarity measure ...

C(M1, M1) = 0.625 < C(M1, M2) = 0.75



A reasonable measure?

The collision probability is not by itself 
a good similarity measure ...

C(M1, M1) = 0.625 < C(M1, M2) = 0.75

Recall that the collision probability C(M1, M2) is the standard inner 
product of M1 and M2 in the vector space spanned by all finite strings.

This can be used to compute other measures:
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The consensus string problem



The reduction



The equivalence



How hard are the problems?

|V| is the size of the graph, n < |V|2 is the number of states in the HMM



Derived hardness results



Hardness of the L∞ norm

Idea:  Reduction from clique (via consensus string). We construct 
two HMMs M and M' from a graph G cf. the construction from the 
hardness proof of consensus string, and see that computing the L∞ 
norm between M and M' yields the probability of the consensus 
string of M, i.e. yields the maximum clique size of G... 
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M M'

M can generate S iff M' can generate 0S, i.e. 

max|PM(S)-PM'(S)| = max|PM(S)|



Hardness of the L∞ norm

M M'

M can generate S iff M' can generate 0S, i.e. 

max|PM(S)-PM'(S)| = max|PM(S)|

Computing the L∞ is thus as hard as computing the probability of 
the consensus string ...



Hardness of the L1 norm

Idea:  Same as before, i.e. reduction from clique (via consensus 
string). We construct two HMMs M and M' and see that if we can 
compute the L1 norm between M and M' then we (in polynomial 
time) can derive the maximum clique size of G... 
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string generated by MG is a subsequence of  1..|V| and has 
probability i/γ for some i in {0,1,...|V|}. 

Let aj be the number of strings generated with prob j/γ
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Let aj be the number of strings generated with prob j/γ
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Summary
Basic result ...

 NP-hard to approximate the probability of the consensus string of an HMM 
within any constant factor

This implies ...

 NP-hard to approximate the L∞-distance between two HMMs within any 
constant factor

 NP-hard to compute the L1- and variation distance between two HMMs

More generally ...

 For fixed even integer k, we can compute the Lk-distance between HMMs in 
time O(n3k), where n is the number of states

 For any other k computing the Lk-distance between two HMMs seems to be 
NP-hard?


