Computational Complexity Theory

Course Notes

September 20, 2006
Lecture 5 - september 13, 2006

Problem from last time (open = not open)

3 Ke DTIME (nlOOO) so that ¥ m, m decides L, V x (except finitely many): M uses time > n2 on
X.

This problem is NOT, as claimed last time, OPEN:

Proof:
DTIME(n1000) = t*(n), n2 = t(n)

Inputs: x0=¢x1=0,x2=1,x3=01, .....
Machines: mg, mj, mp, ......

Procedure for L
- Input (xj)
- (* Find D(i) and make sure that:
xje L & xi € L Mp(j)) *)

- Let D(i) be the smallest j so that:

1. Mj uses time < t( |xj| ) on input x;

2. DG@) e {D(1),D(2),D@3),....,Di-1)}

= (Search for the smallest that bother us.)

It takes exponentiel time bevause of the check in 2. (We check because we don’t want to
diagonalize against the same machine again.)
What we want: All problem machines must be handled eventually.

Let g(h) be a function so that: g(n) T g(n) — o asn — co. BUT very slowly. Something like:
g(n) = log*(n) := min {j | logi(n) < 1}

This means changing 2. to:
D(@) ¢ { D(1), D(2), D(3), ...., D(g(n))

- Ifno such j exist accept j, otherwise:

L. Accept if Mpyj) rejects x;
2. Reject if Mp(j) accepts x;
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Exercise:
What is {L | 3 L’ € DSPACE( v/ ): L <jog L’}

Let L € DSPACE(n)
L'={<x 0X"2>|xe L}
L’ € DSPACE( +/n )
LoDl

X — <X, 0lx["2 >

Solution:  PSPACE
(Because L could belong to DSPACE (n©O(1))

Exercise:
NP = DTIME[ 20 (1)}, 20 () = E
(DTIME is semi-robust)
Proof: NP is downward closed under <|oo
DTIME [20 (07 is not downward closed under <log
Closed DTIME (20 (1)) = EXP

Immerman — Szelepscényi theorem (’87)

NSPACE [ O (S(n)) ] = coNSPACE [ O( S(n)) ]
For s(n) > log (n) and S(i) spaceconstructible.

In particular NL = coNL, NSPACE[ O(n) ]

Immer-Szel-proof:
By upwards translation it is sufficient to show NL = coNL.

And by NL comleteness of GAP' it is sufficient to show that GAP € coNL < GAP € NL.

GAP =
Given graph G we want a nondeterministic program which can accept

= there is no path from 1 to N in G.
nonGAP() {

¢ < NumberOfNodesReachableFromOne()

a=0

for(v:=1ton-1)

{

" NSPACE = context sensitive languages.
" Graph accessibility Problem.
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Guess a path from 1 to I of length <n.
if guessed then d++
}
if(d==c¢)
then accept
else reject

}

NumberOfN odesReachableFromOne()i {
d:=1
i:=1
//Invariant: d is the number of nodes reachable from 1 in at most i steps.
repeat {
d := inductiveCounting (d, 1)
i++
} until i==n)
h

InductiveCounting (d, 1) {
c=0
for(v:=1ton)
if ( IsSubPath (v, 1,d) ) {
ct++

}

return c

}

IsSubPath (v, i, d) {
c=0
for(ue {1,2,....,n} —{v}){
guess a path from 1 to u of length at most i
if (successful) then c++

guess a path from 1 to v

if (successful)

then k := 1

elsek=0
if (d # c + k) reject //We are somewhere where we don’t know where we are.
if(k==0) { /l return k =0

then return false
else return true

b
}
}

L € NL (=coNL) c P € NP, coNP c PSPACE c EXP < NEXP

* Uses Inductive counting
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Question: NP # NEXP?
Mimic P # EXP proof:

DTIME (f) cDTIME (p o f)

xe Do Mh( 1x]) has no acception path for x in f( |x| ) steps.

Open:
NTIME(f) € NTIME(p » f)
Known:
NTIME(f) ¢ NTIMEG — f(i+ 1))
Didn’t work:
x € D & Mp( x| ) has no acception computation on x of length f( || ).
Works:

lioltke D & Mh(i) has no accepting computation on 110 of length (1)
if k is big enough for me to decide in time p (f (i + 1))

otherwise simulate M) on 1101k *+ 1* and return what he does.

D e NTIME [p (f(n+1))]
D ¢ NTIME [ f] support D is decided by NTM M; in time fj

The flow of the algorithm:
110e De=10le D= 10lle D & ....... & 1101111111117 e D & 110 ¢ D

S For f(i + k + 2)
™ Many k
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