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1.1 Complete problems

One reason for caring about complexity classes is complete problems. Be-
low are examples of complete problems in different classes:

L All problems except the empty and the full.
NL=coNL GAP, 2SAT.

P Circuit Value.

NP SAT, Clique, Circuit SAT.

NEXP Succint Circuit SAT, Succint SAT, Succint Clique.

Circuit Value is the problem given a circuit with only constants as sour-
ces/input and only one output gate what is the output?

1.2 The tableau method

We have several versions of the tableau method:

Theorem 1 Let a deterministic TM, M, running in time p(n) deciding L be gi-
ven. Then 3C1,Cy, ... : C;: {0,1}" — {0,1}.

o [l < q(i)
e Vxe€{0,1} : xeL < Ci(x)=1
e dpoly time TM M’ that given n produces C,.

Theorem 2 Let a deterministic TM, M, running in time p(n) deciding L be gi-
ven. Then 3C1,Cy, ... : C;: {0,1}" — {0,1}.

o lail <q(i)

e Vxc{0,1} : x€L < Ci(x)=1



o dlog space TM M’ that given n produces Cy,.

Theorem 3 Let a deterministic TM, M, running in time 2P") deciding L be gi-
ven. Then 3C1,Cy, ... : C;: {0,1}" — {0,1}.

o |ci| <4q(i)
e Vxc{0,1} : xcL < Ci(x)=1

e 3 log space TM M’ that given n produces C;,, where C, is a succinct (to be
defined) description of C,.

Definition 1 Given a circuit C (defining a bit) we say that C' (defining a multi
output function) is a succinct description of C if

c'(i) = (j. k. t)

where i is a binary index of a gate in C, j and k are the indices of the input of gate i
(we let the constants 0 and 1 be gates at index 0 and 1), and t is taken from the set

A V -
{A,V, —,out,out,out}.

1.3 Alternating Turing Machine

An ATM starts out as a sinlge TM. At any point in time this TM can split
in O(1) copies of itself. It dies but leaves a boolean gate descriping how to
combine the subresults. Formally:

Definition 2 An ATM is a TM with a transition relation instead of a function.
Each state is marked with a gate from the set {\,V, —}.
A configuration, vy, of the machine is eventually accepting if

1. vy is accepting; or
2. v is in an N-state and all next configurations are eventually accepting; or

3. vy is in an \-state and some following configurations are eventually accep-
ting; or

4. v is in a —-state and the unique next configuration of -y is eventually re-
jecting.

We define eventually rejecting as not eventually accepting.
The resources used by an ATM are:
e Time: Total number of steps taken by any computation.

e Space: log(number of configurations), s(n) >log(n). Measures the num-
ber of processes if we assume that processes that do the same magi-
cally merge into one process.



This gives rise to ATIME(¢(n)), ASPACE(s(n)), and ATS(t(n),s(n)) =
{L | decided by an ATM using time t(n) and space s(n).

Lemma 1 An ATM with —-states can be simulated by an ATM without —-states
with constant blowup in time and space.

Proof: Instead of killing itself the ATM puts a bit on the worktape remin-
ding itself it should have been killed.

1.4 Games

A one player game, a puzzle, can be described formally by a nondeter-
ministic TM. We define the following formalism for describing two player
games:

Definition 3 A TM with a transition relation rather that a function.

e State of TM are divided into two sets. One set for the states that player one
controls and one set that player two controls.

e Inputtape descripes board and the transition relation descripes the rules.

o There are two distinguished terminating states: Player one wins and player
two wins.

o A configuration is an eventual win for player one/two if that player has a
winning strategy from that point. Player one has a winning strategy if the
configuraion is in a player one state and at least one next configuration is an
eventual win. Likewise for player two.

This definition is actually equivalent to the definition of an ATM and we
can define ATIME = {L | A two player game can be played in time (=playing
time) t : Vx € L < player one has a winning strategy on initial board,
x.x ¢ L < player two has a winning strategy on initial board, x}.

Definition 4 ATS(a(-),t(-),s(-)) =Languages decided by time t (playing time),
space s, and a alternations = parse of control from one player to the other.



