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Abstract

The purpose of the note is to clarify how formal written proofs us-
ing structural induction are constructed and thus assisting the reader in
constructing such proofs for some semantic property using structural in-
duction. This note is based on an exercise used in the course (week 4,
exercise 2), where a semantics for boolean expressions should be shown to
be deterministic.

1 Introduction

This note was written in response to an observation at the week-4 exercises,
namely that many of the dSem students are uncertain about how to construct
formal proofs — particularly on how to formally prove a property by structural
induction. This note explains in great detail, how the solution to the exercise
in question is obtained. During the course of this proof I try to cover a lot of
problems and questions that have come up both at my exercise class, through
emails and from talking to the other TAs.

In the course several proofs using structural induction have been presented at
the lectures and exercise classes. However, all of the proofs have been presented
orally (albeit using PowerPoint shows). In the mini project and the exam you
will have to present a written proof using structural induction. When a proof
is presented orally, you can under-specify by resorting to informal explanations
often accompanied by pointing and waving your hands (letting the audience ask
questions if they are not convinced by the arguments). All these points must
be put down on paper when making a written proof, hence these proofs need to
be more precise.

Although I will be going into great details in the proof below, this should
not be considered a comprehensive tutorial on proof techniques. To solve the
particular exercise I will be using a few common proof techniques which I will
explain to some degree when I use them. When you construct your solutions
to the mini project and exam problems, you might also need techniques beyond
what is covered here. Therefore you may also want to familiarise yourself with
these proof principles and techniques. Any introductory book on calculus or
logic should cover these techniques.



2 SOS for boolean expressions
We will look at simple boolean expressions using the following grammar:

b ::= False | True | bord | ~b (1)

b))

Note that we are using “or” and “~” as syntactic logical "or” and "not”. We
will be reserving the V and — symbols for the semantic ”or” and "not”. Note
also that I am using my own variant of boolean expressions — slightly different
from the L language used in the course (for instance, to simplify things I have
not included the E=E’ construct).
We are going to define an SOS for the evaluation of these boolean expressions.
Configurations and terminal configurations are chosen as:

I' = {(b,p) | be BExp, p € Env}
T = {(True,p) | p€Env} U {(False, p) | p € Env}

Where BExp is the set of boolean expressions in the above defined grammar, Env
is a set of runtime environments. Since we do not need environments — or stores
— in this exercise (we have no variables), we could (and probably should) have
left the environments out of the configurations. However, since environments
or stores are generally used in most exercises in the course (and maybe in an
exam questions), they are included here for completeness. We will not define
environments here, though, but will just regard Env as another mathematical
set, which we don’t care about.
A transition relation will be written as:

pb—=bV = (b p) — (¥, p)

Note that using this notation explicitly states that there are no side-effects,
since the environment can never change during a transition.

The set of small-step operational semantics transitions, = (CT' xT'), is
defined recursively as:

pE b — b
pF biorby — b orbs
[or 2] pk Trueorb — True

[or 1]

or 3 F Falseorb — b 2
[ p

pEb—
[not 1] Ry —

[not 2] pt ~True — False
[not 3] pt ~False — True

3 Determinism of a small-step SOS

We want prove that the SOS is “deterministic”, but what exactly does that
mean? Well, it means that the SOS has the property that no matter which
configuration you pick there will be at most one transition, that leads (from
this configuration) to another configuration. Notice that we do not say that
there should be “exactly” or “at least one” transition from any configuration!



In fact, this would be a very bad property (if you don’t see why immediately,
this is a good time to take a break to think about it). We have seen several
examples of non-deterministic constructs in this course; remember the £1ip and
maybe constructs from the exercises in week 37

So how do we formulate determinism in the language of mathematics? Re-
member that we are dealing with sets. We have the set, I, of configurations
and the set, F C I' x I, of transitions. So when we say that there is at most one
transition from each configuration, it means that when you pick an element,
~v €T, you will find at most one element (pair) in - with v as the first part of
the pair. Another way to say this is: Whenever you pick two elements from F
both with the same configuration, 7, in the first position, the second position
configurations will be identical, or with symbols:

vy, Y " €T ((r, 7)) €F A7) eR) = o =1

Since the transition relation is explicitly side-effect free, by pushing and substi-
tuting symbols, this claim can also be written as:

Vp e Env: Vbt b € BExp: ((pk b — V) A (pkb—b") = 0 =b" (3)

Remember that the notation p - b — ¥ is a “shorthand” for ((b, p), (V',p)) €F.

4 Preparing for a SI proof

We now have a property, determinism, defined in (3) and we hope to be able to
prove that this property holds for the set, -, of transitions defined in (2). Since
the set of transitions is defined recursively on the structure of the language,
the natural way to construct a proof of such a property is to use structural
induction. We can trivially rewrite (3) as:

Vb € BExp : P(b) (4)
Where:

Pb)=VpeEnv: W, 0" €eBExp: (pkb—=V) A (pFb—=1b")) = b=V

()
So we need to show P(b) for all possible bs. But all the bs are defined recursively
in (1). So if we can prove that the property holds for each of the expression
constructs in (1) if the property holds for any subexpressions, then we are done.
So we want to prove the following claims:

P(False) (6)

P(True) (7)

P(bl) A P(bz) = P(b1 or bg) (8)
P(b) = P(~b) (9)

And if that succeeds we are finished, since ((6) A (7) A (8) A (9)) = (4) &
(3)-



5 Proving P(False) and P(True)

We will just show P(False) since the proof of P(True) is similar.
So we want to prove the claim:

Vp, b, 0" : ((p+ False — b') A (pF False — b)) = V =1’

To prove this we consult our set of transitions in (2), and realise that no
transitions exists. Remember that p + False — ¥ is a “shorthand” for
((False, p), (b, p)) €l and this expression is obviously false for any choice of
p and b'. Therefore the left-hand side of the implication is false, which means
that the implication is trivially true (“holds vacuously”).

Some have expressed discomfort with this argument. To see why it is OK,
remind yourself what we are proving here: Determinism. We want to show that
whatever happens, only that can happen. In this case nothing ever happens,
because no transitions exist from a False configuration, and this “lack of action“
is of course also deterministic.

6 Proving P(by) N P(bs) = P(b; or bs)

We want to show that an implication is valid for any choice of b; and by. To
show that some predicate holds for all elements in a set, we imagine a game with
an “opponent” (who is allowed to choose any element from the set) choosing
one for us. So “let by and by be given” (by the opponent). There are two
possibilities: Either the left hand side of the implication is false or it is true. If
the left hand side is false then the implication is trivially true, therefore the only
case we need to consider is the case where the left hand side is true. Therefore
we assume without loss of generality (WLOG) that the left hand side is true,
and we must show that the right hand side of the implication is true.

Under our assumption (the “induction hypothesis”) we need to show the
following claim:

Vp, b/, 0" ((pF by or by — V') A (pk by orby — b)) = VvV =0b"

So let p, b’ and b” be given (still by the opponent). We now need to show the
implication. Again WLOG we assume the left hand side, i.e. ¥’ and b” have
been chosen in such a way that (pF by or by — V') A (pF by or by — V")
and we want to prove the right hand side, ' = b".

So we know that the left hand side of the implication is true. In other words,
we know that there is an element, &1, in the set - such that p - b or by — b'.
We also know that there is an element, &, (possibly the same, we don’t know
that) such that p - by or by — b”. Since &1, & €, they are generated by the
set definition in (2). If we take a look at these transition rules, we realise that
only three of the rules could have generated the elements &; and &5 in the set -
— namely the three first rules ([orl], [or2] and [or3]).

Could one of these rules have generated £; while another rule would generate
&7 To answer that question we need to examine the three rules. Remember
that by is fixed (by our opponent). Could rule Jor 2] and [or 3] be used at the
same time? The answer is obviously “no” since our fixed b; could not be both
True and False at the same time. Could [or 1] and [or 2] be used at the same



time? Again the answer is “no”, since there is no p - True — ... rules. The
same argument goes for the final combination [or 1] and [or 3]. Note that the
argument in this paragraph is an essential argument, which will (usually) fail
if any non-deterministic construct is introduced in the language — e.g. the f1ip
construct, which we have seen earlier in the course.

We only have three cases left to examine now: &; and & could both be
generated by one of the three “or” rules. For each of these cases, we need to
check that ¥ = b"”. Remember that p, by and by are all fixed.

We look at the first rule (“or 17):

pEb — b
pFbiorby — b orbs

p, by and bs are fixed and applying the induction hypothesis on b; (remember,
this is one of our assumptions) P(b;) gives us a unique b}. Since both &; and &,
was generated from this rule, we get:

b = blorby =V’
We now take a look at the second rule:
pF Trueorb — True

Again b (formerly known as bs) is fixed. Since both & and £, are generated
from this rule, we get:
b = True = b’
The third rule is:
p F Falseorb — b

And the reader should easily verify that again b’ = b”.

7 Proving P(b) = P(~b)

This proof is left as an exercise to the reader. The proof of this claim and the
proof above are almost identical. This concludes the proof. O

8 Proof using less text and more symbols

Some people are under the impression that a proof is more “mathematical” if
more symbols and less “human” text is used. In honour of those of you, who
have this idea, I present the proof from section 6 once again. This time in
the language of pure mathematical symbols. Those of you who prefer human
readable proofs can skip this section.

We need the following fact:

Vby,bo € BExp:Vy €T :Vp € Env :

((by orbg, p),v) €F = (10)
(v = (True, p) A by = True) V (7 = (ba, p) A by = False) Vv

(30} € BExp : v = (b] or b, p) A by ¢ {True, False} A ((b1,p), (b}, p)) €F)



Note that this fact is not easily deduced from (2) even though at a first glance
it seems obvious. Why? In (2) we define the set of transitions, -, by recursively
stating which elements are in the set on the basis of elements already in the
set. Now we need a mechanism to prove that some element is not in the set,
which is far from trivial.! To cut a corner we just take (10) as a given fact since
proving it would be far beyond the scope of this note (that topic would belong
in an advanced math course).

We want to prove P(by) A P(ba) = P(by or b), and we remind ourselves
that

P(byorby) = (VpeEnv:Vy, 7" el:
(((br or b2, p),7") €F A ((b1 o1 b2, p),7") €F) = 7' =19")

So let v,7',7” € T be given such that v = (by or by, p). We assume (10),
P(b1) N P(b2) and the left hand side of the implication we want to prove. We
shall show that " = ~":

I:VB1752 €BExp:Vy el :V5e€Env: ((51 Orgg,@,:y) et =
((’7 = (True, p) A by = ’I‘rue) Y (7y = (by, p) N by = False) Y
(Ell;’l € BExp : 5 = (b or by, p)

A by ¢ {True, False} A (([31, ), <1~)’1, ,3>) c l—))]
A P(bi) A P(ba) A [((b or ba,p),y) €F A ((b1 or by, p),v") €F]

U
[Vby, by € BExp : V4 € T': V¥ € Env : (<81 orgg,ﬁ%’y) ek =
((& — (True, j) A by = True) v (a = (bo, p) N by = False) v
(36’1 € BExp : 5 = (b, or b, )
Aby ¢ {True, False} A (<z31,;3>, <5’1,;3>) el—))]
A [({b1 or ba, p),~') €F A ((b1 or by, p),7") €F] A
(%8151 € BExp: (((b1,0), (B1.0)) € A ({br.p). (8. 0)) €F)
-
U

I The natural numbers, N is defined as the smallest set (least fix-point) such that (i) 1 € N
and (ii) n € N=n+1 € N. So how do you prove that m or —42 does not belong to N? Both
of the numbers are real, and the set R also satisfies (i) and (ii) (but is not the least fix-point).



[({(byorbs, p),7') €F =
(' = (True, p) A by = True) V (v = (ba, p) A by = False) V
(3} € BExp : 7/ = (b} orbs, p)

A by ¢ {True, False} A ((b1, p), (b}, p)) €F))]

[((bl orbs, p),y") eF =

(7" = (True, p) Aby = True) V (v = (ba,p) A by = False) V
(3] € BExp : 7" = (b] or by, p)

A by ¢ {True, False} A ((b1, p), (b, p)) €F))]
A [({by or ba, p),7") €F A ((by or by, p),7") €F] A

[¥61. 57 € BExp : (b1 ). (Bhop)) € A ({ba,0), (5. 0)) €F)
= B =

[((' = (True,p) Ab; = True) A (7" = (True, p) A by = True))
V ((v' = (True, p) Aby = True) A (v = (b, p) A b1 = False))
V ((¢ = (True, p) Aby = True) A (Jb] € BExp : 7" = (b} or by, p)
by ¢ {True, False} A ((b1, p), (b}, p)) €F))
% ((’y’ = (ba, p) A by = False) A (7" = (True, p) A by = True))
V (7 = (b, p) ANby = False) A (v = (ba, p) A by = False))
V (v = (b2, p) Aby = False) A (3b € BExp : 7" = (b} or bs, p)
A by ¢ {True, False} A ((by, p), (b, p)) €F))
V ((3v) € BExp: ' = (b] orba, p) A by ¢ {True, False}
A(br. ), (4, 0)) €F) A (7" = (True, p) A by = True))
V ((3v] € BExp : v’ = (b] orba, p) A by ¢ {True, False}
A(br, ), (5, ) €F) A (7 = (bs, ) A by = False))
V ((3v) € BExp : v = (b orba, p) A by ¢ {True, False}
A ({b1, p), (b1, p)) €F) A (Fb] € BExp : 7" = (b} or by, p)
A by ¢ {True, False} A ((b1,p), (b, p)) €F))]

A [WB,, ¥ € BExp : (((bl,p>, <z3’1,p>) ek A ((bl,p>, <5’1',p>) el—)
= b =]
[((' = (True,p) A by = True) A (" = (True, p) A by = True))
% ((7' (b, p) A by = False) A (v = (by, p) A by = False))
V ((3b) € BExp : o/ = (b} orba, p) A by ¢ {True, False}
(<b1,p>7 (b1.p)) €F) A (3b] € BExp: 7" = (bj orb, p)
A by ¢ {True, False} A ((b1,p), (b, p)) €F))]
A [0}, b € BExp : ((<b1,p>,<5’1,p>) S ((bl7p>,<5’1’,p>> EF)
= b} =b/]



[(by = True A+ = (True,p) Ay" = (True, p))
(b1 = False A’ = (b2, p) A" = (b2, p))
(by ¢ {True,False} A Jb},b} € BExp:
(7 = (phordy, p) A (b1, p), (01, p)) €F

A" = (b or bz, p) A ((b1, p), (b, p)) €F))]

A (V0,5 € BExp: (({ba,o). (h.0)) € A ((b1.0), B1.0)) €F)

Vv
V

-
I
(by = True Ay = (True, p) = ")
V (by = False Ay = (ba, p) =)
V (b1 ¢ {True, False} A 3b},b) € BExp:
(v = (b orbs, p) A" = (b] or b, p) ANV} = 1Y)
!

Y=

O

I hope that those of you who are still with me so far, realise that this kind of
proofs are “write-only” (maybe unless the reader is autistic). However this kind
of proofs can be relevant if you want a theorem verifier to verify the correctness
of your proof.

Making a proof is a matter of conveying ideas from the writer to the reader
in a way which convinces the reader of its correctness. If the reader is a human
being this is best done in a “humane” way — like it is shown in sections 4 to
7. If you study the proof in this section carefully and compare it to the former
proof, you will see that they are identical. One is just as formal as the other
and they convey the same ideas but the former proof does a much better job of
“convincing the reader” than the latter (provided the reader is a human). It is
no secret that we prefer the former kind of proofs in the mini project and exam
solutions.

9 Thoughts about written proofs and exams

The proof above is presented in a very detailed and pedantic way. Usually a
lot of details are omitted and the reader is expected to “fill out the blanks”
in the back of his/her head while reading the proof. The question about how
detailed a proof should be often pops up — especially when a written exam is
approaching.

A good answer to this question was given by associate professor Klaus Thom-
sen (IMF) to one of my classmates when I took the calculus introductory course
(year 2000). The basic ideas in his answer (subject to my interpretation and
passing time) were as follows:

You have to convince the reader about the validity of the proof but since the
exam is also testing your ability to construct a proof, you also have to convince
the reader that you are capable of doing so. This means that as a starting point



you will have to show every detail — in contrast to textbook writers who will
typically skip all the uninteresting details. If you show the reader that you can
do that, you can skip the details when they are trivial — e.g. identical to an
earlier part of the proof. In other words it is a matter of building up trust.
You will want the reader to trust that you can do the details but that you have
thought the proof through (on a scratch paper) and come to the conclusion that
it is so trivial, that it is not necessary to show the details.

However, if you don’t show the details because you are lazy or because you
can’t figure it out, the reader will recognise it immediately — it is not hard to
tell the difference, because the intelligent student will select the interesting cases
and show them (ignoring the trivial or identical — like I did with the True case
in section 5), while the lazy student will select either the easy cases or a few
random cases (often ignoring the interesting cases because he never went there)
and also avoid the hairy details. If you are still in doubt after reading this, then
always prove all details — then you are sure that you never loose any points.

10 An extra exercise

As an extra exercise for the reader I propose the following problem:

Redefine the “or” semantics to be a parallel evaluation (cf. pp. 30-31 in
Plotkin) and re-do the proof of determinism. Hint: The strict notion of “deter-
minism” used above cannot be used in parallel evaluation, so you will need to
re-think the problem from the beginning and define a suitable notion of “deter-
minism” for this problem.



