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(x ∨ x̄ ∨ C) ∧ F ′ → (true ∨ C) ∧ F ′
� � � z �

(x ∨ x ∨ C) ∧ F ′ → (x ∨ C) ∧ F ′
� � � � �

C ∧ C ′

C⊆C′

∧ F ′ → C ∧ F ′
� � � 5 �
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� � � / �

(true ∨ C) → true
� �<� { �
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� � � 6 �

(x) ∧ F ′ → F ′[x := true]
� � � � �

(x̄) ∧ F ′ → F ′[x := false]
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x
FJ<1F@:@SM? 2 �%? :@?Bht<~`�? P�F�TU? P#A F2F �%<)?'�ZFJ:@Pt`�P#:@[\P q TU?GA � 
 X A@<�hi?<#X FJLM?

w @ A�P#:@? z @ A 2QA@<�hi?_<#XcF@LM? z @ A2htP V q ?_F@LM?_AJP#hi? � r S!F�:@?Ghi?Gh q ?B:4�j?OLfP `�?FJLM:=?G?2KM[\A FJ[\H!RBF
z @ AG2"F@L�SMA � L!?GH �%?�:=?Ghi<|`#?�P�F TU? P#A Fj<�H!?

z
� `�P#:@[\P q TU?l[\Hi? P#R L RBTdP#S!A@?

� q V):=?GKMSMRsFJ[U<�H5:@SMTU?GA2� � z � 2f�<� z�5 P#H!Ky�<� z0/ �'2 �%?_h SMA=F LMP~`#?4:=?Ghi<~`�?GK5F �%<tKM[UA=F@[\HMRsF
z @ AG� 
 X P#TUT FJL!? w @ A P#:@? y @ A 2!FJLM? z @ A2P#:@?-K![\A=F@[\HMRsF02fP�HMK��%?_:@?Bht<~`�?4P#TUTEFJL!:@?G? �

!lLZS!A �%?4:=?Ghi<|`#?OP�F�T\? P�A=FlF �%<1?'�ZF@:JP3`#P�:@[dP q T\?BAn[\H)FJL!? q :@P#HMR L,2 � L!?G:@? �%?4A=?BF
x
F@< F@:@SM? 2QP#HMK �j?_>�?sF2P q :JP#HMR L![\HM> `�?BRBFJ<#:�<�X P�F�TU? P#A F

(9, 4)
�

(2, 1) �
�I�?�?�J����04���@02 r ViSMA@?2<#X :=?GKMSMRsFJ[U<�HMA��j?2R P#H)P�A@A@S!ht? FJLfP F%F@LM?2RBTdP#S!A@?GA%[\H

� LM[\R L5FJL!? � � 2 z � � <"RBRGSM:=:@?GH!RG? 2
x
2f<ZRGRBSM:@A TU<"< $1P#AnXm<�TUT\<&� A �

(x,
(−)
y1 ,

(−)
y2 ) ∧ (x,

(−)
y3 ,

(−)
y4 ) ∧ (x,

(−)
y5 ,

(−)
y6 )

7�>IP#[UH1[aX FJL!?G:@?�[\A <|`#?G:=TdP#D q ?BF �%?G?BH
Y ∪x

P�HMK1FJL!?�:@?BA=Fj<#X FJL!?2`�P#:@[\P q TU?GA [\H1P�F
ht<#A=F�F �%<5RGT\P#SMA@?BA�<�:2[UX;FJL!?G:@?�[\A�<~`#?G:@T\P#D [\H P�F-hi<�A=F2F �j<

z
� `�P#:@[\P q T\?BAG2 �j?3P�DMDMTUV

FJLM?yP q <|`#?bF@:@[UR $ 2 � LM?G:=?
p = 7

P#HMK
q = 3

� � FJLM?B: � [\A=?yP F1TU? P#A FiF@LM:@?B?y<#F@LM?G:
RGT\P#SMA@?BA�RG<#H�FJP#[\H!A q <�FJL Pt`�P#:=[dP q T\?_Xm:@<�h

Y
P#H!K Pt`�P#:@[\P q T\?OHM<#F�[\H

Y
2eP#HMK�FJLM?B:@?

P#:@?OP�F TU? P#A FlFJLM:=?G?_KM[ # ?B:@?GHIF `�P#:@[\P q TU?GAnHM<�FlXm:@<�h
Y
[UH FJLM?BA@?ORGTdP�SMA@?BAG�

(
(−)
yi ,

(−)
w1,

(−)
z1 ) ∧ (

(−)
yj ,

(−)
w2,

(−)
z2 ) ∧ (

(−)
yk ,

(−)
w3,

(−)
z3 )

}2<&� �%? q :JP�HMR L <#H A@?BF=FJ[UHM>
x
?B[UFJL!?G:1F@:@SM? <�:tX P#T\A=? 22P#HMK [\H <�H!? <#X_FJLM?BA@?

q :JP�HMR LM?GA �%?�� [\TUTcA=?BF
yi

F@< X P#T\A=? 2 [UH <�HM? �j?5� [UT\T A@?sF
yj

FJ<1X P�T\A@?�P#HMK [UH <�HM?5�%?
� [\TUTfA@?BF

yk

F@<4X P#TUA@? � r V3FJLM?�AJP�ht?2P#:@>#SMht?BHIFnP#A [\H FJL!?2RGP#A@? q ?sXm<�:@? 2"[aX �%?�T\<Z< $�P�F
q <�FJL q :@P#HMR LM?BAG2 �j? � [UT\TwLfP `�?_:@?Bht<~`�?BKbP�FlT\?GP#A=F <#HM?

z
Xm:@<�h ? P#R LbRGT\P#SMA=? 2fP#H!K5P�F

T\?GP#A=F F �%< <#X]F@LM?Gh�P�:@?OKM[\A FJ[\H!RBF02MF@L�SMA �%?�>�?sF q :JP#H!R LM[\HM>i`�?BRBFJ<#:
(7, 6)

<�:
(8, 5)

2
<#X?� LM[\R L5FJLM? �%<�:@A F�[UA
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2 � L![\R L >�[a`�?GA
SMAlFJL!?_F@[\hi?�RG<#htDMTU?'�"[UFWV

O∗ (20.1626n)
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 H P#H SMHMKM[U:@?BRBFJ?BK >#:JP#DML
G = (V, E)

2%�%? � [\TUT�T\?sF
n
KM?BHM<#F@? F@LM? H�SMh q ?G: <�X

`�?B:=FJ[URG?BA�P#H!K
m
FJLM?_H�SMh q ?G: <#Xc?GK!>�?GA �

!lLM?tH!?G[\>#L q <�SM:=A-<#X `�?G: FJ?��
v ∈ V

[\A�FJL!?iA=?BF
N(v) = {u ∈ V |(v, u) ∈ E}

�
!lLM?OHZS!h q ?B:2<�X]HM?B[\>�L q <�SM:=A2<#X]P3`�?G: FJ?��

v ∈ V
[UA R P#TUT\?GK)F@LM?4K!?G>�:=?G?O<#X

v
P#HMKb[\A

KM?GH!<#FJ?BK
d(v) = |N(v)|

�
7�H [\HMK!?GDw?GHMKM?BHIFtA=?BF [UH�P >�:JP#D!L

G
[UA3P A@S q A@?BF

I ⊆ V
A@SMR L FJLfP F3HM< F �%<

`�?B:=FJ[URG?BA2[UH
I
LfP#A�P#H5?GK!>�? q ?BF �%?G?BH�F@LM?Gh�2M[ � ? �

∀u, v ∈ I : (u, v) /∈ E
�

7 q [\DMP#:=F@[UFJ?i>�:@P#DML [UA Py>�:@P#DML � [aFJL F@LM? DM:=<�DE?B:=FWV 2 FJLfP�F4V�<�S�RGP#H�DfP#: FJ[aFJ[\<#H
V
[UHIFJ<

L
P#HMK

R
�
L ∪ R = V

2
L ∩ R = ∅

��2jA@S!R L FJLfP F
L
P�HMK

R
P�:@? q <�FJL

[\HMK!?GDw?GHMKM?BHIF�A=?BFJA �
!lLM? A@S q >�:JP�DML [UHMKMSMRB?GK q V

S ⊆ V
[\AiKM?BgMHM?GK P#A

G[S] = (S, E ′)
2D� LM?B:@?

E ′ = {(u, v) ∈ E|u, v ∈ S}
�67 q [\DfP�:=FJ[aFJ? � [UHMKMSMRB?GK��4A=S q >�:@P#DML [\A4A@[UhtDMTaV�P#H

[\HMK!SMRG?BK�A=S q >�:@P#DML � LM[\R Lb[\A q [UDfP#: FJ[UF@? �
7 A=?BF

S
� <�:_A@S q >�:JP�DML

G[S]
�9� [UFJL6DM:=<�DE?B:=FWV

P
[\A�;9,���4 ;9,J: 2�[UXjP#KMK![\HM>�P#HIV

`�?B:=FJ?��
v ∈ V \ S

F@<
S

� [\TUT `Z[\<�T\P�FJ?2FJLM?_DM:=<�DE?B:=FWV �
7

k
� RG<�TU<�SM:JP q T\? >�:@P#DML [UAnP4>#:JP#DML

G
� [aFJL1F@LM?�DM:=<�DE?B:=FWViFJLfP FjV�<#S R P#H)RB<�T\<#SM:

P#T\TcFJLM?3`�?B:=F@[\RG?BA4<�X
G

� [UFJL6<�HMTaV
k
KM[ # ?B:@?GHIFORG<#T\<�SM:=AG2�A@S!R L�FJLMP�F_HM<bHM?G[U>�L q <�S!:@A

LfP `�?1F@LM?1A@P#hi?1RG<#T\<�SM: � 
 H�P
k
�WRG<#T\<�SM:=[\HM>5<#XlPy>�:JP�DML,2]?GP#R L RB<�T\<�S!:

i
KM?BgfH!?GA3P

A@S q A@?BF
Vi ⊆ V

<�X P#TUT"F@LM?l`�?G: FJ[URG?GAE� [aFJL RG<�TU<�SM:
i
� � P#R L Vi

[\A P#Hi[\H!KM?GDw?GHMK!?GHIF A@?BFG�
7�TUA@<bHM<#FJ? FJLMP�F4P �)� RG<�TU<�SM:JP q T\? >#:JP#DML6[\A-F@LM?tA@P#hi?1P#AOP q [\DfP�:=FJ[aFJ?3>�:@P#DML,� !lLM?
ht[UHM[\h�SMh9HZS!h q ?B:

k
2�Xm<�:;� L![\R LiP->�:JP#D!Li[UA

k
� RG<�TU<�SM:JP q T\?%[\A;R P�T\T\?BK FJLM?lR L!:@<�htP�FJ[UR

H�SMh q ?G:G2
χ(G)

�
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htP*�"[\htP#Te[\HMK!?GDw?GHMKM?BHIF_A@?BF@AG2e[UA2FJLMP�F-[UF2R P�H q ? S!A@?GK [UH P#T\>#<�:@[aFJLMhiAlXm<�:2F@LM? }�8��
RG<#htDMTU?BF@?-DM:@< q T\?GhiA������;@�� =����7A���������A�� ��A�! � �"!�P#H!K k

�7698;:<8;= > @BA?CD�

#�������� 6�1%$ 1�/"4 ! :<% 0�)
951 6�7
8�9;:<)=0���4
N][U:@A=F_TU?BFOSMA4T\<Z< $ P�FOA=<�ht?i:@?BA@SMTaFJAO<�H6h1P*�"[Uh1P#Tc[\HMK!?GDw?GHMKM?BHIF A@?sFJA �)7�T\:=? P#K"V [\H
z�7 F { 2fx�<Z<�H�P#HMK�x�<�A=?G:�A@LM<&�%?GKbFJLM[UAnFJLM?B<�:@?Bh�- z F 1 �
< ;J0>�.��021 G&6 7 2 : . EG;9(�:�* < C1;9,���4 ;9,J: 46. �5: 8 :�. �5:�. ; < :�;N< 46. ,�7/* , 8 2 < C*<�4'&>: n4=< ,/;$; < <�;

3n/3 �!lLM?BV�P#TUA@<iA@LM<&�%?GK F@LfP�F FJLM?B:@?4?'�"[\A F�>�:@P#DMLMA�� [UF@L�F@LM[\A htP#HIV5h1P*�"[Uh1P#TE[\HMK!?'�
Dw?GHMKM?BHIF A@?sFJA 2;HfP#hi?GTUVyFJLM?t>�:JP#D!LMA4RB<�HMA=[\A=F@[\HM>�<#XnK![\A �=<#[\HIF 5 �WRBT\[\k�SM?BAG� !lLM[UA4F@?GT\TUA
SMA FJLfP FjP�Ht?BHZS!ht?B:JP�F@[\<�HtP#T\>#<�:@[aFJLMh :@SMH!HM[\HM>_[UHiF@[\hi?

O∗
(

3n/3
) [\A <�D!F@[\htP#T)( 2ZP#HMK

�%? � [\T\TwA@?B?-FJLfP�FjFJLM?�Xm<�TUT\<&� [\H!>�P#TU>�<�:=[UFJL!h [UHMA@D![\:@?BK q V - 6*1 P#RsFJSfP�T\TUVi:=SMHMAl[\H F@[\hi?
O∗

(

3n/3
)

≈ O∗ (20.5283n)
�

x 
 Y �
S
2
I
�

� �
S = ∅


�;J02�
� �

I
htP*�"[\htP#T+* 
�;�02� <�S"FJDMS!F

I
"

"
� �
∃v ∈ S : d(v) ≥ 3


�;�02�
x 
 Y �

S \ ({v} ∪N(v))
2
I ∪ {v}

� ?x 
 Y �
S \ {v}

2
I
� ?02&' 	0 TU?BF

v
q ?OP `�?G: FJ?��	� [aFJL5hi[\HM[Uh1P#TQKM?B>�:@?B?_[\H

S ?x 
 Y �
S \ ({v} ∪N(v))

2
I ∪ {v}

� ?� �.� P#T\T
u ∈ N(v) �x 
 Y �
S \ ({u} ∪N(u))

2
I ∪ {u}

� ?02��� � �.�
"
,.-�/102/435/7698;:.6=<>0@?2/�AB/DC9EF6=GIH@JKA�C=LMJKENH2O>/43P6�0@?)H)Q�:RC�?)/S?)/1E>?)/ �
T E	C9LVU=6�02JKH2O>AW3MJXH@OF6=EYLVZ
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JKEsH2OY/j:RC�?)/t3MO>/R0@/

d(v) ≥ 3 � H2OY/g:RC=LKLu4v)w � S \ {v} x I � �yx I ABJVU=O\H�EY69HMa[/;A�C{zIJKA�C=L �
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< ;J0>�C��021 E.6 7 2 :������ ,J: 75<>* 46;62 ; 2 ,B<�; 4 ; :���,/. �1< 8 ,503:	� 03<B; 8 : : ��46;�
 O∗
(

3n/3
) �

��*3< < C � Nf<�:lFJLM?OR P#A=? d(v) ≥ 3
�%?�>�?sF2P q :@P#HMR LM[UHM> `�?GRsFJ<�: � � [aFJLb:@?BA@Dw?GRBF2FJ< FJLM?

H�SMh q ?G:�<#Xc`#?G: FJ[\RB?GA
n
�n<#X]P�F�T\? P�A=F

(4, 1)
�jNf<�:nF@LM?4RGP#A@?

d(v) = 0
�%?4<�H!TUV)htP $#?

<�HM?%:@?GRBSM:@A=[U`#?jR P�T\T 2~Xm<�:�FJL!?%RGP#A@?
d(v) = 1

�j?%>�?BF FJL!? q :@P#HMR LM[UHM>2`#?GRBF@<�:
(2, 2)

P#H!K
Xm<�:�FJLM? R P#A=?

d(v) = 2
�%?j>#?BF]P q :@P#HMR LM[UHM>�`#?GRsFJ<�: <�X

(3, 3, 3)
� !lLM? �j<#:@A=F]<#XMF@LM?GA=?

[\A
(3, 3, 3)

2<� L![\R L >�[a`�?BA%SMA FJLM?�:@S!HMHM[\H!>4FJ[Uht? <#X
O∗

(

3n/3
)

≈ O∗ (20.5283n)
�;!lLM?

H�SMh q ?G:3<#X�htP*�"[\htP#T [\HMKM?BDE?BHMKM?BH�F A=?BF@Ai<#S!FJDMS"F q V FJLM? P#T\>�<#:@[UF@LMh [\AOFJLM?B:@?BXm<#:@?
P#T\A=<
O∗

(

3n/3
) �

NQ<#:%htP*�"[\htP#Tf[\H!KM?GDw?GHMK!?GHIFlA@?sFJAn<�XeA@htP#T\TU?G: A@[UuG? q ?sF@FJ?B: q <�SMHMK!AnP#:=?9$�HM<&� H � 

� [\TUTfHM<#FnD!:@<~`�?�FJLM?BA@?�:=?GA@S!TUFJA �'2!P#HMK P�T\A@<4?GH�SMhi?G:@P�FJ[U<�H P#TU>�<�:=[UFJL!htA h�SMR L)T\[ $#?lFJLM[UA
<�HM?_?'�"[UA=F Xm<�:lhtP*�"[\htP#TE[UHMKM?BDE?BHMKM?GHIF2A@?sFJA <#XcA@[\uB?OP�F ht<#A=F

k
�

!lLM?OgM:@A=F�:=?GA@S!TUF [\AlA=LM<&� H q V � DMDMA FJ?G[UH�[UHbP DMP#DE?B:lXm:@<�h �#��� z - 6)1 �
< ;J0>�C��021 �.6�7 2 :'. E ;9(�:�* < C1;9,���4 ;9,J: 46. �5: 8 :�. �5:�. ; < :�; <9< C <�4'&>: ,/; ; < <�; k

46.
, 7/*-, 8 2 < C <�4'&>: n

4=< ,/;$; < <�;
34k−n4n−3k

K�,/. � ;62 :�*3:�4=<',/. ,J: 75<>* 46;"2 ;9C <>*1: 4=<�; 46.57
,J: : ;9,���4 ;9,J:�46. �5: 8 :�. �5:�. ;D< :�;N< <3;9,J: : :�* ;62 ,/. k

46. ,/.
n
�=8/:�*�;=: � 7/*-, 8 2 46. ; 4 ; :

O∗
(

34k−n4n−3k
) �

!lLM[\A :@?BA@SMTaF [\A F@[\>�LIF3Xm<�:
n/4 ≤ k ≤ n/3

� Nf<�:
k > n/3

F@LM? q ?BA=F q <�SMHMK
[\A3>�[a`�?BH q V !lLM?B<�:@?Bh / � Nf<�:

k < n/4
P q ?sF@F@?G: q <#SMHMK�[\A3>�[a`�?GH�[\H - z � 1 � Xm<�:

n/4 ≤ k ≤ n/3
FJLM?_:=?GA@S!TUF [\AnF@LM?_AJP#hi?OP#AlFJLM?-<#HM?OP q <~`#? � �

< ;J0>�C��021 
 6#7 2 :�. E ;9(�:�* < C ;9,���4 ;9,J:�46. �5: 8 :�. �5:�. ;D< :�;N< < C�<�4'&>: ,/;@; < <�; k
K

	 2 :�* : 1 ≤ k ≤ n/3
K 46. , 7/* , 8 2 < C <�4'&>: n

4=< ,/;$; < <�;

bn/kck−(n mod k) (bn/kc + 1)n mod k .

� <>* :3<>8/:�* K�;62 :�* : 4=<�,/. ,J: 75<>* 46;62 ; : 4=<�; 46.57 ,J: :�;9,���4 ;9,J: 46. �5: 8 :�. �5:�. ;$< :�; <9< C'<�4'&>:,/; ; < <�;
k
46. ; 4 ; :

O∗
(

bn/kck−(n mod k) (bn/kc + 1)n mod k
)
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5 0>"/����
����C� �.6 7 2 : �����;@�� =�� �7A�� ������A�����A�! � �"! 8 *3</(,: :3; 4=<,> ? 468/:�. ,
7/*-, 8 2 G = (V, E)

K�M�. � ;"2 :1: ,/* 75:
<�; 46. �5: 8 :�. �5:�. ; < :�;�46. ;6254=<�7/*-, 8 2 �



� � ���������
	����5����� ����� �
��	�����	������ �"	 �����
��	 	����

!lLM?B������@�� =�� �7A���������A�� ��A�! � �"!3DM:@< q T\?Gh �nP�A gf:@A FcA=LM<&� H�}28��WRG<#htDMTU?BF@?
SMA=[\HM>iP3:@?BKMSMRBF@[\<�H5Xm:@<#h ����� q V��OP�:@Db[\H z�7?6 � - z�zG1 �

!lLM?OHfP#[U`#?OP#T\>�<#:@[UF@LMh <#X]F@?GA=F@[\HM>tP#TUT A@S q A@?BF@A�>�[a`�?BA2SMA2P#H
O∗ (2n)

P#TU>�<�:=[UFJL!h	2
q S!Fb<#X4RG<#SM:@A=? P h1P)�![Uh SMh [\HMK!?GDw?GHMKM?BHIFyA=?BF�<#X P�>�:@P#DML [\A5P#TUA@<�P h1P*�"[Uh1P#T
[\H!KM?GDw?GHMK!?GHIF�A=?BFG� !lL�SMA �%?tRGP#H6SMA@?iFJLM? ?GH�SMhi?G:@P�FJ[U<�H�P#T\>�<#:@[UF@LMh�Xm<�:_h1P*�"[Uh1P#T
[\H!KM?GDw?GHMK!?GHIF A@?BF@A]P�HMK_A@[\hiDMTaV�<�H!TUV2:@?Ghi?Gh q ?B: FJLM? TdP�:@>�?BA=FeA=?BFcP�F P#HIV�F@[\hi? 2~>�[a`"[UHM>
SMA P#H�P#TU>�<�:=[UFJL!h :=SMHMHM[UHM> [\H F@[\hi?

O∗
(

3n/3
)

≈ O∗ (20.5283n)
P#HMK DE<#TUVZHM<�hi[dP#T

A@DMP#RG? �
!lLM[\A 2jLM<&�%?B`#?G:G2l[UA3X P#: Xm:@<�h'FJLM? q ?BA=FG� 7�TU:@?GP#K!V�[UH z
7?6@6 !]P�: �@P#H P#HMK !c:=< �

�@P#HM<&� A $Z[ DM:=?GA=?GHIFJ?BK�P#H�P#T\>�<#:@[UF@LMh :@SMHMH![\HM>b[\H FJ[Uht?
O∗

(

2n/3
) - ��� 1 � !lLM?tP#T\>�<*�
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O∗ (20.251)
- �#� 1 �
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k
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k
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!lLM[\A_DM:=< q TU?Gh �jP#A_gf:@A F�A=LM<&� H�FJ< q ?1}28;� RG<�hiDMTU?BFJ? Xm<#:
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q V��_P#:@D [UH

z�7?6 � - z#zG1 �O}�<#FJ[URG?�F@LfP�F�Xm<�:
k = 1
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k = 2
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[\A q [\DfP#: FJ[aFJ? 2 � LM[\R L �j?�$�HM<&� R P�H q ? KM<�HM? [\H Dw<�TUVZHM<#ht[\P#T F@[\hi? q V FJL!?t>�:=?G?BK!V
RG<#T\<�SM:=[\HM> P#T\>�<#:@[UF@LMh��

Nf<�:
k ≥ 3

2!gM:@A=F�HM<�FJ?�FJLMP�F A@[UhtDMTaVtF@:=VZ[\H!> P#T\T Dw<�A=A@[ q T\?�RB<�T\<�S!:@[\H!>�An<#X�`�?B:=F@[\RG?BA
P#HMK�FJLM?BH6R L!?GR $�[\HM>5[aX FJLM?sV P#:=?4`�P#TU[\K � HM< ?BKM>�?3RG<#HMHM?GRsFJA�F �%< `�?B:=FJ[URG?BA � [UFJL�FJLM?
AJP�ht? RB<�T\<#SM: � � [UT\T F P $�? FJ[\hi?

O∗ (kn)
2 P#Ae?GP#R L-`�?G: FJ?��OR P#H_LfP `�?

k
KM[ # ?B:@?BH�F�RB<�T\<#SM:@A

P#HMKiR LM?BR $Z[UHM> [aX FJL!?2RB<�T\<�S!:@[\H!>O[UA;`#P�T\[\K RGP#H q ?2K!<�HM?�[\H FJ[\hi?lDM:=<�DE<#:=FJ[U<�HfP#T"FJ<_FJLM?
H�SMh q ?G: <#Xc?GKM>#?GAG�

!lLM[\A]ht?GP#HMA]F@LfP�F]F@LM?lDM:=< q T\?Bh9<#X 5 �WRB<�T\<�S!:@[\H!>2RGP#H q ?jA@<�Ta`�?GK3[UH�FJ[Uht?
O∗ (3n)

2
� LM[UR L6[UA�HM<#F�`�?G: V [\hiDM:=?GA@A=[U`#? � �2<&�j?s`�?B:4[aXE�j?3LfP `#?tP

k
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FJL!?GH5FJLM?-A=S q >�:@P#DMLb[\HMKMS!RG?GK q V)<�HM?_<#X FJL!?-RG<�TU<�SM:@AlRGP#H q ?-?��"F@?GHMK!?GKyF@<tP3htP*�+�
[\htP#Tw[\HMK!?GDw?GHMKM?BHIF�A=?BF�<#XcA@[\uB?OP�F T\?GP#A=F

n/k
�

& ?�R P#H A=[\hiDMTUV D![\R $ FJLM? @ T\P#:@>�?BA=FjRG<�TU<�SM: @ � F@LM?�A=?BFlK!?BgfHM?BK q ViFJL!?�ht<#A=F%SMA@?BKRG<#T\<�SM: �lP#HMKy?��ZFJ?GH!K [UF�[UX]DE<�A=A@[ q T\? �4!lLM? @ RG<#T\<�SM: @ �nP#A�P#T\:=? P#K"V)[\HMK!?GDw?GHMKM?BHIF-P#HMK<#XcA@[UuG?OP�F T\?GP#A=F
n/k

P#HMKbHM<&�0[aF [\A P#TUA@<3htP*�"[\htP#T �
!lL�SMA2Xm<�: ?GP#R L htP*�"[\htP#T [UHMKM?GDw?GH!KM?GHIF�A=?BFG2��%?�RGP#HyA=[\hiDMTUVtFJ?BA=F%� LM?BF@LM?G:�FJLM?

:@?Bh1P�[\HM[UHM>3>�:JP�DML�[UA q [\DfP�:=FJ[aFJ?_P#A HM<�FJ?GK q V > P0� TU?G:I- z
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:@[aFJLMh0:=SMHMHM[UHM>�[\H-FJ[Uht?;DM:=<�Dw<�:=F@[\<�HfP�T#FJ< gfHMKM[UHM>2P#T\T�htP*�"[\htP#T�[\HMKM?BDE?BHMKM?BH�FcA@?sFJA]P#A
R LM?GR $�[UHM>�[aX!Pl>�:@P#DML_[\A q [\DfP#: FJ[aFJ?][UAeDE<#TUVZHM<�hi[dP#T 2BF@LfP�F�[\A

O∗
(

3n/3
)

≈ O∗ (20.5283n)
�

!lLM? q ?GA F�$�HM<&� H4:@?GA=SMTUF�Xm<�: 5 � RG<�TU<�SM:=[\HM>nL!<)�%?B`#?G:;P�DMDE?GP#:@A�[UH - � 1 2*� L!?G:@? r ?B[\>�?BT
P#HMK � DMDMA=F@?G[UH�DM:=?GA@?BHIF;P#H4P#T\>#<�:@[aFJLMh A@<�Ta`Z[\HM> 5 � RG<�TU<�SM:@[UHM>l[\H-F@[\hi?

O∗ (1.3289n) ≈
O∗ (20.4102n)

��!lLM[UA P#T\>#<�:@[aFJLMh [UA q P#A=[\R P�T\TUV6P q :@P#HMR LM[UHM> P#TU>�<�:@[aFJLMh�2 � LM?G:=? �%?
q :JP�HMR L <#H :@?GA FJ:=[\RBF@[\<�H!A <#X4P#T\TU<&�j?BK RG<�TU<�SM:@AtXm<�:)P `�?B:=F@?'� 2�<�H FJ<#D <#X � LM[\R L P
H�SMh q ?G: <#Xc:@?GK!SMRBF@[\<�Hb:@SMTU?GA P#:=?OP#KMKM?BK,�


 FOF@SM:@H!A4<�S"F-FJLfP�FORB<�h q [UHM[\HM> F@LM?iP#DMDM:=<IP#R LM?BAOVZ[U?GT\K!A_F@LM? q ?BA=FI$�HM<&� H�F@[\hi?
RG<�hiDMTU?'�"[UFWV5Xm<�: / �WRB<�T\<�S!:@[\H!> - z � 1 �-7�>IP�[\H	�%?3SMA=?�FJLfP F-[UX;�%?3LfP `�? P

k
�WRB<�T\<#SM:@[UHM>

<#X%P >�:JP�DML,2 F@LM? A@S q >�:JP�DML [\HMKMS!RG?GK q Vy<�HM?3<#X;F@LM?3RG<�TU<�SM:=A�R P#H q ? ?��"F@?GHMK!?GK FJ<
PihtP*�"[\htP#Tw[\HMK!?GDw?GHMKM?BHIF�A=?BF�<#XcA@[\uB?OP�F�T\? P�A=F

n/k
� & ?_A=[\hiDMTUVigfHMKyP#T\TEh1P*�"[Uh1P#T

[\HMK!?GDw?GHMKM?BHIFcA=?BF@Ac<#X"A@[UuG? P�F�TU? P#A F
n/4

2 P#HMK-Xm<�:e? P�R L4<#X�F@LM?GA=? F@?GA=F [aXZF@LM?;:@?Bh1P�[\HM[UHM>
>�:JP�DML [\A 5 � RG<�TU<�SM:@P q T\?OSMA=[\HM>)FJL!? q ?BA=F $�HM<&� H P�T\>�<�:=[UF@LMh Xm<�: 5 � RG<�TU<�SM:@[UHM> � !lLM[UA
VZ[\?GTUKMA P3FJ[\hi?�RB<�htD!T\?'�"[aFWV1<#X

O∗ (1.7504n) = O∗ (20.8077n)
�

!lLM?3AJP#hi? P�DMDM:@<�P#R L �j<#:F$�A�Xm<�: { �WRG<#T\<�SM:=[\HM> 2EP�HMK P#KMK![\HM> A=<�hi? ?'�ZFJ:@PtFJ:=[\R $�A
P#T\A=<OXm<#: F*�]P#HMK 6 �WRG<#T\<�SM:=[\HM> 2 q S!F Xm<�: LM[U>�LM?G:

k
2�F@LM? q ?BA=F $ZH!<)� HtFJ[\hi?lRG<#htDMTU?'�"[UFWV

[\A
O∗

(

(4/3 + 34/3/4)n
)

= O∗ (2.4150n)
P#R LM[U?B`�?BK q V FJL!?�R LM:=<�htP�FJ[UR)HZS!h q ?B:

P#T\>#<�:@[aFJLMh q V � DMDMA=F@?G[UH - 6*1 �

� � � � ) � %�� )12�� %=
#)@� �&%3��� (� 0��1� )t
��!+
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FJLM?nP#T\>�<#:@[UF@LMh Xm<#:]htP*�"[\htP#T�[\H!KM?GDw?GHMK!?GHIF A@?sFJAG2 �j?nL!<�DE?%FJ< q ?nP q T\? FJ<�S!A@?lP�>#<"<ZK
?GH�SMhi?G:@P�FJ[U<�H)P#TU>�<�:@[aFJLMh Xm<#:nh1P)�![Uh1P�T q [\DfP#: FJ[aFJ?�A@S q >#:JP#DML!AnFJ<3KM?s`"[UA@?_P >�<Z<ZK)P#T3�
>�<�:=[UFJL!h Xm<�:

k
�7698;:<8;=?>?@BA?CD� !lL!?yP#TU>�<�:=[UFJL!h RGP#H�<#X�RB<�SM:=A@?bP#T\A=< q ?5SMA=?GK�Xm<�:

������@�� =���� @��>��> ! @ !�� � =	� CE>M� ��
E�

#��=����� 6 1 $ 1�/"4 ! :<% 0�)�9�1 6�7
8�9�:2)=02�"4
!lLM? Xm<�TUT\<&� [\H!> q <�SMH!KMA <�H F@LM? H�SMh q ?B: <#X3htP*�"[\htP#T q [UDfP#:=F@[UF@?�A=S q >�:@P#DMLMA [UH
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 . 
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= O (1.8613n)
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��* < < C � N][U:@A=F��%?�HM<�FJ?4F@LfP�F�PthtP*�"[\htP#T q [\DfP#: FJ[aFJ?_A@S q >�:JP#D!L <#X P >�[U`#?GH >#:JP#DML GRG<#HMA@[UA=FJA�<#X]PihtP*�"[\htP#TE[\HMKM?BDE?BHMKM?BH�F2A@?sF
M1

<#X
G
P#HMK�PihtP*�"[\htP#Tw[\HMK!?GDw?GHMKM?BHIF

A@?sF
M2

<#X FJL!? :@?Bh1P#[UHM[\H!>�>�:@P#DML
G[V \M1]

� [aFJL
|M1| ≥ |M2|

� ! < A@?G? F@LM[\A 2
F P $#?1F@LM?1T\P#:@>�?BA=F4RG<�TU<�SM:O[\H F@LM?1htP*�"[\htP#T q [UDfP#: FJ[UF@?tA=S q >�:@P#DML � <�:
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q ?BXm<�:=?nFJLM[UA;[\A;Dw<�A@A=[ q TU? � }�<&� FJL!?�<�FJLM?B:;RG<�TU<�SM: h S!A=F q ? P-htP*�"[\htP#TZ[\HMKM?BDE?BHMKM?BH�F
A@?sF5<#X_FJLM? :=?GhtP#[\H![\HM>�>�:JP#D!L,22A=[\HMRB? [UF �nP#AbP#TU:@?GP#K!V [\HMKM?BDE?BHMKM?BH�F�P#H!K [UXO[UF1[\A
HM<#FOhtP*�"[\htP#T][UH6F@LM?i:@?GhtP#[UHM[\HM>)>#:JP#DML 2?�%?tRGP#H P�KMK P)`�?B:=FJ?��6FJ<y<#SM:_h1P*�"[Uh1P#T
q [UDfP#:=F@[UF@?�A@S q >�:JP#D!L,2 q S!F FJL!?GHb[UF4�jP#A�HM<#F htP*�"[\htP#TwF@< q ?G>#[\H � [UF@L,�

}2<&� TU?BF
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2 <�S!:�P#TU>�<�:@[aFJLMh >�?GH!?G:JP FJ?GA_P�T\T�h1P)�![Uh1P�Te[\HMKM?BDE?BHMKM?BH�F�A@?BF@A�<#X

G
P#HMKyXm<#:�? P�R L
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Ik(G)
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k
[UH

G
�

!lLM?BHbF@LM?_HZS!h q ?B: <#X]htP*�"[\htP#T q [\DfP�:=FJ[aFJ?2A@S q >#:JP#DML!A2<#X
G
[UA P�F ht<#A=F

n
∑

k=1

∑

I∈Ik(G)
|I|=k

|Ik(G[V \ I])| ≤
n

∑

k=1

|Ik(G)| ·max
I⊆V
|I|=k

|Ik(G[V \ I])|.

&�?lA@DMTU[UF F@LM? A@SMh [UH F �j<4P#HMKiSMA=? F@LM?nXm<�TUT\<&� [\HM> q <�S!HMKMA <�H3FJLM?lH�SMh q ?B: <�X htP*�+�
[\htP#Tw[\HMK!?GDw?GHMKM?BHIF A@?BF@A [\H5P3>�:JP�DML,� � DMDMA FJ?G[UH5A@LM<&� A FJLfP�F |Ik(G)| ≤ 34k−n4n−3k� A=?G? !lLM?B<�:@?Bh F��'2%P#HMK x�<Z<�H P�HMK x�<�A@?B:tA=LM<&� FJLMP�FiP#HIV�>�:@P#DML�R P#H�LfP `�?�P�F
hi<�A=F

3n/3
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F �%< q <�SMHMK!A��%?O>�?BFlF@LfP�F FJLM?_A=SMh [\A P F ht<�A F
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4
c

∑

k=1

34k−n4n−3k34k−(n−k)4(n−k)−3k +

n
∑

k=bn

4
c+1

34k−n4n−3k3(n−k)/3.
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O
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)

=
O (1.8613n)

�
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O∗
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3n/3
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k ≤ n/4
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FJLM?�:@?GhtP#[UHM[\HM>O>�:@P#DMLMA 2MP#HMK Xm<#: F@LM<�A@?-<�XeA@[UuG?
k > n/4

�%?�>�?BHM?G:@P�FJ?-P�T\TQh1P)�![Uh1P�T
[\HMK!?GDw?GHMKM?BHIF A@?sFJA4<#XjF@LM?t:=?GhtP#[\H![\HM>)>�:@P#DML�[\H FJ[\hi?

O∗
(

3k/3
) � !lLM?tP#T\>�<#:@[UF@LMh

FJLM?BH�:=SMHMA�[\H F@[\hi?
O∗ (1.8613n) ≈ O∗ (20.8963n)

�

& LM?GH��j?_T\<Z< $�?GKbP�FlFJL!?O?BH�SMht?B:JP�F@[\<�H5P�T\>�<�:=[UF@LMh Xm<�:lh1P)�![Uh1P�TE[UHMKM?GDw?GH!KM?GHIF
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DE?BHMKM?BH�F%A@?sFJA%P#A;FJLM? SMD!DE?B: q <�SMH!K,2IFJL�SMAE�j?�RG<#SMT\KMH @ F LM<#DE?lFJ<_KM< q ?BF@F@?G: �;!lLM[\A;[UAHM<#F FJL!?ORGP#A@?_Xm<�: htP*�"[\htP#T q [\DfP#: FJ[aFJ?-A@S q >�:JP�DMLMAG� !lLM? q ?BA=F�T\<&�%?G: q <#SMHMKy<#HbF@LM?
h1P)�![Uh SMh H�SMh q ?B:4<#Xnh1P*�"[Uh1P#T][\HMKM?BDE?BHMKM?BH�F�A@?sFJA�[UAOF@LM?tXm<#T\T\<&� [UHM> � P#TUA@<5Xm:@<�h
- zG/ 1 � �
< ;J0>�C��021 �.6 7 2 :�* : : ��4=<�; <�,/. 46.IM�. 46;�: C ,J; 4 : 
 < C 7/*-, 8 2 <�,J: : 2 ,/8 46.57 105n/10 ≈
1.5926n

;9,���4 ;9,J: (+4 8 ,/*�; 46;=:*<3E (=7/*-, 8 2 < �
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!lLM? >�:@P#DML LMP#A
5 · 24 = 80
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`�?B:=FJ?��OXm:@<�h Xm<#SM:�<#X"F@LM? DfP#[\:=A � A=?G?%N][\>�S!:@? 5 � � � P�� �'2

5·22 = 20
RG<#H�FJP#[\H![\HM> <�HM? DfP�[\:

P#HMK <�HM? `#?G: FJ?'� Xm:@<�h ? P#R L6<#X FJLM?3<#DMDE<#A@[UF@? DfP#[U:@A � A@?B?tNc[\>�SM:=? 5 � � � q � ��P#H!K g!`�?
RG<�HIFJP#[\HM[UHM> F �j< DMP#[\:=A � A@?B?3N][\>#SM:@? 5 � � � R � ���(!lLZS!A�[UF2LfP#A z � { h1P)�![Uh1P�T q [\DMP#:=F@[UFJ?
A@S q >�:JP#D!LMAG�
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k
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105n/10 ≈ 1.5926n
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 8 * </(,: :3; 4=<,>�? 468/:�. ,
7/*-, 8 2 G = (V, E)

,/. � , 8 < <�46; 468/: 46. ;=: 75:�* K
K�4=< ;"2 :�* : ,/<3E (3< :�;

V ′ ⊆ V 	 46;62
|V ′| ≥ K

<3E 032 ;62 ,/; ;62 : <3E (=7/*-, 8 2 46. �JE 03: � ( 
 V ′
4=<'(+4 8 ,/* ; 46;�:GO
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DM:@<~`#?GH }�8�� RG<�hiDMT\?sFJ? q V YZR LfP#?BXm?B: - � zG1 � !lLM?y:=?GKMSMRsFJ[U<�H Xm:=<�h � ��� 3 ����� FJ<
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6S!A@?GA2P3A@[UhtDMTU?�FJ:=[dP#H!>�T\?�>�P#KM>�?sF0�NQ<#:@htP#T\TaV 2 �%? P�:@? >�[a`�?BH9P#H9[\HMA F P#HMRB?

F
<�X � ��� 3 ����� � [UFJL

m
RBTdP#SMA=?GA

C1, . . . , Cm

2 P#HMK ? P#R L RBTdP#SMA=?�LMP#A ?'�!P#RsFJTaV�F@LM:@?B?yTU[UFJ?B:JP#TUA
Ci = (αi1, αi2, αi3)

�
� SM: :@?GK!SMRBF@[\<�H

R(F ) = (G, K)
LMP#At>#<IP#T

K = 2m
2nP�HMK

G = (V, E)
[UA F@LM?

Xm<�T\TU<&� [\HM>�>�:JP#D!L � V = {vij : i = 1, . . . , m; j = 1, 2, 3} ? E = {(vij, vik) :
i = 1, . . . , m; j 6= k} ∪ {(vij, vlk) : i 6= l, αij = ¬αlk}

�)Y"?B?tgf>�S!:@? 5 � 5 Xm<�:OP#H
?'�!P#hiDMT\? �

(x, y, z) ∧ (¬x,¬y,¬z) ∧ (¬x, y, z)

x x x

y y yz zz
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O∗ (1.8613n) ≈ O∗ (20.8963n)
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