A Markov Chain Monte Carlo Expectation
Maximization Algorithm for Statistical Analysis
of DNA Sequence Evolution with

Neighbor-Dependent Substitution Rates
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The evolution of DNA sequences can be described by discrete state continuous time
Markov processes on a phylogenetic tree. We consider neighbor-dependent evolution-
ary models where the instantaneous rate of substitution at a site depends on the states
of the neighboring sites. Neighbor-dependent substitution models are analytically in-
tractable and must be analyzed using either approximate or simulation-based methods.
We describe statistical inference of neighbor-dependent models using a Markov chain
Monte Carlo expectation maximization (MCMC-EM) algorithm. In the MCMC-EM
algorithm, the high-dimensional integrals required in the EM algorithm are estimated
using MCMC sampling. The MCMC sampler requires simulation of sample paths from
a continuous time Markov process, conditional on the beginning and ending states and
the paths of the neighboring sites. An exact path sampling algorithm is developed for
this purpose.

Key Words: EM-algorithm; Gibbs sampling; Likelihood inference; Molecular evolu-
tion; Neighbor-dependence; Path sampling.

1. INTRODUCTION

A fundamental task in modern molecular genetics is to gain insight into the evolu-
tionary forces that act on DNA and protein sequences. The analysis is often based on ho-
mologous sequence data that have been obtained from the increasing number of publicly
available bacterial, archael, eukaryotic, and viral genomes. Over the past 25 years, sophis-
ticated statistical models and inferential procedures have been developed to describe and
analyze homologous sequence data.

The evolution of homologous DNA sequences can be described by discrete state con-
tinuous time Markov chains on a phylogenetic tree. These continuous time Markov chains
are characterized by a substitution rate matrix and a phylogenetic tree that specifies the
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relationship between the species being considered. The phylogenetic tree also specifies the
expected amount of sequence evolution on each branch of the tree. The DNA sequences
are observed only in the leaves, and information on substitution events (time and type) is
missing. The statistical problem is to draw inference about a discrete state continuous time
Markov chain on a phylogenetic tree from data observed in the leaves only. Note that a
special case of this problem is to draw inference from a partially observed discrete state
continuous time Markov chain.

If we assume that each site in the DNA sequence evolves independently, the size of the
state space is four because the four nucleotide type8,a&eC, andT, and the Markov
chain is described by ax44 substitution rate matrig. In order to estimate the rate param-
eters and branch lengths from the marginal likelihood, one needs the transition probability
matrix P(t) = exp(Qt). For protein-coding DNA, the state space is of size 61 because
there are 61 sense codons.

The expectation maximization (EM) algorithm (Dempster, Laird, and Rubin 1977) is
useful in situations where finding the maximum likelihood estimate based on the full data
is analytically tractable, but solving the problem based on the observed data is more com-
plicated. Holmes and Rubin (2002), Siepel and Haussler (2004), and Yap and Speed (2005)
applied the EM algorithm for estimating rate matrices from homologous DNA sequences
under the independent sites assumption. Hobolth and Jensen (2005a) used the results from
Louis (1982) to derive an expression of the information matrix. The EM algorithm for par-
tially observed discrete state continuous time Markov chains has also been described by
Bladt and Sgrensen (2005).

It is widely accepted that sites in a DNA sequence do not evolve independently (e.g.,
Blake, Hess, and Nicholson-Tuell 1992; Hess, Blake and Blake 1994), but only in recent
years has the independence assumption been relaxed. Relaxation of the independence as-
sumption leads to state spaces of si2dar 61"), wheren is the length of the sequence.

The sequence length is usually well above 100, and the transition probability matrix can-
not be computed in practice. Context-dependent models of DNA sequence evolution must
therefore be analyzed using either simulation-based or approximative procedures.

In this article the independent sites EM algorithm is extended in order to facilitate
statistical inference in context dependent models of homologous DNA sequences. Relaxing
the independent sites assumption means that the conditional means in the E-step of the
EM-algorithm are no longer analytically tractable. However, the conditional means can be
approximated using Markov chain Monte Carlo (MCMC) sampling. The MCMC sampler
requires simulation of sample paths from a continuous time Markov process, conditional
on the beginning and ending states and the paths of the neighboring sites. Such sample
paths can be achieved using rejection sampling, but in order to obtain faster convergence
of the resulting MCMC-EM algorithm (Wei and Tanner 1990), a novel exact path sampling
algorithm for simulating sample paths from a continuous time Markov chain conditional
on the beginning and ending states is derived.

Several recent studies have analyzed context-dependent evolutionary models of DNA
sequences. Lunter and Hein (2004), Arndt and Hwa (2005), and Christensen, Hobolth, and
Jensen (2005) analyzed neighbor-dependent models using pairs of sequences and approx-
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imate maximum likelihood methods. Siepel and Haussler (2004) also analyzed neighbor-
dependent models using approximate maximum likelihood, but consider multiple sequences.
Hwang and Green (2004) applied a Bayesian MCMC approach to derive neighbor-
dependent substitution patterns for multiple sequences. Robinson, Jones, Kishino, Gold-
man, and Thorne (2003) analyzed context-dependent models using pairs of sequences and
Bayesian MCMC methods. In Robinson et al. (2003) the substitution rates depend not
only on the nearest neighbors, but the three-dimensional protein structure is also taken into
account. This article is close in spirit to Hwang and Green (2004). We also consider mul-
tiple sequences, but use maximum likelihood inference and avoid discretization of branch
lengths by using the exact path sampling algorithm. Furthermore, the stationary distribu-
tion of the model is available, and this feature allows a detailed analysis of one sequence
only. For more information on current methodology for neighbor-dependent models, see
the review by Jensen (2005).

This article is organized as follows. In Section 2, we first motivate the need for re-
laxing the independent sites assumption by analyzing the stationary distribution of a sin-
gle human noncoding DNA sequence under the independent sites model. Second, the
neighbor-dependent model is formulated and it is shown that the stationary distribution
of the neighbor-dependent model adequately describes the DNA sequence. Details of the
analysis are described in the Appendix. In Section 3, the Markov chain Monte Carlo expec-
tation maximization (MCMC-EM) algorithm is described for pairwise sequences. The full
likelihood of the neighbor-dependent model is analytically tractable so that the M-step is
easy to carry out. The E-step must be done using Markov chain Monte Carlo sampling and
amounts to simulating a sample path from a discrete state continuous time Markov chain
conditional on the beginning and ending states. Exact simulation of such sample paths is
described in Section 4, and in Section 5 the MCMC-EM algorithm is extended to multi-
ple sequences. Finally, we discuss extensions of the neighbor-dependent model and other
potential applications of the exact path sampling algorithm.

2. NEIGHBOR-DEPENDENT NUCLEOTIDE MODELS

2.1 DATA AND MOTIVATION

Perhaps the most well-known example of violation of the independence assumption is
the increased substitution rate©to T in CpGdinucleotides in vertebrates (Albert et al,
2002, p. 434). The process is presumably due to methylation of cytos@eGfollowed
by deamination and substitution fro@pGto TpG or CpA (on the reverse strand). The
CpGmethylation-deamination process leaves vertebrates with a remarkable deficiency of
CpGdinucleotides. In Section 5, we analyze a multiple alignment of 741 sites and five
species (human, chimpanzee, orangutan, mouse, and rat) from noncoding DNA. Table 1
summarizes the human DNA sequence in terms of a Markov chain along the sequence. The
observed nucleotide counts violate the independence assumption and motivate the study of
context dependent substitution processes.

The evolution of noncoding DNA is often described as a stationary homogeneous time
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Table 1. The observed human noncoding DNA sequence summarized in terms of a Markov chain along the se-
quence. Presumably due to the increased raofl substitutions irCpGdinucleotides, the observed
count ofCpGdinucleotides is much smaller than expected under the independent sites assumption. The
residuals, defined as residuat (observegd—expecte)/,/expecteg, confirm that theCpGcell shows
the largest deviation from independence. Pearson’s chi-squared test statistic (the sum of the squared
residuals) is 36.13 and the value for the independence assumption.l‘S-SLO‘5 with 9 degrees of
freedom. Thus, the independent sites assumption is violated, and this is mainly du€pgted| that
accounts for more than 2/5.8342 = 14.75 out of 36.13) of the total test statistic.

Observed Expected Residuals
A G Cc T A G cC T A G C T
A 62 46 40 81 71 40 42 76 —1.05 091 -0.27 0.56
G 47 25 21 36 40 23 24 43 112 0.49-0.52 -1.05
C 57 5 34 39 42 24 25 45 236 -3.84 189 -0.88
T 63 54 40 90 76 43 45 82 -1.54 1.61 -0.75 0.87

reversible continuous time Markov process. Assume that sites are independent and consider
the general time reversible (GTR) model with rate matrix (e.g., Yap and Speed 2004)

Oacrc Oactc OaTmT
Opcra . Ocare Ot

Q= . 2.1)
Oacrp  Ocors . OctrT

Oatnp Oc1mc Octmc

Here the off-diagonal entries, the instantaneous rates of substitutions, are all non-negative,
and the diagonal elements are such that each row sums to zero. We can write the rate matrix
asQ = Sdiag(w), where

Oac Oac Oat
S_ Onc - Occ Oot
Oac Occ - et

Oat Ot Oct

is a symmetric matrix and dig&g) is the diagonal matrix witk = (za, 7g, 7c, 7T) ON
the diagonal. We observe that the detailed balance conditioiizdia@ = Q* diag(x) is
fulfilled, where superscript denotes vector transpose, and thus the stationary distri-
bution.

We now move from the independent sites GTR model to the neighbor-dependent model.
A change in the nucleotide sequence= (X1, ..., Xn) consists of a change of one nu-
cleotide only and the rate matrix is no longer & 4 matrix, but a 4 x 4" matrix. Consider
the rate from sequenceto sequencé, wherex andX are the same except at positipn
The new nucleotide is denoté&gl. The rate fronx to X is determined by two main compo-
nents.

First, there is the 4 4 substitution rate matrigQ, where the rates do not depend on the
neighboring codons. This component corresponds to the model one would use had there
been no interaction among neighboring nucleotides. We assume that the site-independent
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part of the model is reversible with stationary distributiersuch that detailed balance
diag(z)Q = Q*diag(r) is fulfilled.

Second, there is &pGcomponent, determined by the parametgthat introduces
dependence among nucleotides If< 1, the component introduces higher substitution
rates fromCpGdinucleotides. I > 1, the component introduces lower substitution rates,
and if A = 1 there is ndCpGeffect. Consider the triplet of adjacent nucleotides y», y3),
and supposg undergoes a change.(\1, y2) or (Y2, y3) areCpGdinucleotides and < 1
(4 > 1), the substitution rate for a change should increase (decrease), and [ the
substitution rate should remain unchanged. We therefore define the function

R(Y1, Y2, y3) = (1//1)1(0,6)(Y1,y2)+l(c,G)(y2,Y3)

_ [1/1 it (y1,¥2) = (C, G or (¥2, y3) = (C. ©

2.2
1 otherwise, (2:2)

which takes the value/Z if y, is a member of £pGpair, and takes the value 1 otherwise.
The indicator function & g (a, b) is one ifa = Candb = G, and zero otherwise.

The substitution rate for a change from sequengeto sequencé thereby depends
onxj, Xj, and the neighboring paisg _1 andxj1, and is given by

? (Xj5 Xj—1, Xj, Xj+1) = Q(Xj, X)) R(Xj 1, Xj, Xj+1). (2.3

WhenQ is the rate matrix from the GTR model, the neighbor-dependent model is termed
the GTR4CpGmodel. Note thatl = 1 implies R(Xj_1, X, Xj+1) = 1, and the rate from
Xj to Xj becomesQ(xj, Xj_1), which does not depend on the neighboring nucleotides.
Thus, the independent sites GTR model is nested in the @p&model.

A nice feature of the GTR&pGmodel is that the stationary distribution can be found.
As can be proved from detailed balance on the sequence level, the stationary distribution
is given by

n-1

P(x) = H ,11<c,®(xj,xj+1)7rxj+l 21co nXnt) (2.4)
j=0

Z(0, 7)

whereZ (4, ) is a normalizing constant ang andxp1 are fixed flanking nucleotides.

We can use this expression for the stationary distribution to analyz€ieeffect.
Indeed, we can estimate the parametei@ndr = (za, 7G, 7c, #T) from a single se-
quence using, for example, maximum likelihood, and i significantly smaller than 1
we may conclude that thepGmethylation-deamination process has played a role during
the evolution of the sequence. This is the topic for the next subsection.

2.2 ANALYSIS OF THE STATIONARY DISTRIBUTION

Define the 4x 4 matrix A with entriesA(a, b) = 11co@b) 7, Appendix A.2 shows
that, for long sequences, the normalizing constant can be well approximated by

Z(,m) ~ p D h@),



6 A. HOBOLTH

Table 2. Observed and expected dinucleotide counts for the human noncoding DNA sequence. The expected
counts are found using Equation (2.5). Pearson’s chi-squared test statistic is 13.47 aneathe
for the stationary distribution of the GTRpGmodel is 0.097 with 8 degrees of freedom. Thus, the
stationary distribution of the GTR3pGmodel provides a reasonable description of the human DNA

sequence.
Observed Expected Residuals
A G C T A G cC T A G C T
A 62 46 40 81 68 47 40 73 -0.73 -0.17 -0.02 0.89
G 47 25 21 36 39 27 23 42 135 -0.34 -0.37 -0.88
C 57 5 34 39 49 5 29 52 1.20 0.00 1.00-1.86
T 63 54 40 90 73 51 43 79 -1.21 0.44 —-0.50 1.22

whereyu is the largest eigenvalue & andl; is the corresponding left eigenvector. This
expression allows us to easily numerically find the maximum likelihood estimates (MLES)
of A andz from (2.4). The MLEs are

4 =0.148 and # = (#a, #g, #c, 7#7) = (0.287,0.199, 0.205 0.309

and the maximum log-likelihood is-98213. This value is significantly larger than the

log-likelihood —996.40 obtained under the independent sites model whete 1 andz

is given by the observed frequenciesAfG, C, andT. The likelihood ratio test statistic

is 2 (99640 — 98213) = 2854 with 5— 4 = 1 degree of freedom. Under thé(1)

approximation of the test-statistic, tpevalue is 9- 108, indicating that the independent

sites assumption is inadequate. In the neighbor-dependent model, the estimated value of

A =0.148, and thus A1 = 6.74. Therefore, th€pGcomponenR of the substitution rate

from nucleotidex; to X;j is almost seven times highenif is a member of £pGpair than

if xj is not a member of &pGpair (recall equation (2.2) and the basic model (2.3)).
Appendix A.4 derives an expression of the expected number of dinucleotides. The ex-

pected number B[, )] of (a, b) dinucleotides is well approximated by

E[n@p] ~ (n = Dlr(@ A, byri(b)/u1, (2.5)

wherel; is the left eigenvector and is the right eigenvector corresponding to the largest
eigenvalueu; of A. Table 2 provides a summary of how the stationary distribution of the
GTR+CpGmodel fits the human noncoding DNA sequence. The stationary distribution
of the GTRCpGmodel fits the human noncoding DNA sequence much better than the
independence model in Table 1.

It is worth emphasizing that it is possible to extend the GTR&model to take other
neighbor dependencies into account. The residuals in Table 2 naturally lend themselves
for such a purpose. Diaconis and Rolles (2006), in a Bayesian setting, also modeled single
DNA sequences as a Markov chain along the sequence.
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3. FULL LIKELIHOOD AND THE MCMC-EM ALGORITHM
FOR PAIRWISE SEQUENCES

Consider the situation where the sequer@® = (x1(t), ..., Xn(t)) is fully observed
in the time period O< t < T, and suppose the changes in the sequence occur at times
t1 <ty <--- <ty and positiongsy, ..., ju- Denote the full data = {x(t) : 0 <t < T}.

The waiting time in sequencdt) is exponentially distributed with parameter

To® =" D" 0(%j; Xj-1(t), Xj (©), X} 41(D)) (3.1)

=155 ()

and the rate for a change from sequer(g,) to sequencea(tm1) is given by

70 (tm+1) = 76 Kjnyr tma1)5 Xjmer—1(tm)s Xjmpr tm)s Xjpa+1(tm)).
The full likelihood thereby takes the form

M-1
Ly(x) = ( H e—rﬂ(tm)(tm+l—tm)yg(tm+1))e_r9(tM)(T—tM)’ (3.2)

m=0

wheretg = 0. With the notatiorty 11 = T, the full log-likelihood is given by

M-1 M
logLa(x) = D" 10g76(tms1) = D Toltm) (tmr1 — tm). (3.3)
m=0 m=0

Despite the somewhat complicated expression for the waiting times and rates, the full like-
lihood is actually surprisingly simple. As an illustration of the simplicity of the likelihood,
consider the following example.

3.1 EXAMPLE : K80+CpGM ODEL

In order to illustrate the simplicity of the likelihood (3.3) and the idea behind the
MCMC-EM algorithm, we consider the following situation. The Kimura (1980) model
is a special case of the GTR model (2.1). The model gives one ratéag = Octto tran-
sitions(substitutions within purine§A,G) or pyrimidines(C,T) ), and another ratg =
Oac = OaT = Occ = OTto transversiongsubstitutions between purines and pyrimidines).
Furthermore, the model has a uniform stationary distributiga= 7g = zc = =1 = 1/4.
Suppose sequencgt) evolves according to the K8@pG model and is fully observed
from timet = O to timet = 1. The parametek can be estimated from the stationary
distribution ofx(0) as described in Section 2.2. We now describe how to estimate the two
remaining parametegsandgf.

The waiting times in the K80@pGmodel are determined by

Cap®) = 2ncpet)(a+28)/(44) + (N — 2ncpa(t)) (o + 26) /4
(o + Zﬁ)(chpG(t) /4N — 2nch(t)) /4,
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wherencpg(t) is the total number a€pGdinucleotides in sequenagt). The log-likelihood
is, up to an additive constant, given by

M
logL,(X) = Nis loga + Ny 1098 — >~ Tg(tm) (tme1 — tm),

m=0
wherenis andng, denote the number of transitions and transversions. Let

M
Ncpe = Z(tm+l — tm)Ncpaltm)

m=0

be the weighted average 6pGdinucleotides. Then the log-likelihood takes the form
log Ly g(X) =nts loga + Ny log g — (a + 26) (Zﬁcpe//l +hn-— ZﬁCpG)/4, (3.4)

and the full likelihood is maximized for

4nts and ﬂf\ _ 4ntv
(2RcpG/A + N — 2Ncpo) 2(2NcpG/ 4 + N — 20cpe) .

a= (3.5)

Thus, the likelihood based on a complete observation of the KgBmodel is easy to
analyze. The sufficient statistics are the total number of transitions and transversions and
the weighted average @pG dinucleotides, and the MLEs are simple functions of the
sufficient statistics.

The EM algorithm is attractive in situations where finding the maximum likelihood
estimate (MLE)y based on the full data is analytically tractable, but finding the MLE
based on the observed data is a more complicated problem. The algorithm is an iterative
procedure. In the E-step, the conditional mean of the full log-likelihood

G(V/; V/(S—l)) = El//(s_l) [IOg Lu/(x)ly] (36)

is calculated conditional on the observed date: y(x). In the M-step, a new parameter
value s is obtained as the value gf that maximizess (y; w(s-1))-

Consider the KBOEpGmodel from the previous example and suppose we observe only
the beginning and ending sequeng€8) andx(T). In the E-step we need to calculate the
three conditional means

Elns 1x(0), x(T)], E[n [x(0), x(T)], and Efcpax(0), x(T)]

for given parameter valuesg $. The M-step is as in (3.5) withs , Ny, , andficpg Substi-
tuted by their conditional means. Unfortunately, the conditional means are only available
in analytical form under the independence assumption. However, they can be simulated
using a Gibbs sampling approach as described in the next section.

When the conditional mean calculation in the E-step of the EM algorithm is carried
out using Markov chain Monte Carlo (MCMC) sampling, the resulting algorithm is called
an MCMC-EM algorithm (Wei and Tanner 1990). The main disadvantage of having to
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approximate the conditional means from Markov chain Monte Carlo sampling is that the
likelihood of the observed data is no longer guaranteed to increase in every iteration of the
EM algorithm. Recently, however, Caffo, Jank, and Jones (2005) proposed a strategy for
recovering the likelihood-increasing property of the EM algorithm with high probability.
Caffo, Jank, and Jones (2005) also described how to make efficient use of the Monte Carlo
resources.

Convergence of the MCMC-EM algorithm was established by Fort and Moulines (2003)
for curved exponential families and was also briefly discussed by Caffo, Jank, and Jones
(2005, sec. 2.3). For more information on convergence properties of the MCMC-EM algo-
rithm, the reader should consult Fort and Moulines (2003) and references therein.

4. GIBBS SAMPLING

In Gibbs sampling, the path between nucleotiq€0) andx;(T) is updated, condi-
tional on the paths of all other nucleotides. Hwang and Green (2004) also used Gibbs
sampling, but discretize time. In this article we use continuous time Gibbs sampling.

First, consider the situation on the left side of Figure 1. In this situation, the Gibbs
update is a matter of simulating a sample padf(t) : 0 < t < T} from a continuous time
Markov chain with 4 4 rate matrix given by (2.3), with fixed left neighboring nucleotiZje
fixed right neighboring nucleotidg, and with beginning valug; (0) = Gand ending value
Xj(T)y=T.

Next, consider the more complicated situation shown on the right side of Figure 1. In
this situation, the neighboring paths experience three substitutions atiimes < ts3. In
order to update the sample pa# (t) : 0 < t < T} with beginning value; (0) and ending
valuex; (T), we first determine the 4 4 transition matrice® (0, t1), P(ty, t2), P(t2, t3),
andP(t3, T) in the four time intervals where there are no changes in the neighboring nu-
cleotides. From these transition matrices and the starting and ending values of the Markov
chain, we simulate the value a&f (t) in the three change points, t, andts. Finally, we
simulate the sample paths in each of the four intervals, conditional on the neigboring nu-
cleotides and the simulated values in the change points.

From the above two examples it should be clear that in order for the Gibbs sampling
approach to be applied, all we need is an algorithm for simulating sample paths from
a continuous time Markov chain conditional on the beginning and ending values. One
possible algorithm is based on rejection sampling, where a sample path is generated by
simulating forward in time, and the resulting sample path is rejected if the simulated ending
state is different from the observed ending state. Bladt and Sgrensen (2005) used rejection
sampling.

It is, however, well known that rejection sampling can be very slow. Nielsen (2002)
considered the case when the time interval is small and the beginning and ending states
are different. In this case rejection sampling is potentially very slow, but by taking advan-
tage of the fact that at least one substitution must occur, Nielsen (2002) used the inverse
transformation method to simulate the time before the first substitution.
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x;-1(0) x;(0) xj11(0) x;-1(0) x;(0) xj+1(0)
Time \ J / Time \ I /
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T
xj—-(T)  x;(T)  x;+1(T) xi-1(T)  x;(T)  x;41(7)

Figure 1. In Gibbs sampling, the path betwegi0) andx; (T) has to be updated, given the paths between all
other nucleotides. For neighbor-dependent models, only the paths of the two neighboring sites are needed. Left:
A situation where the neighboring paths experience no substitutions. Right: A situation where the neighboring
paths experience three substitutions.

The MCMC-EM algorithm advocated in this article is applicable not only on the nu-
cleotide level, but extends to the codon level. On the codon level, paths with two or three
substitutions are often required, even on short evolutionary distances (e.g., a substitution
from codonAAAto codonGG@Q Nielsen’s rejection sampling scheme is likely to be very
slow for producing such sample paths because it only takes advantage of the fact that at
least one substitution must occur, and it should be clear that a more general sampling ap-
proach is desirable. Neighbor-dependent codon models have been considered by Jensen
and Pedersen (2000), Siepel and Haussler (2004), and Christensen, Hobolth, and Jensen
(2005).

It should also be stressed that the exact path sampling algorithm derived in the fol-
lowing can be applied as a general tool for studying partially observed continuous time
Markov processes on a discrete state space. Huelsenbeck, Nielsen, and Bollback (2003)
discussed biological applications of continuous time Markov processes using path sam-
pling algorithms.

4.1 EXACT PATH SAMPLING ALGORITHM

We want to simulate a realization of a discrete-state Markov cpéih) : 0 <t <
T} conditional on the starting sta®€(0) = a and final stateX(T) = b. We consider
the case where it is possible to make an eigenvalue decomposition of the rate @atrix
Let U be the orthogonal matrix with eigenvalues as columns@pdhe diagonal matrix
of corresponding eigenvectors such tigat= U D;U~L. Then the transition probability
matrix is given by

P(t) =e%' =Ue® U™ and Pap(t) = D UsjU;'e". (4.1)
i



MCMC EM ALGORITHM FORANALYSIS OF DNA SEQUENCEEVOLUTION 11

First, consider the case whexe= b. The probability of no substitutions in the time interval
[0, T] conditional on the starting value of the Markov proces®) = a and final value of
the proces(T) = a s given by

e—QaT (4 2)
Pa = Paa(™) '
We use the notatiogap = Q(a, b) for entries in the matriXQ andgy = —gaa for minus

the diagonal entry in rova of matrix Q. Second, consider the probability of the first sub-
stitution ofa being a substitution to, conditional on the process startingarand ending
in b. This probability is given by

T
_gutGai Po(T — / .
= g Gt = dt = fiHdt, i #a, 4.3
pi /O Oa % Pan(T) i (4.3)
where fj (1) is the integrand. Using (4.1) we can rewrite the integrand as
_a.t Pib(T —1) Oai 1. TJi —t()
(1) — . @—Gat L _ 1) =1aT2j a—t(A]+0a)
fi(t) = gaj€ Poo(T) Poo(T) Ej Uij UJb e'tie , (4.4)

and so it is easy to calculate the integral in (4.3). We get

Qai -1
- Ui U1, 4.5
pl Pab(T) Zj: 1) ]b a) s ( )
where
] [Tdﬂ o if ga+4j=0
aj —daT _g*j .
S [ dat2j#0.

Putting these things together we have the following procedure for sampling a continuous
time Markov chain{X(t) : 0 < t < T} that begins inX(0) = a and ends inX(T) = b.
The procedure is illustrated in Figure 2.

1. If a = b samplez ~ Bernoulli(ps) where p, is given by (4.2). IfZ = 1 we are
done:X(t)=a, 0<t<T.

2. Ifa # borZ = 0, then at least one substitution happens. Calciyatej # a,
from (4.5). Sample # a from the discrete distributiop;/p_a, j # a, where

P-a =2 ja Pj-

3. Sample the waiting time in statea according to the continuous densify(t)/ pi,
0<t < T,wherefj(t)isgivenby (4.4). SeK(t) =a, 0<t < 7.

4. Repeat the procedure with new starting valaad new time interval — z.

In Step 3 above, we simulate from the scaled density (4.4) by finding the cumulative dis-
tribution function and using the inverse transformation method.
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State
Pj/P-a, ] #a
b —_
i + °
fit)/pi
a-e ')
1 >
T I '
0 T T Time

Figure 2. Algorithm for simulating the first substitution event (type and time) of a continuous time Markov
process conditional on the beginning statand ending statb of the process and that at least one substitution
occurs. First, the new stateis found based on the discrete distributipp/p-a, j # a, where p; is given

by (4.3) andp—a = Z#a pj. Second, the waiting time in stateis found based on the continuous density
fi(t)/pi, 0 <t < T, wherefj(t) is given by (4.4).

4.2 SIMULATION STUDY: K80+CpGM ODEL

A simulation study of the KBO€pG model described in Section 3.1 is carried out in
order to compare dependent and independent sites models. Sequébcasd x(1) of
lengthn = 750 are simulated using parameter valdes 0.15,a = 0.4, andp = 0.2.

The parameter value df introducesCpGdeficiency. The ratio of/f = 2 (the so-called
transition-to-transversion rate ratio) makes it twice as likely to make a transition (such as,
e.g.,A— G compared to a transversion (e 8-> CorA—T).

The observed number &pGdinucleotides in sequeneg0) is 7, and based on the sta-
tionary distribution (2.4) we obtaih = 0.125 and a 95%-confidence interval(§64, 0.246]
for 2. The maximum log-likelihood is-100948 while the log-likelihood obtained under
the independent sites model with= 1 isnlog(1/4) = —103972. These findings show
that we can detect lack of independence from a single sequence analysis.

The parametera and g do not enter in the stationary distribution, but can be esti-
mated from a pairwise analysis of sequencé® andx(1). The independent sites Kimura
(1980) model is so tractable that it is possible to find an analytical expression for the data
likelihood. Following Ewens and Grant (2001, p. 378) the data likelihood is proportional
to

A +e #4267 @HP/2)01 4 e — 2e=@+A/2)N (1 — g2,

whereng is the number of sites where the nucleotides in sequexi@®sandx(1) are the
samen; is the number of sites where a purine (pyrimidine) occurs in sequefeand

the other purine (pyrimidine) occurs in sequer¢t), andn; is the number of sites where

a purine occurs in one sequence and a pyrimidine in the other. For the simulated data we
haveng = 627,n1 = 55 andn, = 68. Maximization of the independent sites data log-
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likelihood function leads to the estimatégs = 0.3418 andéo = 0.2001. Furthermore, the
log-likelihood evaluated at the independent sites maximum likelihood estimatd4 &25.

The dependent sites K8EGpGmodel can be analyzed using the MCMC-EM algorithm
outlined in Section 3.1. The MCMC-EM algorithm works by updating the two parameters
a andp using Equation (3.5) witls , Ny , andncpg replaced by the conditional means

Elnis [x(0), x(D)],  E[ny [x(0), x(1)] and ERcpalx(0), x(D)],

calculated under the current parameter valuas aifid . The conditional means are esti-
mated by simulating sample paths for each site, conditional on the paths of the neighboring
sites. This is the exact Gibbs sampler described previously in this section. A Monte Carlo
sample is obtained when the sample path for every single site has been simulated.

The initial values otz and g are the independent sites estimates and the Monte Carlo
sample size is 10 (iterations 1-4), 50 (5-8), 200 (9—12), and 500 (13-16). As can be seen
from Table 3, the algorithm seems to stabilize rather quickly. From the results of iteration
14-16, the maximum likelihood estimates aﬁe,é) = (0.3404 0.1881), correct to two
decimal places. Using a prespecified number of Monte Carlo sample sizes does not make
efficient use of computational resources and does not ensure the likelihood-increasing
property of the EM algorithm. Caffo, Jank, and Jones (2005) described a method that deals
with these two issues. We use Caffo, Jank, and Jones’ method in the more complicated
situation of multiple sequences and a general time reversible modeOpi#effect. The
GTR+CpGmodel for multiple sequences is considered in the next section.

The increase in data log-likelihood for the substitution process can be obtained using
the formula

L&O,[;’o ) —E. » L&o,ﬁo(x) y

Lo — %A L 00 7]
wherey = (x(0), x(1)) is the observed datd,(y) is the data likelihood, ant (x) is the
full likelihood given by (3.4). The conditional expectation is easily calculated from the
Monte Carlo samples and we obtain a data log-likelihood difference of 0.15 between the
independent and dependent sites models. This difference is not very large, showing that
the CpGeffect cannot be detected from the substitution pattern only. Thus, the simulation
study shows that for short pairs of sequences from closely related speci€p@wdfect
is easier to detect from the stationary distribution than from the substitution pattern.

5. MCMC-EM ALGORITHM FOR MULTIPLE SEQUENCES

In this section we analyze a multiple alignment of 741 sites and five species (human,
chimpanzee, orangutan, mouse, and rat) from noncoding DNA using the GI&hodel
described in Section 2 and the MCMC-EM algorithm described in Section 3. In Figure 3
we show the phylogenetic tree that relates the five species. The multiple alignment was
obtained fromwww.nics.nih.gov/datand is a subset of the data analyzed by Hwang and
Green (2004).
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Table 3. Parameter estimates for the KBp& model for two simulated sequences. The model has two rate
parameters: andg. The first column in the table shows the number of iterations used in the MCMC-
EM algorithm and the second column shows the Monte Carlo sample size used within each iteration.

Sample Rat@arameters

Iteration Size o s

0 0.3418 0.2001
1 10 0.3524  0.1904
2 10 0.3400 0.1904
3 10 0.3412 0.1868
4 10 0.3304 0.1824
5 50 0.3368 0.1864
6 50 0.3328 0.1904
7 50 0.3396 0.1916
8 50 0.3316 0.1856
9 200 0.3360 0.1884
10 200 0.3388 0.1888
11 200 0.3412 0.1872
12 200 0.3404 0.1888
13 500 0.3384 0.1888
14 500 0.3392 0.1876
15 500 0.3408 0.1884
16 500 0.3412 0.1884

We use the estimation procedure advocated by Christensen, Hobolth, and Jensen (2005)
and estimate th€pGparameter. and frequencies from the stationary distribution using
the human sequence as reported in Section 2.2.

5.1 GTR+CpGMODEL FOR PAIRWISE SEQUENCES

Consider the GTREpG model for pairwise sequences. We wish to estimate the six
free parameter§ = (0ac 9ac, OaT, Occ OaT, OcT) of the model using the MCMC-EM
algorithm. The waiting times (3.1) in the GTRpGmodel are determined by

Fo(t) = na(t)(@acrc+ Oacrc + OatrT)
+(ng(t) — ncpa(t)) Oacra + bcarc + OcTrT)
+(nc(t) — ncpa(t)) @acra + Osarc + OctrT)
+n7(t)(OaT7A + O5T7G + OcTC)
+ncpa(t) Oacra + Ocorc + Ot + Oacna + Ocorg + Octrt) /A, (5.1)
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human mouse

chimpanzee rat
orangutan

Figure 3. Unrooted phylogenetic tree relating the five species in the multiple alignment. TheOpGRodel
is time reversible and thus we can choose any of the leaves to be the root. The human leaf is chosen as the root.
The numbering of the seven branches is also shown.

and the full log-likelihood (3.3) becomes, up to an additive constant,

M
logLy(x) = naclogbac+ Naclogfac+ - + nrclogbet — D Toltm) (tme1 — tm).
m=0

(5.2)

From (5.1) and (5.2) it follows that the sufficient statistics of the model are determined
by the number of substitutions between any two different stages. .., ntc and the
weighted average number of nucleotides nNg, Nc, N and the weighted average num-
ber of CpGdinucleotidesicpgin the sequence where, for example,

M
Na = Z(tm+1 — tm)na(®).

m=0

Another interpretation ofip is that it is the aggregated total time spent in stat&lote

that the last term in (5.2) is linear in the weighted average number of nucleotid€p&hd
dinucleotides and in the parameters. Adding terms and introducing a shorter notation we
can write

logLg(x) = faglogbac+ - -+ + fctlogfct — gaddac— - - - — OctdcT, (5.3)
where, for examplefag = nag+ hgaand
0aG = NamG + (NG — Ncpd)ma + Acpara/A = Aan + Aera + (1/4 — Diicpora.

For pairwise sequences, the M-step of the MCMC-EM algorithm is straightforward. From
(5.3) it follows immediately thatiag is updated bydac = fac/gac and updating the
remaining parameters follows in a similar fashion.

52 GTR+CpGMODEL FOR MULTIPLE SEQUENCES

For multiple sequences, the analysis is somewhat more complicated because we must
also estimate the branch lengths. For the five sequences considered in Figure 3, we thus
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have 13 parameters; the 6 rate paramefiees (Oac Oac, OaT, 9cG OcT, OcT) and the 7
branch length parameters= (1, ..., t7). More generally, an unrooted phylogenetic tree
with | leaves hasP— 3 branches.

Letdj, j =1,..., J, referto thel = 6 rate parameters. From (5.3) it follows that the
full log-likelihood for a tree withl leaves becomes

20-3 J
logLg,.(X) = Z Z (fij Iog(m?j) — Oij Tiﬁj). (5.4)
i=1 j=1
Here fj; = fij(x) is a linear function of the number of substitutions between any two
different statesiag, ..., Ntc on lineagei andgij; = gjj(x) is a linear function of the

weighted average number of nucleotides fig, fc, Nt and CpG dinucleotidesicpg in
the sequence on lineageNote that time and rate are confounded. In order to be able to
identify the parameters we l8ic = 1.

In the M-step, we need to maximize (5.4) with respect endz and with fj; andg;
substituted with their conditonal means. Given the branch lengths, the rate parameters are
easy to maximize. The complete log-likelihood (5.4) is maximized for
o = L fij '

pUaragY]

Similarly, the branch lengths are easy to maximize when the rate parameters are known.
The branch lengths are maximized for
X il

> i-10idi
Within the M-step, we iterate between updating the rate parameters for given branch lengths
and updating the branch lengths for given rate parameters. This iterative algorithm is called
Zellner’s two-stage procedure, and convergence properties are described by, for example,
Lauritzen (1996) and Drton (2004, Appendix A).

In the E-step, we need to calculate the expected number of substitutions between any
two nucleotides and the weighted average number of nucleotide€p@dlinucleotides
on each branch, conditionally on the observed sequences in the leaves. We find these ex-
pectations using Monte Carlo sampling. The Gibbs sampling procedure now consists of
updating the sample path for a single site conditional on the paths of the neighboring sites
and the observed states in the leaves.

The sample path simulation consists of three parts. First, the transition matrices be-
tween the nodes are calculated along the same lines as described in connection with Fig-
ure 1. Based on these transition matrices, the states of the inner nodes are simulated. Sec-
ond, the states of the change points on each edge are simulated, and finally the sample
paths between change points are simulated.

Ti

5.3 PARAMETER ESTIMATES AND CONFIDENCE |INTERVALS

In order to estimate the parameters, we use the method advocated by Caffo, Jank, and
Jones (2005). Caffo, Jank, and Jones (2005) described a method to efficiently use com-
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putational resources and at the same time ensure the likelihood-increasing property of the
EM algorithm with high probability.

Denote the parameters in the mogek= (4, r) and Iety}(s_l) be the current MCMC-

EM parameter estimate af#sx : k = 1, ..., ms} the current Monte Carlo sample. The
Monte Carlo sample is obtained afteg sweeps of the Gibbs sampler conditional on the
observed datg = y(x) (the five sequences in the leaves) and with parameter \quuq).

Recall from Equation (5.4) that the sufficient statistics for a sample consists of the terms
fij andg;j, which are functions of the substitutions between any two different states and
the weighted average of single nucleotides @pdsdinucleotides in the sample. Plots of

the autocorrelations indicate that the sufficient statistics are approximately independent
between sweeps, and we therefore apply Caffo, Jank, and Jones’ methodology developed
for independent samples from the model conditional on the observed/datg(x) and
parameter values_1).

Let 1/7(s,ms) be the proposed new MCMC-EM parameter estimate based on the random
sample{xsk : k = 1,..., ms}. Caffo, Jank, and Jones (2005) described a method to
decide if the proposed MCMC-EM estimate should be accepted or if the Monte Carlo
sample sizems should be increased. Recall from (3.6) ti@&t, ys—1)) is the full log-
likelihood conditional on the observed data and the parameter estimatg. The new
MCMC-EM parameter estimate should be accepted if the data log-likelihood is increased
which corresponds to evidence that

AG(Y(s.me)s Vis—1)) = G(W(sme)> W(s—1)) — CG(W(s—1)> W(s—1)) > O.

A consistent estimate of G(y/(sme), ¥(s—1)) iS given by

Ms
AG(Y(sme)- ¥(s-1) = G(Wsme» Wis-1) — G(Wis—1. W(s-1) = D Ak/ms, (5.5)
k=1

where

Ak = log Ly;(s’ms) (X)) —logL -

Yis-1) Xsk), kK=1,...,ms.

The full log-likelihoods are given by Equation (5.4). Since the MCMC-EM algorithm is
based on a Monte Carlo estimation of the conditional expectations, we should only require
that (5.5) is positive with high probability. Caffo, Jank, and Jones (2005) argued that this
condition amounts to

AG(y(smy), Y(s-1) > Z,ASE (5.6)

Herez, is such thatP(Z > z,) = a, whereZ is a standard normal random variable, and
ASE = 6/,/mg, wheres is the sample variance @, k =1, ..., ms. We follow Caffo,
Jank, and Jones (2005) anddet 0.3.

If condition (5.6) is fulfilled, the new proposed MCMC-EM parameter estimate is ac-
cepted, and the algorithm moves to the next iteration. If the condition is not fulfilled, we
generate new Monte Carlo samples, append them to the existing samples, and obtain a new
parameter estimate by using the larger Monte Carlo sample. This latter process is repeated
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until the condition is fulfilled. We follow Caffo, Jank, and Jones (2005) and let the next ad-
ditional sample size bes/3. For MCMC-EM iteratiors, let ms startbe the starting Monte
Carlo sample size anghs eng be the ending Monte Carlo sample size. The initial sample
size ismy start= 10 and the subsequent starting valuesaggart = M(s—1),end

The estimated parameter values of the MCMC-EM algorithm are shown in Table 4.
We are in the fortunate situation where reasonable starting values for the MCMC-EM al-
gorithm can be provided. This means that the algorithm converges very quickly (a similar
situation was reported for the Gibbs sampler by Jensen and Pedersen (2000)). As expected,
the DNA sequences from human, chimpanzee, and orangutan are closely related, the se-
quences from mouse and rat are closely related, and the two clades are separated by a rel-
atively long branch. Furthermore, the parameter estimates suggest that a strand-symmetric
model would be appropriate. Strand-symmetry (e.g., Yap and Speed 2004) is fulfilled when
A =TT, TG = ¢, Oac = OcT andbfac = O (recall thatdpc = 1).

Caffo, Jank, and Jones (2005) suggested terminating the MCMC-EM algorithm when

AG(y(smy), Y(s-1) + 2, ASE (5.7)

is smaller than a prespecified constant and with- 0.05. Caffo, Jank, and Jones (2005)
use a termination constant as low as 30but we found it sufficient to use a termination
constant of 102.

In order to determine the uncertainty of the parameter values we follow Louis (1982)
and let

dlogL, (x) d%logL,, (x)

S(y; X) =
(5 X) P

and | (y; x) =
be the likelihood score and information matrix based on the full likelihood. Superscript
denotes vector or matrix transpose and all vectors are column vectors. Louis (1982) showed
that the information matrix based on the observed gatay(x) and evaluated at =

is given by

L (ws y) = Ey[l (w; X1yl = Ey [S(w; X)S*(w; ¥)|y].

Thus the information matrix based on dataan be computed from the conditional mean
values of the full likelihood quantities. In Table 4, the standard deviations of the rate pa-
rameters and branch lengths are calculated from the observed information matrix.

In Equation (A.5) in the Appendix, the expected number of substitutions per site on
a branch is derived. The expected number of substitutions on a branch depends linearly
on the entries in the substitution rate matrix. Using this linear dependency and the delta-
method (e.g., Oehlert 1992), we can obtain the expected number of substitutions on each
branch and the corresponding standard deviation. The values are reported in Table 5. The
expected number of substitutions correspond very well to the numbers that were obtained
in the simulations.

Let L, (y) denote the data likelihood. Furthermore, jgtbe the maximum likelihood
estimates under the independent sites GTR modejathe estimates under the GTRpG
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Table 5. Expected number of substitutions per sjt®n each of the seven branches and the corresponding
standard deviations.

V1 1% V3 V4 Vg5 V6 V7

estimate  0.0058 0.0024 0.0069 0.0475 0.0309 0.0141 0.2125
s.d. 0.0031 0.0022 0.0041 0.0097 0.0088 0.005Q.0245

model. The increase in data log-likelihood is calculated using the formula

L‘;,O(Y):EA Lo .
L,y V[ L,

The conditional expectation is easily calculated using the Gibbs sampler, and we obtain a
data log-likelihood difference of 0.88 between the two models. This difference is not very
large and is probably due to the limited amount of sequence data. For longer alignments,
the context dependent model is expected to fit the substitution pattern much better than the
independent sites model.

6. DISCUSSION

The MCMC-EM algorithm for estimating the instantaneous rates of neighbor-
dependent substitution models, as developed in this article, provides a powerful tool for
analyzing substitution patterns in homologous DNA sequences. The approach can be ex-
tended to analyze more general context dependent models where the substitution rate at a
site depends not only on the nearest neighbor, but also on sites further apart.

An important feature of the proposed neighbor-dependent model is the analytical ex-
pression of the stationary distribution. The relation between the instantaneous rates and the
stationary distribution makes it possible to test for simple aspects of the model. In particu-
lar, we found in Section 2 that the neighbor-dependent model can adequately describe the
single human DNA sequence, and that an independent sites model would not be appropri-
ate.

The requirement that the stationary distribution should be accesible also has its draw-
backs. We find the stationary distribution using the detailed balance condition, which also
implies that the process is reversible. While the reversibility assumption is tractable, it is
not likely to be fulfilled for DNA sequence evolution. The model (2.3) increases the rate
away fromCpGsites, but does not directly model tipGmethylation-deamination pro-
cess where only rates fro@pGto TpGor CpAshould be increased. Ti@gpGmethylation-
deamination process violates the reversibility assumption and in order to ensure reversibil-
ity, it is only taken into account as an increase away floptGsites.

Time reversibility is used in a crucial way to obtain the stationary distribution, but it
should be emphasized that time reversibility is not used in the MCMC-EM algorithm. The
MCMC-EM algorithm therefore also applies to nonreversible neighbor-dependent models.
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For nonreversible processes, we require a rooted phylogenetic tree, and in most cases the
root sequence is not available. It seems appropriate to use a Markov chain to model the root
sequence. Recall that in this article the stationary distribution is a Markov chain along the
sequence, and with the assumption that the root is in stationarity, the Markov assumption
is exact.

Hwang and Green (2004) considered an unrestricted neighbor-dependent model and
used a Bayesian procedure to estimate the parameters. The change from one nucleotide
(four possible types) to another (three possibile types) depends on the flanking neighboring
situation (4 4 possible types), so the model has a total 8 44 -4 = 192 free parameters.
Generally, this model is not reversible and Hwang and Green (2004) used a second-order
Markov chain along the root sequence. The dataset analyzed in Hwang and Green (2004) is
huge; it consists of 19 species and the alignment is of length approximately 1.7 mega bases.
The model considered in this article has much fewer parameters than Hwang and Greens’
unrestricted neighbor-dependent model and is thus appropriate for smaller datasets.

Continuous time Markov chains on evolutionary trees are used in a wide range of appli-
cations in molecular evolution and are becoming increasingly popular. Examples include
comparative gene finding (e.g. Pedersen and Hein 2003; Hobolth and Jensen 2005b), phy-
logeny reconstruction (e.g., Guindon and Gascuel 2003; Ren and Yang 2005), alignment
programs (e.g., Redelings and Suchard 2005; Lunter et al., 2005) and detection of selection
(e.g., Clark et al., 2003). All these applications make the independent sites assumption and
it would be interesting to investigate if the performance could be improved by allowing
neighbor-dependent effects.

A. NORMALIZING CONSTANT, EXPECTED DINUCLEOTIDE
COUNTS AND EXPECTED NUMBER OF SUBSTITUTIONS
ON A BRANCH

A.1 NORMALIZING CONSTANT

Assumexg # Candxn41 # Gare fixed flanking nucleotides such that the stationary
distribution (2.4) is given by
1 n—1
1 .’ .
Define the 4x 4 matrix A with entriesA(a, b) = 11cec@D) 7 Then the stationary distri-
bution can be written as
1 n-1
PO = Smaq [ ] A xj10), (A1)
j=1

and

n-1
Z= D mx [[ AKX = D] g AT Xn).

X=(X1,..-,Xn) j=1 X1,Xn
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The two nonzero eigenvalues Afare given by

1 1
ni=51+V1-4(1 - Hrere) and pz = 51— V1 - 41 - Arcro),

with corresponding right eigenvectors

i—1
M=(L1L1+ 2,
and left eigenvectors
| 1
i = E——
mp+ ZUACZCAIO) | ot — 14 77
re(l—ng— (1 - )mc)
x(7a, , TC, TT)-
Ui — G

The eigenvectors are normalized such $hatli (a)ri (a) = 1. We get

*

A= /11I’I|1 + ,uzl’;|2, and A" = ,ugl’lh_ + ﬂgl’;b,
and thereby, for large,

4

> ma(ndMra@lab) + u3Mra(@)l2()

a,b

~ D mau] @b

a,b

= 17D man@) (X hm).
a b
Note that

> mal1(@) = 7a+ 16+ 7c+ u1— 1+ a1 = pa,
a

and thereby
Z = ﬂg(Zu(b)).
b

A.2 EXPECTED DINUCLEOTIDE COUNTS
From (A.1) we get the expected dinucleotide count

n-1

Elnap]l = D PO Lab(Xj,Xj11)
X=(Xg,...,Xn) j=1

n-1 n-1

J=1x=(xq,..., n) k=1

> x| AGK X1 Ta (X)) Lo(X; 42)-

(A.2)

(A.3)
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Using similar calculations as above, the last term can be approximated by

n-1

> ma [ ] A i) 1a(x) (X 1)

X=(X1,...,Xn) k=1

j-1
= > 1a(Xj)lb(Xj+1)( > ﬂx1HA(Xk,Xk+1)) A(Xj, Xj+1)
Xj, Xj+1 X1,es Xj_l k=1

> H A ¥ks1))

> la(Xj)lb(Xj+1)(ﬂjl|1(Xj))A(Xj,Xj+1)

Xj,Xj4+1

X (ﬂg_j _lrl(Xj+1) Z |1(Xn))

= W h@nmAE b( Y1)

&

Note that this expression does not depend amd from (A.2) and (A.3) we get

Eln@p] = (n—Dli(@) A, byri(b)/us. (A4)

A.3 EXPECTED NUMBER OF SUBSTITUTIONS ON A BRANCH

The expected number of substitutions per siten a branch is given by

n
v = % D 2D POy (X Xj-1, X), Xj41)

X=(X1,...,Xn) J=1 Xj#X;]

Z Z nxl(H A(Xk,Xk+1))

X(1//1)1((),0)()(]—1,XJ)+1(C,G)(XJ',Xj+l) Z QXj, Xj).
Xj #Xj

From A(a, b)(1/2)1cre@b) — 7 and similar calculations as previously in this Appendix
we get

1
b~ —(le(a))(ZanQ(b, c)). (A.5)

M1 b cb
Note that the last term is the branch length had there be@p@effect.
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